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ABSTRACT: Let ./ be a unital x-algebra with a nontrivial projection P satisfying X.o/P = 0 implies X = 0 and

X.o(I—P) =0 implies X = 0.

In this paper, it is shown that if a map 6 : & — & satisfies 6(AocBeC) =

6(A)oBeC+Ao5(B)eC+AoBe§5(C) for any A, B, C € . with ABC* =0, then § is an additive %-derivation on .«
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INTRODUCTION

Let .« be an x-algebra over the complex field C. For
A,B € o, the Jordan product and skew Jordan product
are defined by Ao B =AB + BA and Ae B = AB + BA*,
respectively.A map 6: .&/ — .o is called an additive
derivation if it satisfies

5(A+B) = 6(A)+6(B)

and
6(AB) = 6(A)B+B6(A)

for all A,B € .. Furthermore, & is called an additive
x-derivation if § also satisfies 6(A*) = 6(A)* for allA e
/. A map ¢ is called a global nonlinear skew Jordan
triple derivation if

6(AeBe(C)=5(A)eBeC+Ae5(B)eC+AeBe5(C)

for all A,B,C € .¢/. Zhao and Li [1] proved that
every global nonlinear skew Jordan triple derivation
on von Neumann algebras is an additive x-derivation.
Darvish et al [2] extended this study to global nonlin-
ear skew Jordan triple derivations on prime x-algebras.
In recent years, derivations related to various new
mixed products [3-6] have attracted many authors’
attention. 6 is called a global nonlinear mixed Jordan
triple derivation if

6(AoBe(C)=056(A)oBeC+Ao5(B)eC+AoBe§(C)

forallA,B,C € ./. Nadeem et al [7] proved that every
global nonlinear mixed Jordan triple derivation on -
algebras is an additive x-derivation.

Recently, the local action on some proper subsets
of operator algebras [8,9] can completely determined
the structure of maps on operator algebras. Liu
[10] investigated any linear map & from a factor .4
into to itself satisfying §([[A,B],C]) =[[6(A),B],C]+
[[A,6(B)],C]+[[A,B],6(C)] for any A, B, C € o with

AB = 0 (resp., AB = P, where P is a fixed non-trivial
projection of .#). Zhao and Hao [11] gave the
concrete structure of a map 6 from a finite von Neu-
mann algebra .# with no central summands of type
I, to itself satisfying 6([[A,B],C]) = [[6(A),B],C]+
[[A,6(B)],Cl1+[[A,B],6(C)] for all A,B,C € . with
ABC =0. Let F : ./ x .o x .o — .o/ be map and £ be
proper subset .. If & satisfies

6(AocBe(C)=56(A)oBeC+Ao5(B)eC+AoBe§(C)

for all A, B, C € .« with F(A,B,C) € 2, then 6 is called
a non-global nonlinear mixed Jordan triple derivation.
Motivated by the above works, this paper will investi-
gate a kind of non-global nonlinear mixed Jordan triple
derivation on x-algebras satisfying

6(AocBe(C)=56(A)oBeC+Aob5(B)eC+AoBe§(C)

for any A, B, C € . with ABC* = 0.
MAIN RESULT

In this section, we will prove the following theorem.

Theorem 1 Let .« be a unital x-algebra with unit I with
a nontrivial projection P satisfying

XAP=0=>X=0 (a)

and
Xd(I—P)=0=>X =0.

Ifamap 6 : o — o satisfies

(v)

6(AocBe(C)=56(A)oBeC+Aob5(B)eC+AoBe§(C)

forany A, B, C € . with ABC* =0, then 6 is an additive
*-derivation.

Write P, = P and P, =1—P,. Put A;; = P;.9/P;,
i,j=1,2. Then o = .o + .9y + oy + &y,. For any
A€ o/, wehave A= Ay1+A 3 HAy HAy,, where A;; € ;.
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Lemma 1 6(0)=0.
Proof: It is clear 000* = 0, and so

5(0)=56(000e0)
=6(0)o0e0+006(0)e0+000e5(0)=0.

Lemma 2 For every A,, € .15, By, € .45, we have
6(A13+ By1) = 6(A12) + 6(Byy).

Proof: Let T = 6(A15+By1)—6(A15)—6(By; ). We next
prove that T = 0. Since (A;, + By )PPy = Ap PPl =
By PPy =0 and A o P, e P, = 0, we have from
Lemma 1 that

6(A1p+By)oPy @ Py + (A + By )0 5(Py) e Py
+ (A3 +By)o Py 05(Py)
=6((A12+By)oPyeP)
=0(Aj30P,0P;)+6(By 0P, 0 Py)
=(5(A15)+5(Byy))oPy 0Py
+ (A1 +By)06(P,) @ Py +(A15 + By ) o P, 0 6(Py),

which implies that T o P, e P, =0, and so
PzTP1+P1T*P2=0. (1)

Multiplying Eq. (1) by P; from the right, we get Ty; =0.
Similarly, we can show T;, = 0.

From P;(Ay, + By))P} = PAy,P} = PiBy Pf =0
and P, oA, e P, =0, we have

0(Py)o (A + By )@ P+ Py o6(Ajp+Byy) e Py
+Pyo(A1;+By)e6(Py)
=0(P;0(A12+By)ePy)
=0(P;0A;9P;)+6(PyoBy eP;)
=6(Py)o(A;3+By) e P +Pyo(6(A)
+6(By1)) @ Py + Py o(Aj+Byy) e 6(Pp).
It follows that P; o T e P; =0, and so
PlTP1+TP1+P1T*P1+P1T*=0. (2)

Since (iP)(A;p + By)P] = (iP)ApP; =
(iP;)By; Py =0 and (iP;) oA, e P, =0, we have
0(iPy)o (A3 +By) Py +(iP) 0 5(Ajp +Byy) e Py

+(iP;) o (A3 + By ) @ 6(Py)
=06((iP o (A1 +By) e Py)
=6((iP;)oA130Py) +6((iPy) 0By @ Py)
=06(iP;)o (A1 + By) @ Py +(iP;) 0 (6(Ay3)
+0(By1)) @ Py + (iPy) o (A15 + By ) @ 6(Py).

This implies that (iP;)o T  P; =0, and so

PlTpl“l‘TPl_PlT*Pl_PlT*:O. (3)

www.scienceasia.org

ScienceAsia 52 (3): 2026: ID 2026045

Summing Egs. (2) and (3), we obtain
P, TP+ TP, =0. 4

Multiplying Eq. (4) by P; from the left, we get T;; = 0.
Similarly, we can show T,, =0. Hence T =0. O

Lemma 3 For every A; € ., Bjj € o,
(1<i#j<2), wehave

() o(A; +B;j) = 6(A;) +6(By)).

(i) 6(A;+C;;) =06(A;)+6(Cj).

Cji € i

Proof: (i): Let T = 6(A;1+B13)—6(A11)—6(B;,). Since
PZ(All +BIZ)P1* — Pziqlll)ik = PzBlzpik == 0 and PZ oAll.
P; =0, we have

6(Py)o (A1 +Byy) @ Py +Py06(A1; +Byy)e Py
+Py0(A11 +Byy) e 5(Pr)
=6(Pyo(Aj; +Byy)ePp)
=0(PyoA;;®P)+8(Py0Byy0P)
=06(Py)o (A1 +Byy) @ Py + P, 0(6(A11)
+06(By2))® Py +Pyo(Ay; +Byy) e 5(Py).
This implies that P, o T e P; =0, and so
P,TP, +P,T*P, =0. (5)

Multiplying Eq. (5) by P; from the right, we get T,; = 0.
Since Py(Ay; + Byy)P; = PyA P = PB1,P; = 0
and P, 0A;; ® P, =0, we have
6(Py)o(Ay; +Byy) e Py +Py05(A1; +Byy)e Py
+ P, 0 (A1 +Byy) 0 0(Py)
=06(Py0(A; +Byy)eP,)
=06(Py0A;; ®P,)+6(Py0Byp 0 Py)
=0(P,) 0 (A1 +Byy) ® Py + Py 0(5(A11)
+0(B12)) ® Py + Py 0 (A1 + Byy) @ 5(Py).
It follows that P, o T e P, = 0, and so
PzTP2+TP2+P2T*P2+P2T*:O (6)

Multiplying Eq. (6) by P; from the left, we get T}, = 0.
From (iP)(A;; + Bp)Py = (iP)JALP; =
(iPy)B13P; =0 and (iP,)0A;; ® P, = 0, we have
6(iPy)o (A1 +Bp) @ Py +(iPy) 0 5(Ay; +Byy) @ Py
+(iPy) o (A1 + Byy) @ 6(P,)
=5((iP,) o (A1 +Biz) o Py)
=5((iP,) oAy @ P,)+5((iPy) 0By, o P,)
=6(iPy) 0 (A1; +Byz) @ Py +(iPy) 0 (6(Aq1)
+6(By2)) @ Py +(iPy) 0 (A1q + Byy) 0 6(Py),
which implies that (iP,)o T e P, = 0, and so

PzTP2+TP2_P2T*P2_P2T*:O. (7)
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Summing Egs. (6) and (7), we obtain Ty, = 0.
LetVy, 5, =Ty ThenV, 5 € .4, andso

8(A11 +B1y) = 6(A11) +6(B12) + Vo, 5, (8)
for every A,; € 1,B15 € 5.

Since (A}, +B12)P1 X5, = Ay PyX5, = B1,P X5, =0
and A;;oP; eX, = 2A11X15,B15,0P; 0 X, = X1,B7,, we
have from Eq. (8) that there exists Vy, p: o4, x,, € @11
such that

0(Ay; +Brp) o Py Xy + (A +Byp) 0 5(Py) e Xy
+ (A1 +Byp) o Py e6(Xyy)
=06((A1; +Byp)o Py e Xy,)
=6(A;; 0Py e X5+ By, 0Py 0 Xyy)
= 5(2A11X12 +X123T2)
= 6(XIZBT2) +6(2A11X3,) + VxlzB;‘z,zAnx12
=0(A;; 0P 0X;5)+6(B1y0P 0 Xp5) + VX1231‘2,2A11X12
=(6(A11)+6(B12)) 0 Py 0 X1, + (A1 +B13) 0 5(P) 0 X1
+ (A1 +B1p) o Py @ 5(X3,) + VXHBTZ,ZAHXIZ'

It follows that T o P; @ X5 = Vx, p: 54, x,,, and so
TX12+P1 TX12+X12T*P1 == VXlzBT2,2A111X12' (9)

Multiplying Eq. (9) by P; from the left and by P, from
the right, and using Vx, p: o4 x,, € @11, We obtain
P, TX,, =0, and so T;; = 0 by (V).

Similarly, we can show that §(Ay,+By;) = 6(Ag,)+
6(By1).

(i): Let T =6(A11 +Cy1)—6(A17)—6(Cyp). Since
Pi(A1;+Cy1)P; = PjA11P; = P;Cy Py =0and PjoA;; e
P, =0, we have

6(Py)o(A;; +Cy)@Py+P05(A;1 +Coy)e Py
+Po(A; +Cy)e6(Py)
=6(P10(A1;1 +Cy1)ePy)
=06(P; oA, ®P,)+6(P,0Cy 0P,)
=06(Py)o(A;; +Cy) e Py +Pyo(6(Ar1)
+6(Cy1)) @ Py + Py o(Agy + Cyp) @ 5(Py).
It follows that P, o T # P, = 0, and so

P, TP,+P,T*P; =0. (10)

Multiplying Eq. (10) by P, from the right, we get T}, =
0. Similarly, we can show T,; =0.

It follows from P,(Aj; + Cy1)P; = P,A; P;
P,Cy Py =0 and P, 0A;; ® P, =0 that

6(Py)o(A;; +Cy)@Py+Py05(A1 +Cyp)e Py
+Py0(A1;+Cy)06(P,)
=6(Py0(A11 +Cy)ePy)
=6(Py0A;,®P;)+6(P,0Cy0P,)
=6(Py)o (A1 +Cyy) @ Py +Py0(6(Ar1)
+6(Cy1)) @ Py + Py o (Agy +Cyp) @ 5(Py).

This implies that P, o T e P, = 0, and so

P,TP,+ TP, +P,T*P,+P,T* = 0. (11)

Since (iP)(A;; + Co)Py = (iP)ALP; =
(lPZ)C21P2* =0and (lpz) °A11 .Pz = 0, we have

6(iPy) o (A1; +Cy1) @ Py +(iP) 0 6(A11 +Cyy) @ Py
+(iP,) 0 (A1 +Cy1) @ 6(P)
=6((iPy) o (A1 +Cy1) @ Py)
=6((iPy) oAy @ P,)+ 6((iPy) 0 Cyy @ Py)
=6(iPy) 0 (A1 + Cy1) @ Py +(iPy) 0 (6(A11)
+06(Cy1)) @ Py + (iPy) 0 (A11 + Cy1) @ 6(P,).

This implies that (iP,)o T @ P, = 0. Then

P,TP,+TP,—P,T*P,—P,T* = 0. (12)

Summing Egs. (11) and (12), we obtain T,, = 0.

For any X, € .¢f5;, since (Ay; + Cy)XpP) =
A1 X5 Pf = C X5 Py =0 and Cyy 0 X5, @ P; =0, we
have

6(A11+Cg1)0Xo1 @ Py +(Ag + Co1) 0 6(Xy1) o Py
+ (A1 +Cy1) 0 X5 06(P;)
=6((A11+Co1)o Xy @ Py)
=6(A110X510P;) +06(Cyy 0Xy1 @ Py)
=(0(A11)+6(Cy1))0 X5, 0Py
+(A11+Cy) 0 0(Xp1) @ Py +(A11+Cp1) 0 X5 0 6(Py),

which implies that T 0 X,; e P; =0, and so

TXp + X TP+ X, T*+ P TX;, =0.  (13)

Multiplying Eq. (13) by P, from the left and by P; from
the right, and using the fact that T,, = 0, we obtain
X5 TP, =0. Then P, T*X;, =0, and so T;; =0 by (V).

Similarly, we can show that &(Ay + Cpp) =
6(Ag) +6(Cya). m

Lemma 4 For every A;;,B;; € .; (1 <i#j<2), we
have
6(A;j + B;j) = 6(A;j) + 6(By))-

Proof: Let T = 6(A;; + B;;) — 0(A;;) — 6(B;;). Since
Pl(Al) +BU)PI* = PiAijPi* = PiBijPi* =0 and Pi ] (AU +
B;;)e P, =0, we have

6(P;)o(A;j+B;j)eP;+ P o5(A;;+B;;)eP;
+P; O(Aij +Bij)o5(Pi)
= 5(P,o(A; +B;;) e P)
=6(P,; oAij oP,)+5(P; °Bij oP)
=6(P) O(Aij +Bij).Pi +P; 0(5(Al-j)+ 6(Bl-j))oPi
+P;o(A;j+B;;)e5(P),
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which implies that P;o T e P, = 0, and so
P,TP,+ TP+ P,T*P,+ P,T* =0. (14)
From (iP,)(A;; +B;;)P; = (iP,)A;;P} = (iP)B;;P; =
0 and (iP;) o (A;; + B;;) ® P, = 0, we have
6(iP;)o (Ajj+B;j) e P+ (iP;) o 6(A;j +B;j) o P;
+(iP;) o (A;; +B;;) @ 6(P;)
=06((iP;)o(A;; +B;j)eP;)
= &((iP;)oA;j®P;)+6((iP;)oB;; o P;)
=0(iP;) o (A;;+B;;) @ P, +(iP;) o (6(A;;)
+6(B;;)) @ P+ (iP;) o (A;; + B;;) ¢ 6(P;).
It follows that (iP;) o T @ P; = 0. Then

PiTPi+TPi_PiT*Pi_PiT*=O' (15)
Summing Egs. (14) and (15), we obtain
PiTPiJFTPi:O. (16)

Multiplying Eq. (16) by P; from the left, we get T;; = 0.
Multiplying Eq. (16) by P; from the left, we get T;; = 0.

X;jo(A;j+B;j) e P; =0, we have
5(X;) o (Aj; +Bjj) e P+ X0 5(A; +Byj) e P;
+ X0 (A +B;;) # 5(P;)
= 5(X,; 0 (A;; +B;;) o P;)
= 5(Xij 0A;; on) + 5(Xij oB;; on)
=6(X;j) o (A +B;j) e P +X;50(6(A;)
+6(Bj;)) ® P; +X;j0(A;; + B;j) ¢ 6(P;)
Then X;;0 T @ P; =0, and so
XyTP,+TX,+PT°X,+X,T* =0, (17)

Multiplying Eq. (17) by P; from the left, we obtain
X;;TP;+ P, TX;; = 0. Then by the fact T;; = 0, we have
X;;TP; =0, and so T}; =0.

From (P; +A?J.)(Pj +ij)Pi* =0and (P, +Afj)0(Pj +

Bj;)e P, = Aj;+B}; +A;; +B;;, and using Lemmas 2 and

8(A}, +B;) +6(A;;+By) = 5((P, +A;) o (P +B;,) e P;)
=06(P;+Aj;)o(P;+B])e P+ (P, +A}) o 6(P
+B}) o P+ (P, +A) o (P, +B;) e 5(P,)
=(5(P)+5(A)) o (P, +B;) e P, +(P, +A7,) 0 (5(P)
+6(B)) e P+ (P +A}) o (P +Bj;) e 6(P)
=06(PioP;eP)+65(PioB];eP)
+8(A, 0 Py e P,)+5(A; 0B} # P;)
=6(B;; +B};)+6(A; +A})
=6(B;)+5(A;)+6(A;) +5(By). (18)
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Let Uy 5, = Tj;. Then Ua, B, € Fij> and so

6(A;j+Bij) =06(Aij) +6(Bij) + Ug, 3, (19)

for every A;;, B;; € ;.
Similarly, there exists Wy: p: € .¢f}; such that
1771

6(A; +B;) = 6(A; )+ 6(By) + Wy 5, (20)

for every A;;, B;; € .f};.
From Egs. (18)-(20), we have

WA%V,B-j + UAij’Bij =0. (21)

1270

Multiplying Eq. (21) by P; from the right, then by the

fact that WAE’BZ € .;;, we obtain T;; = UAipBu =0.

Therefore, 5(AU +BU) = S(AU) + 5(BU)' O
Lemma 5 For every A;;,B;; € .; (i =1,2), we have
6(A;; +Bj;) = 6(A;;) + 6(Byy).
Proof: Let T = 6(A; + B;;) — 6(A;) — 6(By;). Since
0, we have
5(P;)oP;e(A;; +By;)+Pjo5(P;)e(A; +By)
+P]OP].5(AU+B11)
= 6(P;oP;e(A;; +By))
= 5(P] OP] .Aii) + 6(P] OP} .Bii)
=6(P;)oP;®(A;;+B;;) +Pjo6(P;)e(A; +By)
+PjoP;e(5(A;)+6(By)),

which implies that P;oP;e T =0, and so

P,T+TP;=0. (22)

Multiplying Eq. (22) by P; from both sides, we get T;; =
0. Multiplying Eq. (22) by P; from the right, we get
T;; = 0. Multiplying Eq. (22) by P; from the left, we
obtain T;; = 0.

For any X;; € .o; with 1 <i # j < 2, since
P(A;; +Bil~)Xl.*j =PAX] = PiBiin.*j =0, we have from
Lemma 4 that

6(P;)o (A +B;;) e X+ P o6(A;; +Bj) o X;;
+P;o(A;; +Bj;)®0(Xy5)
= 6(P; o (Ay; +By;) o X;;)
= 0(2A;X;j +2B;;X;;)
= 0(24;X;;) + 0(2B;;X;;)
=0(P;0A;; ¢X;;)+6(P;oB; ¢X;;)
=06(P;)o(A;; +B;;) e X;;+Pio(6(A;)
+0(B;;)) e X;; + P;o(A;; +B;;) @ 6(X;;).
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It follows that P;o T @ X;; = 0, and so

Multiplying Eq. (23) by P; from the left and by P; from
the right, we get P,TX;; =0, and so T;; = 0. Hence,
6(A;; +By;) = 6(A;;) +6(By). o

Lemma 6 For every A € 11, B1y € &5, Co1 € oy,
D, € .oy, we have

() 6(A11 +Bip+Cy1) = 0(A11) +0(B1o) +0(Coy);

(i) 6(B1g+ Cy +Dyy) = 6(B13) +6(Cop) + 6(Dyy).

PrOOf: (l). LetT = 5(A11+B12+C21)_5(A11)_6(B12)_
5(C21). Since (A11 + B12 + C21)P1P2* = Allplpz* =
B1,P Py = CyPiP; =0and A, 0P, P, = Cy 0P 8P, =
0, we have

6(A11+B13+Cy1)0Py Py + (A +B13+Cy1)00(P) e Py
+ (A1 + By +Cy1) o Py 0 5(Py)
=06((A;1 + B+ Cy)o Py e Py)
=G6(Ay 0P @ Py)+ 6(B1y0Py @ Py)+6(Cy 0Py @ Py)
=(6(A11)+6(B12) +6(Cy1)) 0 Py @ Py +(Ag; + By
+Cy1)06(P;) @ Py +(Ay; +Byy+Cyy) 0 Py 0 6(Py).

This implies that T o P; ® P, = 0, and so

P,TP,+P,T*P, =0. (24)

Multiplying Eq. (24) by P, from the right, we get T}, =
0. Similarly, we can show that T,; = 0.

Since P2X12(A11 + B12 + CZl)* = P2X12A>;1 =
PyX1,B}, = P,X1,C5; = 0 and P, 0 Xy, @ (A;; + Byy +

Cy1) = X1,Cy; + B1,X],, we have from Lemma 5 that

6(P,)0X15 0 (A1 +B1p+Cy) + Py 06(Xp5) 0 (Ayy
4By +Cy)+Py0Xy, 0 6(Ay; + By +Cy)
=06(PyoX15 0 (A1 +B1y+Cy))
=06(Py0X;,9Cy)+0(P0X59B1)+6(Py0X;04,)
=06(Py)oX ,0(A;; +Byp+Cy)
+P,006(X15)®(Ay; +Byp +Cy)
+P,0X150(6(A11) + 6(B1p) + 6(Cy)).

It follows that P, 0 X, e T =0, and so

X12T+TX>{2 =0. (25)
Multiplying Eq. (25) by P, from the right, we obtain
Ty, =0.

Let S4, B,.c,y = T11- Then Sy 5. o € . and
6(A11+B15+Cy1) = 6(A11)+6(B12)+6(Ca1)+Sa, B, 000
for every Ay, € &11,B13 € F15,Cop € Ay

Similarly, there exists Rg , ¢, p,, € @2, such that

0(B1y+ Cy + Do)

= 6(B12) +6(Cq1) +6(Dy2) + Ry, ¢, p,,»  (26)

for every By, € &5, Co € y1, Dy € Dy.

By PiX5 (A1 + By + Cy)* = P XyA} =
P)Xy B}, = P1X5,C;; =0 and P 0 Xy @ (A;; + By +
Co1) =X51A11+A11 X5, +X51B15+Cy X5, we have from
Eq. (26) that there existS Ry, x: x,141,. X, By +Cpux;, € Fo2
such that
5(Py)oX,; @ (A1 + By +Cy) + Py o 6(Xy) @ (Ayy

+ By +Cy) + Py oX, @ 6(Ay; + By +Cyy)

=0(P;0X5; 0 (A1 + By +Cy))
= 5(X21A11) + 5(A11X;1) + 5(X21Blz + C21X;1)

T Raj1X3, Xo1A11 Xa1 B1a+Cor X,
= 5(A11X;1 +X514A11) + 0(X31B1,)

+06(Cy X5,) +RAnxgl,X21A11,X21312+c21xgl
=6(P;0X,; 0A11)+6(Py 0 Xy 0By,)

+06(P;0X,; 0Cy1) +RA11X2*1 X21A11,X21B12+Ca1 X}
=6(P;)oXy ®(Ay; +Byp+Cy)

+ P10 6(X51) @ (Ay+B13+Cy)+P10 Xy, @ (6(Ay)

+6(By2) +6(Cy)) +RAux;l,XZIAH,X21312+621X§1 .

This implies that

(o) [ ) = * *
Pl X21 T RA11X21,X21A11,X21312+C21X21’

and so
27)

Multiplying Eq. (27) by P, from the left and
by P; from the right, and using the fact that
RA,, X3, XorApy Xy Biy G s, € Pz, We obtain Xy, TPy =0,
and so T;; =0.

(i)): Similarly, we can show 6(B;y + Cyq + Dyy) =
6(B12) + 6(Ca1) + 6(Dya). o

Lemma 7 For every A,y € .1, By € &1, Cyy € oy,
Dy, € f,5,, We have

0(A11+B13+Cy1+Dy) = 6(A12)+0(B12)+6(Cy)+6(Dsyy).

PrOOf: Let T = 5(A11 + B12 + C21 + Dzz) - 5(A11) —
6(B12) — 6(Ca1) — 6(Dya). Since (A;; + Byp +
Cy1 + Dyy)P Py = Ay PPy = By Py = CyP Py =
D22P1P2* =0 and (All +Blz+C21 +D22)0P1 .Pz =

By, + Bj,, we have from Lemma 6 that

*
Xo1T+TX,) =Ry x5, X,0A1, X5, Bip+Coi X3, -

6(A11 + B+ Coy +Dyy) 0P e P,
+(A11 +B1y +Cy +Dyy)06(Pr) e Py
+(A11 + By +Cy1 + Doy) 0 Py @ 5(P)
=06((A11 + B3+ Cyy + Dyy) 0Py o Py)
=0(B12 +Bj,)
=0(A;, 0P, ®P;)+06(B, 0P o Py)
+6(Cyy 0Py ®Py)+65(Dyy 0 Py @ Py)
=(0(A11) +6(B12) +6(Cy1) +6(Dy3)) o Py @ Py
+(A11 +B1y +Cy +Dyy)06(Py) e Py
+ (A1 + Bz + Cy1 + Do) 0 Py @ 6(Py).
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This implies that T o P, P, =0, and so

P,TP,+P,T*P, =0. (28)

Multiplying Eq. (28) by P, from the right, we get T}, =
0. Similarly, we obtain T,; = 0.

Since P;X5(A1; + By + Cyy +Dyy)* = P XA, =
P\X3,BY, = P\X5C}; = PX5 D}, = 0 and P 0 Xy,
(A1 + Bip + Cy1 + Dop) = X1A1y + X1B1p +AnXs, +

Cy1X5,, we have from Lemma 6 that

6(Py)oXy; ®(A1y + By +Cyy + Dpo)
+ Py 06(X51) @ (A1 +Biy+ Cy + Do)
+ P 0X51 0 6(A1; +Byy + Cy1 + Dy3)

= 6(Py 0Xy; @ (Ayy + By + Co1 + D))
= 0(X514A11 +A11X5,) + 6(X1B12) +6(C X3,)
=6(P;0X;; 9A11) +0(Py 0Xy; @By,)

+0(P;0X5; ©Cy1)+6(Py0Xs1 ©Dyy)
=6(P1) 0 Xy ® (A1 +B1a+ Cy1 + Dy3)

+P;06(X51) (A1 + By + Cy + Do)

+ P 0X5; ¢ (6(A11) +6(Bya) + 6(Cy1) +6(Dy3)),

which implies that P; 0X,; ¢ T =0, and so

X T +TX}, =0. (29)

Multiplying Eq. (29) by P; from right, we get T;; = 0.
Similarly, T,, =0. m]

Lemma 8 6 is additive on /.

Proof: ForeveryA,B € ./, we have A=A +A,+Ay +
A22 and B= Bll +Blz +BZl +B22. By Lemmas 4, 5 and
7, we have
0(A+B)=0(Aq; +B11) + 6(A12 + Byy)
+6(Ay; +Byy) + 6(Ag, + Byy)
=06(A11) +6(B11) +6(A15) +6(Byy)
+06(Az1) +0(Byy) + 6(Azz) + 6(Byy)
=0(A11 +A1p +Ay +Ay)
+6(B11 + Bz + Byy +Byy)
=6(A)+ 6(B).
(i) P6(P)P,=0(1<i#j<2)
Proof: (i): Since P;P;P; =0 and P, oP, e P, =0, we
have
0=056(P 0Py ePy)
=08(P)oP;®Py+ P 05(P;)ePy+PyoP;e5(P,)

= 2P, 5(P,)Py+2P,5(P; )* Py +2P; 5(Py)+25(P,)P;. (30)

Multiplying Eq. (30) by P; from the left and by P, from
the right, we obtain

P,6(P;)Py = —P16(P,)P;.
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Similarly, we can show P,6(P;)P; = —P,6(P,)P;.

(ii): Multiplying Eq. (30) by P; from both sides,
we obtain P;6(P,)P; = 0. Similarly, we can show that
P,6(P,)P, = 0.

(ii)): For any A, € .¢f,, since PP A}, = 0, we
have

26(A15) =6(PyoPyeAp,)
=0(P;)oP; @A, + P o5(P)eA,+ P oPe6(Ar;)
= 26(P1)A15 +2P16(P;)A,

Multiplying Eq. (31) by P; from the left and by P, from
the right, we obtain P;6(P;)A;, = 0. It follows from
(v) that P;6(P;)P; = 0. Similarly, we can prove that
P,5(P,)P, = 0. O

Lemma 10 6(P;)* = 6(P;).

Proof: Let 1 <i# j <2. Since P;P;P; =0and P;oP;e
P, =0, we have

0=05(PjoP;eP)
= 6(P])°Pl .Pi +P] 06(Pi).Pi +P} OPi .6(Pl)

Multiplying Eq. (32) by P; from the left and by P; from
the right, we have

Then

Since Pl-Pl-PJTk =0and P, o P; e P; =0, we have

0:5(P10P1.PJ)
:5(PI)OP1.PJ+Plo5(Pl).PJ+P10Pl.S(P])

+P;5(P,)*P, +2P,5(P,) +25(P))P,.  (35)

Multiplying Eq. (35) by P; from the left and by P; from
the right, we obtain

Multiplying Eq. (35) by P; from the left and by P; from
the right, we obtain

It follows from Lemma 9(i) that
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From Egs. (37) and (38), we obtain Pj6(Pl-)*Pi =
P;6(P;)P;. It follows from Lemma 9(ii) that P;6(P;)"P;
Since P;P;P =0 and P; o P; e P, = 0, we have
+P;6(P;)"P; +2P;6(P;) +26(P,)P;.  (39)

Multiplying Eq. (39) by P; from the left and by P; from
the right, we have

Comparing Egs. (34) and (40), we obtain that
P,5(P;)*P; = P;6(P;)P;. From Lemma 9(iii), we have
Pl5(Pl)*Pl = P16(P1)Pl Hence, 6(Pl)* = 5(Pl) O

Remark 1 Let M = P;6(P;)P,—P,6(P;)P;. Then M =
—M* by Lemma 10. Define a map A : .o/ — .« by

A(A)=06(A)—[A M]
for all A€ .«/. It is easy to verify that A also satisfies
A(AoBe(C)=A(A)oBeC+Ao/A(B)eC+AoBeA(C)

for any A, B, C € ./ with ABC* = 0. By Lemmas 8 and
9, A has the following properties.

(1) A is additive on .«/;

(i) A(P)=0

Lemma 11 A(.¢};)C

(40)

Proof: Let 1 <i# j<2 Since PiPA},
A(P;) =0, we have
2A(A;p) = A(PyoPyeA;,)
=P oP e A(A,)
=2P; A(Ap) +2 A (AP,
which implies that P; A (A;5)P; = P, A (A5)P, = 0.
From P1A12P1* = 0, P1 °A12°P1 =0and A(Pl) = 0,
we have
0=A(P,0Ap0Py)
=P oA(Ay)e Py
=P; A(A;2)P1+A(A)P1+P; A (A1) P +Py(Agp)"

= 0 and

It follows that P, A(A;,)P; = 0 and thus A(.«;,) C .o15.
Similarly, we can show A(.efy;) C .o);.
It follows from P,P,A}; =0, PoP,eA;; =0 and
A(P,) =0 that
0=A(P,0P,0A;)
=P,0Pye A(A})
= 2P2 A (All) +2 A (All)PZ‘
ThiS ll‘nplleS that P2 A (All)Pl == Pl A (All)PZ = PZ A
(A11)P, = 0. Hence A(.o1) € ..
Similarly, we can show A(.e,) C .. O

Lemma 12 For every A;; 2), we

have

5By €y (1<i#j<

® A(AuBz]) A(Au)B +Au A (sz );
(i) A(A;Bj) = AAy; )B ij A (Bj);
(111) A(AuBu) = A(Au)Bii +Aii A(By);

=2A;;B;

Proof: (i): Since PAHB* =0and P;0A;; ®B;; ijs

we have from Lemma 11 and A(P,) = O that

2 A(A;Bij) = A(P;oA;; ®B;j)
=P;oA(A;;)®B;j +P;oA;; ¢ A(B;;)
=2A(A;)B;; + 2A11 A (Bj)).

Hence A(A”BU) = A(AU)B +A; A (Bu)

(ii): Since PA; B = O and P; o A;; e Bj; = A;;Bj;,
we have from Lemma 11 and A(P;) = 0 that

A(Al] ]1)_A(P OA .le)
=P;o A(A;}) ®Bj; + P;oA;j e A(Bj;)
= A(Ajj)Bji +Ai; A (Byy).
(ii): For every X;; € .o, we have from

Lemma 12(i) that

A(A;B;)X;; +A;By A(Xy5)
= A(A;B;iX;;)
= A(A)BiX,; +Ay A (ByX,;)
= A(A“)B”X +A; A (B“)X +A;B; A (Xll)

Then (A(A;;B;;) — A(A;)Bj;

X,; € ;.

(Bio)-
(iv): From PinjB;.“j =0 and P;oA;;eB;;

BHATJ, Lemma 11 and A(P;) = 0, we have

—A;; A(By))X;; =0 for all
It follows that A(A;;B;;) =A (A;;)B;; +A; A

=A;;Bj;+

A(A;jBjj))+A(Bj;A]) = A(PjoA;j e B)))
=P;oA(A;;) ®Bj;+P;0A;; ¢ A(B);)
= A(A;j)Bj;+Bj; A(A) +A; A(Bj+A(B))A;. (4D
Multiplying Eq. (41) by P; from the right, we obtain
A(A;Bj;) = A(A;)Bj; +A;; A (Bj;). |
Lemma 13 A(A*) = A(A)* forallAe€ o.
Proof: Let 1 <i# j<2. From A;jP;P; =0 and A;; o
P eP, =A;; +Afj and Lemma 11, we have
A(A; )+A(A* )= A4 +A* )
= A(Ajj)oP; o P;
= A(A;) + AA;)"

Hence A(A*i‘j) = A(A;) .
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Since AiiniPi* =0and Aii Oin .Pi :inAii +ATlle’
we have from Lemma 12 that

A XA+ X5 A (Ay) + AADX G + AL A X))
= AQXAy +ALX,
=A(A;;0X;; o P;)
=A(A;)oX;eP, +A;; 0 A(X;;) e P;

=X;i A A +AAG) X+ AX)DAHAL A X5,

which together with A(Xj’fi) = A(X;;)" yields that
(A7) —A(Al-l-)*)X;fi = 0. Then A(A},) = A(A;)".

For any A€ .o/, we have A=A + A, +Ay +Ay,.
It follows that

2 2
AA) =D A= (D] AA)) =AM
ij=1 ij=1
Hence A(A*) = A(A)*. O
Proof of Theorem 1

For any A,B € .o/, we have A=A, +A,,+A,; +A,, and
B = By; + Byy + By + By,. By the additivity of A and
Lemma 13, we next need to prove that A is a derivation
on .«/. It follows from Lemmas 11 and 12 that

A(AB) = A(Aq1B11) + A(Aq11B13) + A(A12By1)
+ A(Aq3B33) + A(Ay1Byq) + A(Ay Byy)
+ A(Ag3Bs1) + A(A32B))
= A(A11 +A13 +Ag; +A33)(Biy + Big + Byy +Byy)
+ (A1 + A1y + Ay +Ag) A(Byy + By + By +Byy)
= A(A)B+AA(B).

Consequently, A is an additive x-derivation, and so &
is an additive *-derivation by Remark 1.

Corollary 1 Let ./ be a prime x-algebra with unit I
containing non-trivial projection. If a map 6 : .o — .o
satisfies

6(AcBeC)=6(A)oBeC+Ao5(B)eC+AoBe5(C)

forany A, B, C € . with ABC* =0, then § is an additive
x-derivation.

Corollary 2 Let .« be factor on Neumann algebra act-
ing on a complex Hilbert space ¢ with dim ./ > 1. Ifa
map 6 : o — .o satisfies

6(AoBe(C)=56(A)oBeC+Ao5(B)eC+AocBe§(C)
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forany A, B, C € .o/ with ABC* =0, then 6 is an additive
*-derivation.

Corollary 3 Let .«f be a unital standard operator alge-

bra on an infinite dimensional complex Hilbert space 5¢
with dim .o/ > 1, which is closed under adjoint operation

and contains a nontrivial projection. If amap 6 : .o —
o satisfies

6(AocBe(C)=G6(A)oBeC+Aob5(B)eC+AoBe§(C)

for all A,B, C € & with ABC* =0, then 6 is an additive
*-derivation.
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