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ABSTRACT: Discrete sampling is fundamental in the valuation of variance-type and volatility-type contracts, but explicit
formulas are often lost when sampled log returns are serially dependent. This paper studies this issue in a trending
Ornstein—Uhlenbeck model for the log price with deterministic coefficients. In this setting, the usual realized variance
based on raw log returns is a quadratic form in correlated Gaussian variables and does not admit the standard chi-square
reduction. Exact tractability is recovered by working with the exact one-step innovations of the sampled dynamics.
These innovations are independent Gaussian variables on disjoint sampling intervals with explicit variances, so the
associated standardized quadratic sum has an exact chi-square distribution and its square root has the corresponding chi
distribution. This yields explicit formulas for the density, distribution function, Laplace transform, and moments of the
standardized innovation statistic. In particular, the fair strike of the innovation-based variance-type contract is explicit
for deterministic coefficients and an arbitrary discrete grid, while closed-form fair strikes for both the innovation-based
variance-type and innovation-based volatility-type contracts are obtained in the constant-coefficient case on a uniform
grid. Numerical results support the theory and illustrate the resulting fair strikes under several trend and coefficient
specifications.
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INTRODUCTION

Variance swaps and volatility swaps are discretely sam-
pled volatility derivatives. Their valuation depends
not only on the continuous-time dynamics of the un-
derlying price process, but also on the dependence
structure of the sampled terms that enter the payoff;
see Carr and Lee [1], Demeterfi et al [2], Hull [3].
In settings where the relevant sampled variables can
be reduced to independent Gaussian variables, the
associated quadratic sum admits a chi-square repre-
sentation, which in turn leads to explicit formulas for
distribution functions, densities, Laplace transforms,
moments, and fair strikes. When such independence
is absent, this reduction is no longer available, and ex-
plicit valuation becomes more difficult. More broadly,
issues of discrete sampling and tractable valuation play
a central role in variance-type and volatility-type con-
tracts; see Carr and Madan [4], Broadie and Jain [5],
Lian et al [6], and Duangpan et al [7].

The present paper studies this problem in a trend-
ing Ornstein—Uhlenbeck (OU) specification for the log
price, Thamrongrat et al [8],

X, =InS,=0(t)+Y,, t€[0,T],

where 6(t) is a deterministic trend and Y, is a Gaussian
mean-reverting component with deterministic coeffi-
cients. This decomposition separates a prescribed
trend from a linear Gaussian state variable. Since
Y, is deterministic, the process Y, has a deterministic
mean through the transition law, namely ®(t,0)Y,,
while the mean-reversion speed and the volatility level
are allowed to vary with time. This model class
is closely related to several classical mean-reverting
specifications in finance and commodity modeling. In
the constant-trend case, it reduces to the classical OU
model used, for example, by Vasicek [9]. In commod-
ity applications, related OU-type and mean-reverting
models have been used for spot prices and convenience
yields; see Gibson and Schwartz [11], Schwartz [12],
and Zhang et al [15]. More generally, extensions
with nonconstant deterministic trends have appeared
in several forms in the literature. Lo and Wang [10]
considered a linear trend in equity applications. In
energy applications, deterministic trends or seasonal
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components, including trigonometric combinations of
sine and cosine functions, have been used by Lucia
and Schwartz [13] and Wilhelm and Winter [14].
Deng et al [16] considered a nonlinear deterministic
trend in a time-dependent OU model for degradation.
Recently, Mongkolsin et al [17] considered the time-
dependent OU process via a time-fractional Cauchy
problem. These examples show that the present
method covers the classical OU case and accommo-
dates several deterministic trend specifications used in
applications. Hence, the results developed below are
not tied to a single choice of 6(t).

The main difficulty appears after discrete sam-
pling. Standard references on the OU process note
that, unlike Wiener motion, its increments are not
independent and are in general correlated; see Hors-
themke and Lefever [18]. On a discrete grid 0 = t, <
t; <---<t, =T, the exact one-step transition of the
Gaussian component has the form

Y, =&(t;, ;i)Y + 15, i=12,...,n,
where each 7); is a Gaussian transition error with ex-
plicit variance. Hence, the raw log return over [ t;_;, t;]
is

Ri =Xti _Xfi—l
= Q(tl)— Q(ti_l) + (q)(tl’ ti—l)_ 1)Yti—l +T]l

This already reveals the source of the difficulty. The
raw return is not driven only by the current Gaussian
transition error, but also contains the previous state
Y, _,, which carries the accumulated effect of earlier
shocks. Since R; depends on Y, and 7;, whereas R, 4
depends on Y, , the one-step transition above shows
that R; and R, share random terms and are therefore
correlated in general. Equivalently, the vector of sam-
pled raw returns is jointly Gaussian, but its covariance
matrix is typically not diagonal in the natural sampling
basis. The usual realized variance based on raw returns
is therefore a quadratic form in correlated Gaussian
variables, namely

1002 &,
RV, = —— > R}
i=1

This is the quantity that underlies the standard discrete
variance swap construction. Such quadratic forms
can still be analyzed, but the simple chi-square re-
duction that supports many closed-form arguments for
variance-type and volatility-type payoffs is lost when
raw returns are used. This is the precise limitation
that motivates the alternative construction developed
below. See also Maller et al [19] for the autoregressive
viewpoint associated with discretely sampled OU-type
processes.

The approach adopted here is to work instead
with the exact one-step innovations of the sampled
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dynamics. These are obtained by subtracting, on
each sampling interval, the exact conditional mean
implied by the model. In the present setting, the
resulting innovations are Gaussian, independent across
disjoint sampling intervals, and have explicit interval
variances. After normalization, they become indepen-
dent standard normal variables. Consequently, the
associated quadratic sum has an exact chi-square dis-
tribution, and its square root has the corresponding chi
distribution. This restores tractability on a general dis-
crete grid and yields explicit formulas for the density,
distribution function, Laplace transform, and moments
of the standardized innovation statistic. The reduction
follows directly from the exact transition structure of
the model and does not require diagonalization of the
covariance matrix of the raw sampled returns.

These probabilistic results have direct valuation
consequences. For the innovation-based quadratic
variation, the fair strike under the chosen pricing
measure Q is explicit for deterministic coefficients and
an arbitrary discrete grid, because the expectation
depends only on the sum of the interval innovation
variances. For the corresponding innovation-based
volatility-type contract, a similarly explicit fair strike is
obtained in the constant-coefficient case on a uniform
grid, where the innovation variances are equal and
the unnormalized innovation-based quadratic varia-
tion becomes a scaled chi-square random variable.
Thus, the tractability recovered at the probabilistic
level translates directly into explicit fair-strike formu-
las for innovation-based variance-type and volatility-
type contracts. The payoff considered in this paper
is interpreted within the model as a variance-type
quantity built from the exact one-step innovations of
the discretely sampled log-price dynamics. Since each
innovation is the forecast error obtained after remov-
ing the deterministic trend and the conditional mean
implied by the previous state, the associated quadratic
variation aggregates the contribution of new interval-
by-interval shocks over the sampling grid, rather than
the total realized variance of raw log returns. Un-
der the chosen pricing measure @, the correspond-
ing fair strike is therefore interpreted as the model-
implied expectation of the unstandardized cumula-
tive innovation-based variation. This interpretation
is consistent with the model structure and provides a
tractable alternative to the usual raw-return construc-
tion in the presence of serial dependence.

The main contribution of the paper is twofold.
First, it identifies the exact one-step innovations of
the Gaussian component as the discrete-time observ-
ables that restore exact tractability in the trending
OU log-price model. The standard realized vari-
ance based on raw returns does not possess the re-
quired independence structure, whereas the exact in-
novations do through the one-step transition of the
model. Second, this innovation construction leads
to explicit fair-strike formulas for innovation-based
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variance-type and volatility-type contracts. In particu-
lar, it yields an exact fair strike for the innovation-based
variance-type contract under general deterministic co-
efficients and an arbitrary sampling grid, and closed-
form fair strikes for the innovation-based variance-type
and innovation-based volatility-type contracts in the
constant-coefficient case on a uniform grid.

The remainder of the paper is organized as fol-
lows. After introducing the trending OU model and
its exact one-step transition on a discrete grid, we
construct the innovation-based statistic and prove the
exact chi-square representation. We then develop the
corresponding distributional results and derive the fair
strike of the innovation-based variance-type contract
under general deterministic coefficients. The constant-
coefficient case on a uniform grid is studied sepa-
rately, where closed-form fair strikes are obtained for
the innovation-based variance-type and volatility-type
contracts. Finally, numerical results illustrate the the-
ory under several trend and coefficient specifications,
and concluding remarks are given at the end.

TRENDING ORNSTEIN-UHLENBECK MODEL

Throughout the paper, all probabilistic statements and
expectations are taken under a fixed probability mea-
sure Q. This measure is the chosen pricing measure
used to define the model-implied fair strikes of the
innovation-based payoffs considered below. If the
model is embedded in a no-arbitrage pricing model,
then Q may be interpreted as a risk-neutral pricing
measure. In the present paper, however, no additional
martingale restriction on the discounted spot price
is imposed, since the exact transition formula, the
independence of the innovations, and the chi-square
representation do not require such a restriction. Ac-
cordingly, the fair strikes derived below are interpreted
as model-implied fair strikes under the chosen measure

Let (2, Z,{Z}ter0.17, Q) be a filtered probability
space satisfying the usual conditions and supporting a
standard Brownian motion {W;Q}te[o,”. Let {S;}iefo,r]
be a strictly positive process, and define its log price by

X, =InS, =0(t)+7Y,, te[0,T]. )
Here 6 : [0,T] —» R is a deterministic continuous
function, and Y satisfies

dY, = —« ()Y, dt +o()dW?,  Yo=y, (2

The functions « : [0,T] > R and o : [0,T] —» R are
deterministic, and it is assumed that x € L'([0,T])
and o € L?([0,T]). Under these conditions, (2) has
a unique strong solution, and Y is a Gaussian process.
WhenY is interpreted as a mean-reverting component,
it is further assumed that x(t) = O for almost every
te[0,T].

The representation (1) separates the deterministic
trend from the Gaussian fluctuation. The function

0(t) specifies the deterministic trend of the log price,
while the linear Gaussian dynamics are carried by Y.
This decomposition is convenient because the serial
dependence in sampled log returns is generated by the
state variable Y. For this reason, the later discrete-time
analysis is based on the exact transition of Y rather
than on the raw increments of X.
For0<s <t < T, define

®(t,s) = exp(—f

S

t

k(u) du). 3)

This propagator determines the exact conditional
mean and conditional variance of Y over each time
interval.

The next lemma gives the exact transition formula
and the corresponding conditional law.
Lemma 1 ForeveryO0<s<t<T,

t

Y, = &(t,s)Y, + J @(t,u)o(w)dwl. 4

S

Consequently, conditional on &;, the random variable Y,
is Gaussian with

EUY, | Z,1= &(t,s)Y,,
t

var®(y, | Z,) = f ®(t,u)?o(u)?du.

N
Equivalently,

t

Yt | ‘gs "‘-’N((I)(t,S)YS, f

S

o(t,u)’ow)? du).

Proof: Define
K(t):f k(u)du, t€[0,T].
0

Since x € LY([0, T]), the function K is absolutely con-
tinuous on [0,T]. Applying Itd’s formula to eX(y,
gives

d(eX®Wy,) = e dy, + x(t)eXVy, dt.
Substituting (2) yields

d(e*y,) = XO(—x(0)Y,dt + o (£)dW?) + k(t) ey, dt
=g (t)dwl.

Integrating from s to t gives
t
KOy, — KOy, = f eXWo(u)dwe.
S

Multiplying by e (9, one obtains

t

Y, = e KOKy 4 J e*(K(f)*K(“))o(u)dW;@.

S
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Using (3), this becomes

t
Y, = ®(t,s)Y, +f d(t,u)o(u) dWL‘lQ,

S

which proves (4). Let

t
I, =f ®(t,u)o(u) dWliQ.

Since ®(t,-) is deterministic and bounded on [s,t],
and o € L%([0, T]), the stochastic integral I, is well
defined in L?. Moreover, I, is Gaussian with mean
zero and depends only on the Brownian increments
over [s, t]. Hence, I, , is independent of &;. Therefore,
by (4), the conditional law of Y, given &, is Gaussian.
Taking conditional expectation in (4) gives

EO[Y, | Z,]=&(t,s)Y,.
Since ®(¢,s)Y, is &,-measurable,
Var¥(Y, | Z,) = Var®(I, , | Z,).

Because I, is independent of .7, its conditional vari-
ance equals its unconditional variance. By the It
isometry,

var?(I, ) =E%[I2,] = J ®(t,u)?o(u)?du.

S

Thus,

t

vard(y, | Z,) = J &(t,u)’o(u)?du.

S
This gives the stated conditional variance, and the
conditional Gaussian law follows immediately. m]
A discrete sampling grid is now fixed as 0 = ¢, <
t;<--<t,=T, and we write A; =t; —t;_; fori =
1,2,...,n. Applying Lemma 1 withs =t; ; and t = ¢;
yields the exact one-step transition on this grid. For
later use, define

a; =®(t;, t; 1) = exp(—f
t

ti
v, = j &(t;,u)?o(w)? du, (6)

i—-1

ti

k(u) du), (5)

i-1

and

for i =1,2,...,n. The quantity v; is the variance of
the exact one-step innovation on the interval [¢;_;, t;].
Since the later standardization requires positivity, as-
sume from this point onward that v; > 0 for i =
1,2,...,n.

With these notations, the exact grid transition
takes the form

t
Y,=aqY, _ +n; n;= j ®(t;,u)o(u) dW;Q, 7)
t

i-1
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fori=1,2,...,n. By Lemma 1, each 7; is Gaussian
with mean zero and variance v;.

The representation (7) shows that the exact condi-
tional mean of Y,, given &, _ is q;Y;_,, while the ran-
dom deviation from this conditional mean is precisely
7;. Since 7); is defined by a stochastic integral over
[ti_1,t;], the collection {n;}"_, is built from disjoint
Brownian increments. This is the basic mechanism that
later yields independence.

It is also useful to rewrite the transition in terms
of the observable log price. Since Y, = X, — 6(t),
relation (7) becomes

Xci_e(ti)=ai(Xti,l_9(ti—l))+ni: ®

for i =1,2,...,n. This identity shows that the exact
one-step innovation on the interval [t;_;,t;] is the
deviation from the exact conditional mean in (8). In
the next section, this quantity is denoted by ¢; and is
studied as the basic discrete-time observable that yields
the exact chi-square reduction.

EXACT CHI-SQUARE REPRESENTATION

This section introduces the discrete-time statistic as-
sociated with the exact one-step innovations of the
Gaussian component. By the transition formula in the
previous section, these innovations are obtained by
subtracting the exact conditional mean on each sam-
pling interval. This removes the dependence present
in the raw log returns and leads to an exact chi-square
representation. In linear Gaussian analysis, one-step
prediction errors, often called innovations, are stan-
dard objects associated with conditional means and
play an important role in forecasting and state-space
methods; see Harvey [20], Durbin and Koopman [21].
In the present model, however, they arise directly from
the exact discrete-time transition of the Gaussian com-
ponent rather than from a separate filtering problem.
Foreachi=1,2,...,n, define

g =Y, —qaY, ,
where q; is given by (5). Since Y, = X, — 6(t), the
same quantity can be written in terms of the observed
log prices as

eithi—G(ti)—ai (Xt,v,l_e(tifl))' C)]

By (7), it follows that

& :f l o(t;,u)o(w)dw?. (10)
iz

Thus, ¢; coincides with the exact one-step innovation
introduced in the previous section; the notation ¢; is
adopted here to emphasize its role in the chi-square
reduction. Hence, ¢ ~ N(0,v;) for i = 1,2,...,n,
where v; is given by (6). Sincev; >0fori=1,2,...,n,
each innovation can be standardized.
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The next theorem gives the exact chi-square rep-
resentation by reducing the problem to independent
standard normal random variables.

Theorem 1 Foreachi=1,2,...,n, define

i
Zi - .
Vi

Then, Zi,Z,,...,Z, are independent N(0,1) random
variables. Consequently, the statistic

n 5 n EiZ
i=1 o Vi

has the chi-square distribution with n degrees of freedom.
Equivalently,

—Z

(1D
(12)

—0(t)—ai(x,,—0GD)]
f &(t;,u)?o(W)? du

i—-1

Proof: From the representation (10), for each i =
1,2,...,n,

ti
& :J @(ti,u)a(u)quQ.
t,

i—1

The function u — &(t;,u)o(u) is deterministic and
square-integrable on [t;_;, t;]. Therefore, the stochas-
tic integral is well defined. Hence, ¢; is a Gaussian
random variable with mean zero. By Ito’s isometry,

ti
Var®(g;) = f ®(t;, u)?o W) du =v,.
t

i-1

Therefore, ¢; ~ N(0,v;).
It remains to prove independence. For u € [0, T],
define
filw) =@ (t;, w)o (W), | (w).

Then ;
& = J fi(u) quQ.
0

Since fi, fy, ..., f, are deterministic functions, the vec-
tor (&1, &, ..., &,) is jointly Gaussian. If i # j, then the
supports of f; and f; are disjoint because the intervals

[ti-1,t;] and [t;_4, t;] are disjoint, and hence

T
Cov@(g;, ;)= f fi)f;(w)du=0
0

Thus, the covariance matrix of (e;, €,,...,&,) is diag-
onal. Since a jointly Gaussian vector with diagonal
covariance matrix has independent components, it
follows that €4, &, ..., €, are independent.

Now define Z; by (11). Since v; > 0 for i =
1,2,...,n,itfollows that Z; ~N(0,1) fori=1,2,...,n
Because each Z; is obtained from &; by deterministic
scaling, the random variables Z,Z,,...,Z, are also
independent. Therefore,

= zn: Zi2
i=1

has the chi-square distribution with n degrees of free-
dom. Finally, substituting (9) and (6) into (12) gives
the stated observable representation. This completes
the proof. O

Theorem 1 identifies the quadratic statistic that is
tractable in the present model. The relevant object is
not the sum of squared raw log returns, but the sum
of squared standardized innovations. This distinction
is essential. The raw increments of the log price are
correlated, so the corresponding realized variance is
a quadratic form in correlated Gaussian variables. By
contrast, the statistic Q, has an exact chi-square distri-
bution on an arbitrary grid under general deterministic

coefficients.

Its square-root counterpart is R, = 4/Q,, and
therefore R,, ~ y,. The normalization by v; in (12)
is necessary in the general deterministic setting, since
the innovation variances need not be equal across
sampling intervals. This produces a dimensionless
statistic whose distribution depends only on the num-
ber of sampling intervals. In the constant-coefficient
case on a uniform grid, all v; are equal, and the
construction becomes simpler. Before turning to the
constant-coefficient case, the next section develops the
distributional consequences of Theorem 1 and derives
the fair strike of the innovation-based variance-type
contract under general deterministic coefficients.

DISTRIBUTIONAL RESULTS AND VARIANCE-TYPE
VALUATION

This section develops the consequences of the exact
chi-square representation obtained in the previous
section. Since the standardized innovation statistic
Q, has a chi-square distribution and its square-root
R, has the corresponding chi distribution, the main
distributional formulas follow directly from standard
identities. These formulas are useful in their own
right and also prepare the valuation results for claims
written on the innovation-based quadratic variation.
The discussion begins with the standardized statis-
tic, whose distribution is universal under the present
assumptions, and then turns to the unstandardized
innovation-based quadratic variation, which retains
the model-implied scale and is therefore the relevant
object for valuation.

The first result records the basic formulas for Q,,.

Theorem 2 The random variable Q,, has density

fQ"(q) =

">, g>0, (13)

202 (n/2)
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distribution function
r(53)
F = , =0,
D= T/
and Laplace transform
Ee~®]=(1+25)™%  s>0.

Moreover, for every p > —n/2,

r(5+p)

Q —9p_*= "7
EOQ}] =2 2o,

EQ[Q,]=n, Var®(Q,) = 2n.

Proof: By Theorem 1, Q, ~ xﬁ. Hence, the formu-
las above are the standard formulas for the density,
distribution function, Laplace transform, mean, vari-
ance, and moments of the chi-square distribution with
n degrees of freedom. The Laplace transform also
follows from the gamma representation Q,, ~ I’ (%, 2),
where the first parameter is the shape and the second
parameter is the scale. This completes the proof. O

In the present setting, the moment formulas are
obtained from exact distributional representations. Re-
lated analytical approaches for deriving moments of
diffusion-type models based on explicit probability
density representations and chi-square structures were
investigated in [22], while alternative methodologies
based on the Feynman-Kac theorem and associated
partial differential equations were studied in [23-25].

The corresponding formulas for the square-root
statistic R,, follow immediately.

Corollary 1 The random variable R,, has density

fr(r)= 217 piler?/2 r>0 14
R, - F(n/2) ) )
distribution function
Fp, () r(35) 0
r)y=——= r .
o T(n/2)’
Moreover, for every p > —n,
) ()
EQ[RP =2P/2(—2’ EQR.1=+2 2 ,
Rl =2 1) Bl =2 1602
r(%5)y?
VarQ(R,) =n—2 2 ).
R =2 3,7

Proof: Since R, = 4/Q, and Theorem 1 gives Q, ~
x>, one has R, ~ y,. Hence, the formulas above for
the density and distribution function are the standard
formulas for the chi distribution with n degrees of
freedom. The moment formula also follows from the
identity RP = Qﬁ/ 2. The expressions for the mean and
variance are obtained from the cases p =1 and p = 2.
This completes the proof. O

www.scienceasia.org
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The formulas above describe the standardized
statistic and remain exact under general deterministic
coefficients and an arbitrary sampling grid. For valu-
ation, however, the relevant object is the unstandard-
ized innovation-based quadratic variation, because it
retains the scale implied by the model. Define

1002 <&
V= 1036,
i=1

Using (11), this may be rewritten as

1002 <
IV, = E v,Z2.
i=1

T (15)

When the variances v; are not all equal, IV, is a
weighted sum of independent chi-square random vari-
ables with one degree of freedom. Its distribution is
therefore not, in general, a simple scaled chi-square
distribution. Even so, its Laplace transform and first
two moments remain explicit, and these are suffi-
cient to determine the fair strike of the associated
innovation-based variance-type contract.

It is important to distinguish IV,, from the standard
realized variance based on raw log returns. The latter
is given by

n

1002
RV, = — >ix,
i=1

2
_Xti—l) °

The quantity RV, is the usual discretely sampled re-
alized variance. By contrast, IV, is built from the
exact one-step innovations after removing the deter-
ministic trend and the conditional mean implied by
the previous state. Thus, IV, measures the cumulative
contribution of new shocks over the sampling grid
within the proposed model. The payoffs considered
in this paper are therefore innovation-based variance-
type and volatility-type payoffs, rather than standard
market payoffs written directly on raw realized vari-
ance. The next theorem records the basic identities.

Theorem 3 The Laplace transform of IV, is

n

E2[eM] = l_[(1+

i=1

2-100%2 Y2
vis) s s=20. (16)

Moreover,

1002
E°(IV,] = ——

100* <
Q —_ Y 2
> Vart(Iv,) = gzgv“ a”n
i= i=

Proof: By (15),

1002 &
IVn = T Zviziz,
i=1

where Z;,Z,,...,Z, are independent N(0,1) random
variables by Theorem 1. Hence, Z? ~ xZ for each
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i=1,2,...,n, and the random variables (100%/T) v; Z?2
fori=1,2,...,n are independent. For s = 0, indepen-
dence gives

_SN l—[]EQ[eXp( sV le)]

Since Z? ~ x2, its Laplace transform is

EQe 4 ] =1+2u)""%,  u>o.
Applying this with u = (100?/T)v;s gives the stated
Laplace transform in (16). Next, since IEQ[ZiZ] =1,

1002

1
EO[IV,] = T 002

vEQ[Z2 ] = —
i=1 T i=1

Finally, by independence,

1002
Var?(1v,) = Var® (— Z vl-Ziz)
i=1
100"

n
21744Q( 72
T2 Zvi Var=(Z;?).

i=1

Since Z? ~ yZ, one has Var?(Z?) = 2. This gives the
stated variance in (17). This completes the proof. O

These formulas show that the full law of IV,
depends on the collection of interval variances
Vi,Vg,...,V,. In particular, unless all v; are equal,
the distribution is not a simple scaled chi-square law.
Nevertheless, its expectation remains explicit, and
this is exactly the quantity needed for the fair strike
of the corresponding innovation-based variance-type
contract.

Consider the terminal payoff

N, var (IV Kvar)

where N,,, > 0 is the notional and K, is the strike.
Assume that discounting over [0, T] is deterministic,
with discount factor P(0, T). Under the pricing mea-
sure Q, the model-implied fair strike is defined by the
zero-value condition

0= P(0, T) Nyoy E¥[ IV, —Kor ],
or equivalently by
Koar = EQ[Nn]-

The next result gives the exact formula.

Theorem 4 The fair strike of the innovation-based
variance-type contract is

n

1002 ZJ ®(t;,u)?o(w)? du.

Kvar =

(18)

If the claim is discounted by a deterministic discount
factor P(0, T), then its time-0 value is

100% <
Vvar - P(O T) var(TZvi _Kvar)'

i=1

Proof: By Theorem 3, we have E?[IV, ] in (17). Hence,
the fair-strike identity above immediately gives (18).
The integral representation follows from the definition
of v; in (6). Under deterministic discounting, the
stated time-0 value is the discounted expectation of the
terminal payoff. This completes the proof. O

Theorem 4 gives an exact fair strike on a fixed
sampling grid. The following remark records its con-
sistency with the corresponding continuous-time inte-
grated variance when the sampling grid becomes fine.

Remark 1 Let |7,| denote the mesh of the sampling
grid, defined by

|7,| = max (t; —t; ).

Suppose that |7,| — 0. In the uniform-grid case,
this condition is equivalent to n — oco. Since k €

LY([0, T]), one has
J iK(r)dr

Hence, ®(t;,u)? — 1 uniformly for u € [t;_;, t;]. Using
the definition of v;, it follows that

n n t; T
szzf (t;, u)*o (u)? du — f o (u)* du.
i=1 i=1J iy 0

Moreover, the innovations are independent Gaussian

random variables with mean zero and variances v;.

Since |7t,| — 0 implies that max;<;<, v; — 0, the pre-
. n .

ceding convergence of Y. i1 Vi gives

n n n
Q 2= 22 .
Var (D e2) =2 w2 <2 (maxu ) Dov—o.
i=1 i=1

i=1
Consequently,

sup sup — 0.

ISisnue(t;_y,t;]

o(w)?du.

i)
2

i=1 0

It follows from the definition of IV, that

2@ 1002 "
v,— f o(u)?du.
T Jo

Thus, although IV, is different from the raw-return re-
alized variance on a fixed grid, its high-frequency limit
agrees with the continuous-time integrated variance
generated by the diffusion coefficient o (t).
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The result above gives an exact closed-form strike
for the innovation-based quadratic payoff under gen-
eral deterministic coefficients and an arbitrary sam-
pling grid. No diagonalization of a covariance matrix
is needed, because the model already yields an inde-
pendent innovation representation. This is the main
valuation consequence of the innovation construction
in the general case.

A square-root payoff may also be defined from the
same innovation-based quadratic variation by VOL, =
+/IV,. When the variances v; are unequal, IV, is a
weighted sum of independent chi-square random vari-
ables with unequal weights. Its expectation remains
explicit, which yields the variance-type strike. By
contrast, the expectation of VOL, no longer reduces
to a simple chi moment formula. For this reason, the
corresponding innovation-based volatility-type strike
does not, in general, admit an equally simple closed-
form expression under general deterministic coeffi-
cients. The constant-coefficient case on a uniform
grid is therefore treated separately in the next section.
In that setting, all interval innovation variances are
equal, the weighted sum reduces to a scaled chi-
square law, and both the innovation-based variance-
type and innovation-based volatility-type fair strikes
become explicit.

CONSTANT-COEFFICIENT CASE ON A UNIFORM
GRID

This section studies the special case in which the mean-
reversion coefficient and the volatility coefficient are
constant and the sampling grid is uniform. In this
setting, the exact one-step coefficient is the same on
every sampling interval and all innovation variances
coincide. The general results of the previous sections
then reduce to scaled chi-square and scaled chi laws.
Consequently, explicit formulas are available not only
for the innovation-based quadratic variation, but also
for its square root and the associated fair strikes.

Assume that x(t) =k > 0 and o(t) = o > 0 for
t €[0,T], and let the sampling grid be uniform, t; =
iAfori=0,1,...,n, where A = T/n. Then

d(t,s)=e ¥ 0<s<t<T,

so the one-step coefficient in (5) is constant over the
grid and satisfies

fori =1,2,...,n. The innovation variance in (6) is
also constant and satisfies

t; 2
v, = O'Zf e ¥t qy = 0—(1 —e )=y (19)
¢ 2K

i-1

fori=1,2,...,n. Since 0 >0, k >0, and A > 0, one
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has v > 0. The exact grid transition (7) now becomes

Yti = aYtH + &

g =Y, —a¥, =X, — Q(ti)_a(XtH - Q(ti—l)),
fori=1,2,...,n. By Theorem 1, the random variables
€1,€9,...,€, are independent and satisfy €; ~ N(0,v)
fori=1,2,...,n.

The next result gives the exact law of the
innovation-based quadratic variation in this setting.

Theorem 5 In the constant-coefficient case on a uni-
form grid,

o 100%y 100%v

1002

(20)

where v is given by (19). The random variable IV,, has
density, for x >0,

1 n —Tx
fiu, () = —xi e (=),
" (2-1002v/T)2T() 2-100%v
In particular,
1002 100*
E9[IV,] = nv,  VarQ(Iv,) = 2 2nv2.
Proof: Since all innovation variances are equal, (12)
reduces to
1 n
Q,=- Z siz.
Via
Hence,

n

1002 , 100%v
IVn:T;ei: -

Let ¢ = 100%v/T. Then IV, = cQ,,, which gives (20)
by Theorem 1. Since Q,, has density (13) by The-
orem 2, the change-of-variables formula gives, for
x >0, fiy (x) = (1/c)fq,(x/c). Substituting ¢ =
100%v/T gives the stated density. Moreover, EQ[IV,,] =
cEQ[Q,], and Var®(lv,) = c2Var®(Q,). This com-
pletes the proof. a
The square-root payoff is equally tractable in the
present setting. Since IV,, is a positive scalar multiple
of a chi-square random variable, its square root is a
positive scalar multiple of a chi random variable. This
yields an equally explicit law for the corresponding
innovation-based volatility-type quantity.

Theorem 6 In the constant-coefficient case on a uni-

form grid,

100+/v R 100+/v 4
vT " JT "

where v is given by (19). The random variable VOL, has
density, for x > 0,

VOL, = v/IV, =

(2D

22 T O\ Tx2
fror, () = O) (1ooﬁ) X eXp(_z-loozv)'
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In particular,

nt+l
EQ[VOL,] = 100 55 i((njzg ,

ﬁ n+1
[r-(32Y]

1002
Var®(VOL,) =

Proof: By (20),

Therefore,

VOL, = IV, = %\/Q_n= 10‘;)%/7&1.

Let ¢ := 1004/v/+/T. Then VOL, = cR,,, so (21) follows
from Corollary 1. Since R, has density (14) by Corol-
lary 1, the change-of-variables formula gives, for x >
0, fuor, (x) = (1/¢)fg (x/c). Moreover, E[VOL,] =
cEQ[R,], and Var®(VOL,) = c®>var®(R,). This com-
pletes the proof. O

The model-implied fair strikes of the innovation-
based variance-type and volatility-type contracts now
take particularly simple forms.

Corollary 2 In the constant-coefficient case on a uni-
form grid,

_100?

100 o2 -
var ny = T nﬂ(l—e 2KT/n)’ 22)
and
k100 - I(5)
vl = " I'(n/2)
2 (=
SR AT w o
AR I'(n/2)

Proof: The formula for K,,, follows from Theorem 5
and (19). The formula for K, follows from Theorem 6
and (19). O

This special case shows most clearly how the in-
novation construction enters the valuation problem.
Under constant coefficients and uniform sampling, the
innovation-based quadratic variation is exactly a scaled
chi-square random variable, and its square root is
exactly a scaled chi random variable. Therefore, both
model-implied fair strikes are available in closed form.
In the general deterministic setting, the variance-type
strike remains explicit, but the volatility-type strike no
longer has the same simple form because the innova-
tion variances need not be equal. The present section
isolates the case in which both payoffs admit the same
degree of tractability.

NUMERICAL VERIFICATION AND SENSITIVITY
ANALYSIS

This section reports numerical results for the formulas
derived in the previous sections. All sample paths
are generated from the exact one-step transition in
Lemma 1. Therefore, the numerical comparisons are
not affected by any additional time-discretization error.
All exact strike curves shown below are the model-
implied fair strikes derived under the chosen pricing
measure Q.

For t € [0,T], the deterministic trend used
throughout the numerical study is

6(t) =0.20t +0.08sin(27t/T).

In the general deterministic case, the baseline setting
is T =1, y, =0.15, and n = 40, with the uniform grid
t;=iT/nfori=0,1,...,n, together with

k(t) =4.0+0.6cos(27t/T),
o(t)=0.28+0.07sin(2nt/T + 1t/6).

This setting is used in Fig. 1, Fig. 2, Fig. 3, Fig. 4,
Fig. 6, and in the periodic example of Fig. 7. In the
constant-coefficient case, the same values of T, y,, n,
and 6(t) are used together with k = 2.5 and o = 0.30.
This setting is used in Fig. 5. Monte Carlo estimates
are computed from M = 50,000 simulated paths, and
the interval coefficients a; and v; are evaluated with
Nguaqg = 2001 quadrature points per interval. In each
parameter study, only the parameter shown on the
horizontal axis is varied, while all other inputs are kept
at their baseline values.

In the plots with error bars labeled Raw RV
+1.96SE or IV, £1.96SE, the plotted value is the
Monte Carlo sample mean, where SE = s/v'M and
s is the sample standard deviation of the simulated
values. Hence, the bars represent approximate 95%
confidence intervals for the corresponding expecta-
tion. They measure Monte Carlo uncertainty in the
estimated mean and do not describe the spread of
individual paths.

Fig. 1 and Fig. 2 compare raw returns with exact
innovations on the sampling grid. In Fig. 1(a), the raw-
return correlation matrix shows a clear off-diagonal
pattern. In Fig. 2(a), the mean absolute correlation
is largest at short lags and then decreases gradually.
This is consistent with the exact one-step transition
in (7), because the raw increments of X, = 6(t) + Y,
inherit the serial dependence of the Gaussian state
variable. By contrast, Fig. 1(b) shows that the em-
pirical correlation matrix of the innovations is nearly
diagonal, and Fig. 2(a) shows that the lag correlations
of the innovations remain close to the Monte Carlo
noise level. The QQ plot in Fig. 2(b) is also close to
the standard normal reference line. These observations
agree with Theorem 1, in particular with the standard-
ized innovation defined in (11).
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Fig. 3 examines the distributional statement
in Theorem 1 and the formulas in Theorem 2.
In Fig. 3(a), the simulated histogram agrees closely
with the x,f density. In Fig. 3(b), the empirical
distribution function follows the exact )(3 distribution
function. In Fig. 3(c), the QQ plot stays close to the
reference line. The numerical evidence is therefore
consistent with the definition of Q,, in (12) and with
its chi-square law. Since R, = 1/Q,,, this also agrees
with Corollary 1.

Fig. 4 examines the variance-type strike in the gen-
eral deterministic case. In Fig. 4(a), the exact values
and Monte Carlo estimates agree over all tested choices
of n. In Fig. 4(b), they again agree when the amplitude
of x(t) varies. In Fig. 4(c), the same agreement is
observed when the level of o(t) varies. The remaining
differences are of the same order as the Monte Carlo
uncertainty indicated by the error bars. This agrees
with Theorem 4, or equivalently with the explicit for-
mula (18), and with Theorem 3. The parameter depen-
dence is explained by the interval variance formula (6).
In Fig. 4(a), the exact strike increases with n. In this
experiment, a finer sampling grid captures the local
variance structure more accurately, and the discrete
sum Z?:l v; moves upward toward its continuous-

time limit 1002 f OT o(u)?du. In Fig. 4(b), when the
amplitude of k(t) increases, the damping factor in (6)
becomes smaller on average, so the interval variances
decrease and K,,, decreases as well. In Fig. 4(c), when
the level of o(t) increases, the factor o(u)? in (6)
increases, so both v; and K,,, increase.

Fig. 5 examines the constant-coefficient formula
for the volatility-type strike. In Fig. 5(a), the ex-
act values and Monte Carlo estimates agree over all
tested choices of n. In Fig. 5(b), they remain in
close agreement as k varies. In Fig. 5(c), the same
agreement is observed as o varies. This is consistent
with Theorem 5, which shows that IV, has a scaled
chi-square law in the constant-coefficient case on a
uniform grid, Theorem 6, which gives the correspond-
ing scaled chi law of VOL,, and Corollary 2, which
gives the closed-form fair strikes. Since the same
0(t) is used here as in the general deterministic case,
the figure also shows that the constant-case formulas
depend on the common innovation variance (19) and
not on the particular choice of deterministic trend.
By (22) and (23), the decrease of v with respect to k in
Fig. 5(b) implies that both K, and K, decrease as the
mean-reversion speed increases. Their dependence on
o is also immediate from (19). In particular, Fig. 5(c)
shows that K,,, is proportional to o2, whereas K, is
proportional to o. This explains why the variance-
type strike rises more steeply in o, while the volatility-
type strike is close to linear in 0. As n — oo, one
has v ~ 02T /n, and therefore K,,, — 100?02 and
K., — 1000, which explains the asymptotic limit lines
in Fig. 4(a) and Fig. 5(a).

11

Fig. 6 examines the effect of the deterministic
trend O(t). In these experiments, the trend specifi-
cation is varied while the remaining inputs are fixed
at the general deterministic baseline. The three one-
parameter variations are chosen to represent simple
linear, seasonal, and nonlinear deterministic trend ef-
fects, consistent with deterministic trend specifications
used in related applications; see Deng et al [16], Lo and
Wang [10], Lucia and Schwartz [13]. Fig. 6(a) shows
the effect of the linear trend parameter, Fig. 6(b) shows
the effect of the sinusoidal amplitude, and Fig. 6(c)
shows the effect of the quadratic coefficient. Across
all three panels, the raw-return statistic changes visibly
under these variations. By contrast, the innovation-
based statistic changes very little and remains close to
the exact level. The error bars show that the remaining
variation in the innovation-based means is of the same
order as the Monte Carlo uncertainty. This is explained
by the observable innovation formula (9). The deter-
ministic trend enters the observed log price X,, but it
is removed when the exact one-step conditional mean
is subtracted. It is also important that the interval
variances v; in (6) depend on x(t), o(t), and the
grid, but not on 6(t). Therefore, Theorem 1 and
Theorem 4 are consistent with the numerical observa-
tion in Fig. 6(a—c) that the innovation-based statistic is
essentially insensitive to the choice of trend, whereas
the raw-return statistic is not.

Fig. 7 examines the effect of time-varying coeffi-
cients. The periodic example shown in Fig. 7(a—c) uses
the same baseline functions x(t) and o (t) as above. A
piecewise-constant example, shown in Fig. 7(d-f), is
also included in order to generate stronger variation in
the interval variances. In that case,

1.2, 0<t<T/3,

k(t)=14.8, T/3<t<2T/3,
2.0, 2T/3<t<T,
0.18, 0<t<T/3,

o(t)=1{0.40, T/3<t<2T/3,
0.24, 2T/3<t<T.

Fig. 7(b) and Fig. 7(e) show that the interval variances
Vi,Va,...,V, given by (6) are clearly unequal in both
examples. Hence, IV, takes the weighted form (15)
and is therefore a weighted sum of independent chi-
square terms. This agrees with Theorem 3. In particu-
lar, the laws displayed in Fig. 7(c) and Fig. 7(f) are no
longer the simple scaled chi-square laws obtained in
Theorem 5, because the equal-variance condition fails.

Fig. 7(a-f) also explain the different shapes of
the histograms. In the periodic case, Fig. 7(a)
and Fig. 7(b) show that the smooth oscillation of
k(t) and o(t) produces a smooth variation in v;,
and Fig. 7(c) shows the resulting law of IV,. In the
piecewise-constant case, Fig. 7(d) and Fig. 7(e) show
that the abrupt changes in the coefficients generate
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Fig. 5 Verification of K, in the constant-coefficient case.

larger contrasts among the interval variances, and
Fig. 7(f) shows the resulting law of IV,. This leads
to a more heterogeneous weighted sum in IV,,. The
moment-matched scaled chi-square curve provides a
useful approximation near the center, but it does not
reproduce the full law exactly. This agrees with The-
orem 3, which gives the exact mean and variance of
IV,,, but does not reduce the unequal-variance case to
a single scaled chi-square law.

Table 1 supports the formulas for the mean and
variance in Theorem 3. In both examples, the em-

pirical mean and variance remain close to the exact
values. Thus, the unequal-variance case does not
preserve a simple closed form for the full distribution,
but it still preserves exact formulas for the first two
moments. This is precisely the level of tractability
stated in Theorem 3 and Theorem 4.

Taken together, the numerical results are consis-
tent with the main theoretical results of the paper.
Fig. 1(a) and Fig. 2(a) agree with the serial depen-
dence of raw returns, whereas Fig. 1(b) and Fig. 2(a,b)
agree with the independence and standardization re-
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Table 1 Exact and empirical moments of IV,, under the periodic and piecewise-constant coefficient choices.

Scenario Moment Exact Empirical Relative error (%)

Periodic coefficients Mean 731.66 731.70 0.0056
Variance 29838.30 29623.45 0.7201

Piecewise-constant coefficients Mean 762.57 763.09 0.0677
Variance 39921.89 40160.57 0.5979

sults in Theorem 1. Fig. 3(a—c) agree with Theorem 1,
Corollary 1, and Theorem 2. Fig. 4(a—c) and Fig. 5(a—
c) agree with Theorem 4, Corollary 2, Theorem 5,
and Theorem 6. Fig. 6(a—c) and Fig. 7(a—f) clarify the
roles of O(t), x(t), and o(t). The deterministic trend
affects the raw-return statistic, but not the innovation-
based one. Time variation in x(t) and o(t) changes
the interval variances and therefore changes the law
of IV,,. From a financial viewpoint, these results show
that the innovation-based strike is driven by the model-
implied variance of new shocks rather than by deter-
ministic trend movements or by the serial dependence
contained in raw returns. The sensitivity to x(t) and
o(t) therefore has a direct interpretation through the
interval innovation variances v;: stronger mean rever-
sion reduces the contribution of past shocks, while a
higher volatility level increases the innovation variance
and hence the fair strike.

CONCLUSION

This paper studies a trending OU model for the log
price under discrete sampling. The main difficulty
is that raw log returns are correlated, so the usual
realized variance based on raw returns does not admit
the standard chi-square reduction. This difficulty is

resolved by working with the exact one-step inno-
vations of the Gaussian component. The resulting
innovation construction restores exact tractability and
leads directly to explicit valuation results. Under
general deterministic coefficients and an arbitrary dis-
crete grid, the innovation-based variance-type contract
admits an exact model-implied fair strike under the
chosen pricing measure Q. In the constant-coefficient
case on a uniform grid, the innovation-based quadratic
variation is a scaled chi-square random variable and
its square root is a scaled chi random variable. Conse-
quently, closed-form fair strikes are obtained for both
the innovation-based variance-type and innovation-
based volatility-type contracts.

The payoffs considered here should be interpreted
within the model rather than as standard market con-
tracts written directly on raw log returns. Since they
are built from cumulative one-step innovations of the
sampled log-price dynamics, the associated quadratic
variation represents innovation-based variation across
the sampling grid rather than the total realized vari-
ance of the observed path. This distinction clarifies
both the meaning of the resulting fair strikes and the
source of the exact tractability established in this paper.
Several directions remain for future work. One is to
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study the same innovation-based construction when
the deterministic coefficients are estimated from data
rather than treated as known inputs. Another direction
is to analyze weighted innovation sums and related
payoffs under more general sampling schemes. It
would be interesting to investigate whether similar
tractable innovation-based constructions can be devel-
oped for richer OU-type models, such as stochastic-
volatility OU models or Lévy-driven OU dynamics,
together with calibration procedures based on market
data.
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