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ABSTRACT: The positive definiteness of a (p, q)-th order m x n dimensional real partially symmetric rectangular tensor
./ (with p,q positive even and m,n = 2) is crucial in real applications such as the strong ellipticity condition and
quantum entanglement. A key characterization is that .¢f is positive definite if and only if all of its [**-singular values
are positive for positive even numbers k and s. First, an interval with two parameter vectors is constructed to localize
all 1P9/2-singular values of .«/. Then, by optimizing these two parameter vectors, the optimal parameter interval is
derived. Subsequently, a concise criterion for the positive definiteness of .« is derived directly from this optimal
parameter interval. Finally, the effectiveness of the proposed interval and the resulting criterion is demonstrated
through a numerical example.
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INTRODUCTION

Let m and n be two positive integers with m,n = 2,
[n]:={1,2,...,n}, p and g be two positive even num-
bers, R be the set of all real numbers, R" be the set of
all n-dimensional real vectors, S[P4™"] be the set of all
(p, q)-th order mxn dimensional real partially symmet-
ric rectangular tensors, x = (x1, X5, ..., X,) € R™, and
v =012 - Ya) €RY, where .o = (ail._.ipjl...jq) S
stp.amnl if

a €R, 1,050 €[M], j1,...,Jq €[n]

i1y 1y
with the partially symmetric property

iy sy )Tt yong) = @ Vres,, VT €S,

i1-wip 1y
S, (resp., Sy) is the permutation group of p (resp., q)
indices and 7 (resp., T) is any permutation of indices
among is,...,i, (resp., ji,...,jg). The positive def-
initeness of the following multivariate homogeneous
polynomial

AxPyl = Z

i1,mip €lm],
J15--esiq€ln]

@iyt jy gy Xy X5, Yy Yy, (D

has important applications in the strong ellipticity con-
dition problem in solid mechanics [1,2] and the en-
tanglement problem in quantum physics [3-5], where
xPy1 is said to be positive definite if .a/xy? > 0 for
all x e R™\{0} and y € R"\{0}. Furthermore, if ./ xPy?
is positive definite, then .o/ € SIP%™"] is called positive
definite.

In order to determine the positive definiteness
of .o € SIP&™nl the definition of [¥*-singular values
of . is introduced in [6]. Before reviewing this
definition, we first introduce some notations. For a
real number g € R, sign(g) =1 if g > 0, sign(g) =0
if g =0, and sign(g) = —1 if g < 0. For a vector
z=(21,%9,...,%,) € R™ and a positive integer k, denote

7K = (z’l‘,...,z’;)T,
k ky1/k
lzlli = Oz |+ - -+ |2, )V,

¢(z) := (sign(z))lz 5, ..., sign(z,)|z,[) T

Definition 1 ([6, Def. 2.1]) Let.sy = (ai1~~~ipj1~-jq) IS
ste-amnl and k,s > 2 be two positive integers. If there
exists a triplet (A,x,y) € Rx (R™\{0}) x (R"\{0}) such
that

APy = 20" (%),
APyt = 20" (),

lIxllx = llylls = 1,

then A is called an [%*-singular value of ./, and x and
y are called the left and right {**-singular vectors of .«/
associated with A, where .&/xP~1y? € R™ with its i-th
component

p=1,9). .= z
(JZfX y )i = aiiz_..ipjl...jqxiz Xipyjl yjq’
L ips[m],
J1nlq€ln]
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and .&/xPy?"! € R" with its j-th component

Pyq4—1) .—
(FxPy?); = E: iy jjgrejg Xiy =" Xiy Yy 00 Vi

q

For simplicity, we call (A,x,y) an [

<.

-singular triplet of

The existence of [%*-singular triplets of .¢f is con-
firmed by the following theorem.

Theorem 1 ([6, Theorem 2.1]) Let .o/ € steamnl gnd
k,s = 2 be two positive integers. For each pair of k and
s, the 1**-singular triplets of ./ always exist.

Subsequently, a method was proposed for deter-
mining the positive definiteness of an even-order ten-
sor based on its [*-singular values.

Theorem 2 ([7, Theorem 2]) Let .o/ € SIP4™ with p
and q even, k,s = 2 be even. Then .« is positive definite
if and only if all of its [**-singular values are positive.

Let . € SP¢™ with p and q even. For any
given pair of positive even numbers k and s, Theorem 1
ensures the existence of [**-singular values of ./, and
Theorem 2 ensures the positive definiteness of .o/ if
all of its 1**-singular values are positive. To more
easily determine the positive definiteness of .«, it is
necessary in practical applications to specify concrete
values for k and s. When k and s are taken to be
k =s = p +q, the [**-singular value is referred to as
a singular value in [8]. In the special case where k = p
and s = g, the [**-singular value is called a V-singular
value in [9] and later is named an [P»9-singular value
in [10]. Setting k = p/2 (or, k = p) and s = q/2
yields the [P/29/2_singular value in [11] (or, the [P9/2-
singular value in [12]) as a special case of the [X5-
singular value. Corresponding to these specific [©5-
singular values, a number of methods for locating all
1%5_singular values of ./ in [9,13,14], computing or
estimating all [®*-singular values of .« in [15-17] and
determining the positive definiteness of .o/ in [10-12]
have been developed.

Next, we review the definition of [P»%/2-singular
values from [12], as well as the criterion for determin-
ing the positive definiteness of .¢ that is based on the
1P-9/2_singular values.

Definition 2 ([12, p. 969]) Let.s € SIP&™n and
k,s = 2 be two positive integers. If there exists a triplet
(A, x,y) € R x (R™\{0}) x (R"\{0}) such that

A xPyl = AxtP71]) (2a)
Jzyxpyqfl - )Ly[q/Zfl]’ (2b)
lIxllp = llyllg/2 =1, (20)

then we call (A, x,y) an [»%/2-singular triplet of .« and
denote by o(.«/) the set of all [/ 2_singular values of
.
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To derive a criterion for positive definiteness of .«/,
it is necessary to construct an interval that contains
all [P9/2_singular values. If the left endpoint of this
interval is greater than zero, then all [P9/2-singular
values are positive, and we thus obtain a criterion for
the positive definiteness of .«/.

Theorem 3 ([12, Theorem 2.6]) Let .of = (ai1-~-ipj1-~-jq)
e stPemnl with p and q/2 even and m,n > 2. Then

tpad)n( Utha)

where [; and ii; are selected by Method 1 in [12, pp. 980-
983] and

o(H)CT(H):= (ig]

{nzai;ij-<-ju}_cj(bd);

p q/2 q/2

te[m],ke[n]

i; ;= max Ag..opjo ik k[ TCi(H),
7 te[m],ke[n]{nz L,ﬁuu} i)
P q/2  a/2
Cj(d?{) 2:‘ A Z ' |ai1~--ipjjz~--jq| (3)
i15esip €M, Jo,eesjg €[N]
- Z NaQr..otjeejk---k|>
te[m],ke[n] ] 0z a2
17 j: k!
= (g=1)! :
2 [E=EE j#k.

Theorem 4 ([12, Theorem 2.7]) Let .o/ € SP&mn]
with p and q/2 even and m,n > 2. If[; > 0 fori € [m] or
ij > 0for j € [n], then .« and &/xPy? in (1) are positive
definite.

Theorem 3 and Theorem 4 show that if they are
to be used to obtain the interval I'(.&/) for locating all
1P9/2_singular values of .« or to determine the positive
definiteness of ./, then the computation of I; and
ii; for i € [n] is required. However, as can be seen
from Method 1 in [12, pp. 980-983], the method for
selecting [; and ii; for i € [n] is overly complex and
cumbersome to use, which poses difficulties for practi-
cal application. Therefore, we aim to provide a simpler
method for determining the positive definiteness of .«7.
The new method is required to offer two advantages
over those in Theorem 3 and Theorem 4: first, oper-
ational simplicity, and second, reduced computational
cost. This constitutes the motivation and objective of
the present work.

AN INTERVAL AND A CRITERION FOR THE
POSITIVE DEFINITENESS OF A RECTANGULAR
TENSOR

Let .o/ = (ai1~~ipjl~~jq) e stP&mnl with p and q/2 positive
even numbers. In this section, we first construct an
interval to localize all 1”%9/2-singular values of .«/, and
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then derive from it a criterion for determining the
positive definiteness of .«f. Before proceeding, we first
define some notations. For vectors a = (at;,...,a,)" €
R™ and B = (By,...,B,)" €R", and for i € [m] and
j €[n], define

T(a;) = a; — max nlaimitmtk-uk_ai’_ri(vd),
t,ke[n] e —
P q/2 q/2
d(a):=a; + rnax M. itk ai|+ri(d),
vhe p / /
q/2 q/2
N @
(. .
(ﬁ]) /5) E[m]ke n] MN20s¢.. k ﬁ) C]("d)’
p q/2 q/2
®(8;) —/5j+maX M0 .. keok™ Bi|tci(),
te[m],ke[n] v

P q/2 q/2

where c;(.¢f) is listed in (3) and
ri() = Z |ty iy, |

- Z Mg ieapgl ()

1, t=k;
N = q! L t#k. (6)

Lemma 1 Let o = (a;,..; j,..; ) € steamnl with p and
q/2 even, a € R™ and 3 € R". Then

o)A, a,B) =
( U [9(a), (e )]) ( U [\Tf(ﬁj)@(ﬂj)])‘ %
i€fm] jeln]

Proof: Let (A,x,y) be an 1P9/2-singular triplet of .</.
Then [|x]l, = llylly2 =1, ie.,

XP g x =y 22
which implies that

1= 44 y2? =

Z yQ/Z CI/Z' (8)

t,ke[n]

Let |x,| = max|x;| and |y,| = max|y;|. Then 0 < |x,| <
ie[m] j€ln]

land 0 < |y, <1

Next, we construct an interval that captures all
[P/24_singular values of .«/. For the g-th equation of
(2a), i.e.,

p-1 — E
A’xg aglz"'lph'“lq xlz xlpyh y]q’
i9,...,ip €[m],
J1-mdq€ln]

and for an arbitrary real number a,, it follows from (8)

3
that
-1
(A—ag)xp
_ 9401 p—1 q/2 . q/2y2
Ax agxy (rq <+ yl)
= Z QagiyipjyjgXip =" Xiy iy " Yy
09,00, ipe[m],
J1-nJq€ln]
_ p—1 q/2 q/2
> gt
t,keln
= Z DgiyiyjrjgXiy * " X1, Vi " Y,
1,,9/2q/2
+ Z (nlagg k a )xp Ye Vi o ©)]

t.keln p—l q/2 q/2

where
Ay = {(iz,...,ip,jl,...,jq):(iz,...,ip,jl,...,jq)

c U {(g,. L& T(E - .,k))}},

tkeln] p— 1 q/2 q/2

7, is the number of permutations of the in-
dices t,...,t,k,....k of agg...q¢...¢k..., Which leads

q/2 q/2 p-1 q/2 a2
to (6). For the sake of convenience, we still write
agg...gt...[k..,k as agg,..gt...tk._.k.
N

p-1 q/2  q/2
Taking the modulus of (9) and using the triangle
inequality gives

— p—1
[A—ag|lxg [P <
Do iy, 13,

(ig,enip,j15niq )N g

> Mgk — agllxg Py 192y, 22,
t,ke[n]

g 1151+ 1 |

By |lylly/2 = 1, we have 0 <
implies that

Y5155 1y;, | <1, which

D g o Ly

(i250-0sip o1 ---2Jq JENg

1
Z | Agi, - ipji ]q| |X |p -ex1

jl ..... Jgeln),
(i J1,-iq)EAg

- ( Z |agi2"‘ipfl"'fq|

ipyeesip €[M], 1o jg €IN]

—1
- Z Inlagg-ngtmtk»--k |) |xg Ip

t,keln]

= rg(@)lx P,
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and that

Z Inlagg---gt"-tk-"k - ag”yt |q/2|yk|q/2
t,ke[n]

= 2 (2 gk sl 2 12

te[n] ~ke[n]
2 2
< Z (kne‘f”i|’71a8g"'gt"'t’<""<_ag|Z el )|}’r|q/
te[n] ke[n]
2
= Zmaxmlagg gtothek — @ IIyIIQ/
ke[n]
te[n]
< max |771agg»--gt-~tk--~k_ag| Z |yt|q/2
t,ke[n]
te[n]
:tl};lg[x |T)1agg -gtethkek T ag"
Then, we have
IA—agllx, P < rg(a)|x [P~
-1
+t1£1éa[x M1 Aggegeetiic — OgllXg P
By |x,| > 0, we have
[A—a,l| < rg(ﬂ{)+[{{1éa[)§] M1 Agggrotk — Agls

which implies that

Ae[(ay), B(a)l < | [¥(a), 3(a)]
i€[m]

Furthermore, by the arbitrariness of A € o(./), we
have o(./) € |J [¥(a), ®(a)].
i€[m]
Finally, by [12, Theorem 2.2], we have

o(e) < | JIB(B), BB

jeln]

Hence, (7) holds. O

Since the interval Q(.«/, a, ) involves two param-
eter vectors @ € R™ and 8 € R", a natural question
arises: how can we minimize Q(.«/, a, ) by finding the
optimal parameter vectors? This problem is addressed
by the following lemma.

Lemma 2 ([18, Lemma 3]) Let
p(x)=x—max|x—b;|—c
i€[n]
and
¢(x)=x+max|x—b;|+c
i€[n]

be two real valued function of x € R, where b; € R with

by <b,<---<b,andc €R. Then

(a) ma]é( @(x) = by — ¢ and this maximum is reached
X€E.

by+b
when x 2 =5+
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) miﬂrkld)(x) = b, + ¢ and this minimum is reached
XE
when x < bl;—b”.

Theorem 5 Let .o/ =(a;,.., i, ) e stramnl with p and

q/2 even and m,n = 2. Then

o) € )= | lpad)n( 'L[J][ij,ﬁ,»]),

i€[m]

where ij and ﬁ]— is given in (3), 1, is given in (6) and

L= min {mai o oxif—1i(),
t,ke[n] e e~
P g2 q/2

J} +ry(e).

P q/2  q/2

(10)

il; = max {nla
tke [n]

Proof: Let A € (/). Lemma 1 shows that A €
Q(A,a,p) fora € R™ and € R", which implies that
there is an index i € [m] and an index j € [n] such
that A € [¥(a;),®(a;)] and A € [¥(B;), &(B;)], where
Y(a,), ®(a,), @(ﬁj) and @(/5)-) are given in (4).

The result in [12, Theorem 2.6] shows that, for
T(B;) and (), if we take

B; = 0.5(

min_ {n2a;...¢j.. jk-..k}
te[m],ke[n] \._/\_ NS
p q/2  a/2

+ max a
cefml, ke[n]{nz LIk k})
P q/2  a/2

then the optimal interval [l), i;] of [\I/([jj) @([5])] can
be derived. Consequently, we have

rellulc |J

j€ln]

Next, we give the optimal parameter a} such that
[¥(a;),®(a;)] is minimized. Let

ol = 0.5( min {nla teethe k)

t,ke[n] N —
P /2 q/2
+ max {nla k}).
t,ke[n] ~ _,\ ,_/g —

P g2 q/2

By Lemma 2, we have
max¥(q;) = @(af)
o, €ER

= min {nla otk k}_ri(v‘zf):
[,kE[n] vvv
P q/2  q/2

grilei%@(ai) =(aj)

Ak} +ri()=1u
S~ —
P q/2 q/2

= max{ a;...i¢-..
(. keln] Mai...it---tk
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which implies that the minimum interval of

[¥(a,),®(a;)]is [1;,1;]. Hence,

rellale I al
i€[m]
Consequently, we have

reQ(d)= ( U [Zi,ai])n( U [l},ﬁj])-

i€[m] jeln]
Finally, by the arbitrariness of A € o(./), we have
o(&) CQA).

Therefore, the desired conclusion holds. m]

By Theorem 2 and the [P9/2-singular value interval
Q(«) in Theorem 5, we can derive a criterion for
judging the positive definiteness of .«

Theorem 6 Let .o/ € ste-amnl with p and q/2 even and
m,n>2. Ifl; >0 for i € [m] or [; > O for j € [n], then
«/ and ./xPy? in (1) is positive definite.

Proof: Let A € o(««/). By Theorem 5, we have
re Ull,@land A e | [ij,ﬁj]. Thus, there exist
i€[m] jeln]
indices g € [m] and h € [n] such that A € [Zg,ﬂg] N
[ih, i, ]. Assume that A < 0. Then, we must have Zg <0
and ih < 0. However, it contradicts this criterion: I; > 0
for i € [m] or ij > 0 for j € [n]. Therefore, A > 0.
Since A is an arbitrary [P9/2-singular value, all [P9/2-
singular values of ./ are positive. By Theorem 2, this
implies that .« is positive definite and, consequently,
the polynomial .&/xPy? is positive definite. o
Finally, we provide a concluding remark that com-
pares the criteria in Theorem 4 and Theorem 6. We
highlight the advantages of the criterion in Theorem 6
over that in Theorem 4. Similarly, a comparison of
the intervals in Theorem 3 and Theorem 5 leads to the
same conclusion.

Remark 1 Let .o € SIP%™" with p and q/2 even. We
compare the criteria in Theorem 4 and Theorem 6
in terms of computational cost and performance in
determining the positive definiteness of .</.

(a) Comparison of computational costs.

To determine the positive definiteness of .« using
the criterion in Theorem 6, one needs to verify [; > 0

for i € [m]. This requires computing n1d;...;¢...rk...x
P —
P q/2 q/2

for t,k € [n] and r;(.«/) for i € [m]. In contrast,
applying the criterion in Theorem 4 requires checking
[, >0 for i € [m]. However, as demonstrated in
Method 1 in [12, pp. 980-983], the computation of
[; is notably cumbersome-spanning approximately four
pages. This process not only involves the aforemen-

tioned computations (1,4;...;¢...¢k...x for t,k € [n]

S N~
P q/2 q/2

and r;(.¢) for i € [m]), but also requires additional
computations for L], L, ..., L, L(i,sy). Furthermore,
substantial time overhead is incurred from computing

. a;1+a;
and comparing the values —=—=, Ci,15 Cigzs e+ € ntn)
fori € [m], where a;; < a;, <--- < aq;, is an arrange-

ment in non-decreasing order of q;...;;..., for t € [n]

SN
P q

and ¢;; S ¢ S+ S¢; a0 iS an arrangement in non-
, , R

decreasing order of %ai‘..i[‘..fk..‘k for t,k € [n] and
A e
t #k.

P a2 g2

(b) Comparison of determination performance.

The criteria provided by Theorem 4 and Theo-
rem 6 offer distinct advantages. That is, for some
tensors, Theorem 6 can determine its positive definite-
ness while Theorem 4 cannot; for other tensors, the
converse holds. This point is evident in Example 1.

A NUMERICAL EXAMPLE

In this section, a numerical example is given to show
the effectiveness of the interval €(.¢f) in Theorem 5
and the criterion in Theorem 6 in judging the positive
definiteness of .o € SIP%™" and .xPy9 in (1). This
example also shows that Q(.«/) and the interval I'(.e/)
in Theorem 3 do not contain each other, and that the
criterion in Theorem 6 and the criterion in Theorem 4
each have their own advantages.

Let . = (a; ;i ) € S24221 with its 15 inde-

LY hilaJJ2d3)a
pendent entries:

€1 ‘= di, €2 = dinnnies, €3 1= diinizs
€4 = Q111222, €5 = Q112202, €6 ‘= 1211115
€7 1= ayo1112> €8 *= Aio1122> €9 := 1212225

an
€10 ‘= 122222, €11 *= dgo11115 €12 *= d2211125
€13 = Q211225 €14 *= do21222>, €15 += U222222-

By (3) and (5), we have

ri(f)=4e, +4e, + eg + 4e;, + 6eg+4eqte,,
ry( ) =eq +4e, + 6eg + 4eq + 19 +4e ,+4e,,
c1(.f)=3e, +e, +2e,+ 6e, + 6eg+2e5+3e,,+€14,
co(F)=e, +3e,+ 2e, + 6eg + 6eg+2e g +€15+3€14.

(12)

By (3), we have

1 =min{e;, e11,3es5,3e13} —c1 (),

[
i, = max{eq, ey, 3es, 3e13} + ¢ (),

i 1,€11,3€5,3€135 + €1 (13)
[
i

2 min{es,els, 363,3613}_620/4),
2

max{es, €5, 3e3,3e13} + ¢ ().
By (10), we have

1_1 = min{e,, 6es, es} — 11 (),
ii; = max{eq, 6es,es} + r(.2),
h . 1,06€3, €5 1 (14)
l, = min{e;;, 6ey3, €15} —ro(F),

L_lz = maX{eu, 6613, 615} - rz(ﬂ).
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Example 1 Let us determine the positive definiteness
of the following multivariate homogeneous polynomial
with d;,d,,d; € R:

fey) =dix3yt —4dsx?y y, +6doxlylys

—4dsx?y,y3 +dyxZys —2d;x, X, )7
- 8d3x1x2y13y2 - 12d3x1x2y12y22
—8d3x1X,)1 Y5 —2d3x1X,y5 +dyx5yY
—4d3x3 Y]y, +6dyX5 Y7y s —4dsx3y1ys
+ dlxgyg.

Firstly, it is not difficult to verify that

floy)=ax?y?,
where & = (a; ;,; ,5.;,) € st24221 in (11) with its 15
independent entries:

e1=es=ej; =e;s=d;, e3=e3=dy,

ey =€y =es=e€;=e€g =€y =e)g= ey = ey =ds.
Furthermore, by (12), (13) and (14), we have
r( &) =ry( ) = c1(A) = o () = 24[ds],
[; = min{d,, 3d,} — 24/ds],
ﬁi = l’naX{dl, 3d2} + 24|d3|,
Zi = min{dl, 6d2} - 24|d3|,
l_ll' = maX{dl, 6d2} + 24|d3|.
Casel: d; =2.7,d, =0.5and d3 =—0.1.
Firstly, we try to use the interval I'(.¢) in Theo-
rem 3 (i.e., [12, Theorem 2.6]) and the criterion in
Theorem 4 (i.e., [12, Theorem 2.7]) to determine the
positive definiteness of .«/. To this end, we need to
employ Method 1 in [12, p. 983] to compute [; and #;
for i € [2]. In Method 1 of [12, p. 983], for i € [2],
a;; < a; is an arrangement in non-decreasing order
of a;;1111 and @900, and ¢; ; = 3a;;1125. Furthermore,
by

(15)

A111111 = Q112222 = 21111 = Aoz = 2.7,

wehavea;; =a;,=ay; =ay,=2.7andc;; =cy; =
1.5. Subsequently, from n =2,

a;1+aq;
———2=27>15=c 2,
T2

2
forie[2], ”2;” =1 being odd and
23195 1= n>—n+2
4 b

it can be seen that [; and ii; can be computed by @ of
Method 1 (¢) in [12, p. 983] and hence

- ; 1 1
li=Lg=a;;— p (ai,l + ai,Z) + 5Ci1T ri(#)
1
= E(dl +3d2)_24|d3| = _0.3,

i, =U,=a;,+r(o)=51,i€[2].
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By (15), we have ii =—0.9 and 4; =5.1 fori € [2].

From[; <0and[; <0 fori € [2], it can be seen that
the criterion in Theorem 4 (i.e., [12, Theorem 2.7]) is
not satisfied, which implies that we cannot use it to
determine the positive definiteness of .f. Moreover,
Theorem 3 indicates that all [»%/?-singular values of
«/ lie in the interval

()= ([Zl: i;]u [Zz’az]) N ([i17ﬁ1] u [iz’ﬁz])
=[-0.3,5.1].

From o(./) € [—0.3,5.1], one cannot determine
whether all [P9/2-singular values of ./ are positive.
Hence, this interval I'(./) is insufficient to determine
the positive definiteness of .«/.

Secondly, we try to use the interval Q(.«/) in Theo-
rem 5 and the criterion in Theorem 6 to determine the
positive definiteness of .«/. By (15), we have [.=03
and t; = 5.4 for i € [2]. Then, from [; > 0 fori € [2], it
can be seen that the criterion in Theorem 6 is satisfied,
which implies that .« is positive definite. Moreover,
Theorem 5 shows that all [?9/%-singular values of .o/
lie in the interval

Q)= ([Z_l’fh] U [Zz:az]) N ([i1:ﬁ1] U [iz’ﬂz])
=[0.3,5.1],

which implies that all [79/2-singular values of .o/ are
positive and hence that .«/ is positive definite. Hence,
f(x,y) = .o/x*y* is positive definite.

Finally, we compute all [79/2-singular triplets of .ef
by the direct method in [12, Theorem 3.1] to show
the correctness and effectiveness of Theorem 5 and
Theorem 6. All [P9/2.singular triplets of .o/ are listed
in Table 1 as follows.

Table 1 All [P9/2_singular triplets (1,x,y) of ./ in Case L.

No. A X y

1 2.8 £(—0.7071,0.7071)T +(1,0)7

2 2.8  £(—0.7071,0.7071)" +(0,1)"

3 26571 +£(0.7071,0.7071)7  +(—0.1444,0.9895)7
4 26571 £(0.7071,0.7071)7  £(0.9895,—0.1444)7
5 23  +(V1—w2,w)",weR, %(0.7071,—0.7071)T
6 2.3 +(0.7071,0.7071)"  £(0.7071,—0.7071)"
7 2.3 £(0.7071,—0.7071)7  +(0.7071,0.7071)"

8 1.5 +(0.7071,0.7071)"  £(0.7071,0.7071)"

In summary, we have demonstrated that for this
case, Theorem 3 and Theorem 4 cannot be used to
determine the positive definiteness of .« and .&/xPyq,
while Theorem 5 and Theorem 6 can. This fact is
clearly demonstrated by Table 2, where i € [2] and
the abbreviations are defined as follows: “CS” for
“Criterion Satisfied”, “DR” for “Determination Result”
and “PD” for “Positive Definite”.

CaseIl: d; =4, d, =0.3 and d; = —0.1.
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Table 2 Comparisons of Theorems 3, 4, 5, and 6 for .« in
Case L.

Method I I I, Interval CS DR
Theorem 3 —0.3 —0.9 [—0.3,5.1] Inconclusive
Theorem 4 —0.3 —0.9 No Inconclusive
Theorem 5 —-0.9 0.3 [0.3,5.1] PD
Theorem 6 —0.9 0.3 Yes PD

Firstly, we consider the interval Q(./) in Theo-
rem 5. By (15), we have [; = —0.6, [; = —1.5 and @; =
{; = 6.4 for i € [2]. From [, = —0.6 and [, = —1.5 for
i € [2], it can be seen that the criterion in Theorem 6
is not satisfied. By Theorem 5, we know that all [»9/2-
singular values of .« lie in the interval

Q)= ([1_1,5‘1] u [l_z’az]) N ([il: i;]u [iz’ﬁz])
=[-0.6,6.4].

From o(./) C [—0.6,6.4], one cannot determine
whether all [P9/2-singular values of .« are positive.
Hence, we cannot use Theorem 5 and Theorem 6 to
determine the positive definiteness of ..

Secondly, we consider the interval of I'(.f) in
Theorem 3 and the criterion in Theorem 4. Following
a computational process similar to that in Case 1, by

n=2, "zz_”zland

a111111 = Q112222 = Ao21111 = o222 =4,

we have a;; =a;,=ay; =az, =4andc¢;; =cy; =
0.9. Furthermore, by
a1 +di,
— T =4>09=c .,
)

forie[2], "22_” =1 being odd and

we know that [; and i; can be computed by (2) of
Method 1 (c) in [12, p. 983] and hence

- . 1 1
li=Lg=a;;— 2 (ai,l + ai,z) + Eci,l —ri()
1
= 5(dy +3d;) — 241ds| = 0.05,
i, =U,=a;,,+r(o)=64,i€c[2].

From [; > 0 for i € [2], it can be seen that the criterion
in Theorem 4 is satisfied, which implies that .« and
f(x,y) = @/x?y* are positive definite.

Moreover, Theorem 3 shows that all 1»9/2-singular
values of ./ lie in the interval

()= ([11’{11] ) [Zzsﬁz]) N ([il’ﬁl] U [iz:ﬁz])
=[0.05,6.4],

which implies that all [»%/2-singular values of .o/ are
positive. This also shows that f(x,y) = .&x%y* is
positive definite.

Finally, all [?9/2-singular triplets of .« are com-
puted by the direct method in [12, Theorem 3.1] and
listed in Table 3 as follows.

Table 3 All [P9/2.singular triplets (1,x,y) of ./ in Case IL

No. A X y

1 4.1 :I:(O.7071,—0.7071)-r :I:(l,O)T

2 4.1 +(—0.7071,0.7071) " +(0,1)"7

3 3.9242 :i:(0.7071,0.7071)T :i:(—0.0607,0.9982)T

4 3.9242 i(0.7071,0.7071)T :t(0.9981,—0.0607)T

5 265 +(Vi—wZw)l,weR, =+(0.7071,—0.7071)7

6 2.65 :i:(0.7071,0.7071)T :i:(0.7071,—0.7071)T

7 2,65  £(0.7071,—0.7071)T  %£(0.7071,0.7071)"

8 1.85 +(0.7071,0.7071)7 +(0.7071,0.7071)7
Table 3 verifies the correctness of Theorems 3, 4,

5, and 6. In summary, we have demonstrated that

for this case, Theorems 5 and 6 cannot be used to
determine the positive definiteness of .« and .&/xPyq,
while Theorems 3 and 4 can. This fact is clearly
demonstrated by Table 4, where i € [2] and the ab-
breviations are defined as follows: “CS” for “Criterion
Satisfied”, “DR” for “Determination Result” and “PD”
for “Positive Definite”.

Table 4 Comparisons of Theorems 3, 4, 5, and 6 for ./ in
Case II.

Method Tl- fl- I; Interval  CS DR
Theorem 3 0.05 —1.5 [0.05,6.4] PD
Theorem 4 0.05 —1.5 Yes PD
Theorem 5 —-1.5 —0.6 [—0.6,6.4] Inconclusive
Theorem 6 —1.5 —0.6 No Inconclusive

Finally, from Cases I and II, it can be seen that
neither of the two intervals in Theorems 3 and 5
contains the other, and the criteria in Theorems 4 and
6 each have their own advantages.

CONCLUSION

Let .¢f € SP%™M with p and q/2 positive even integers
and m,n = 2. To determine the positive definiteness
of .o/, we first provided, in Theorem 5, an interval
Q(.¢) that captures all [P9/%-singular values of .o/.
Then, in Theorem 6, we presented a criterion for this
determination. Finally, via Example 1, we showed that:

(a) the two intervals I'(.e/) in Theorem 3 and Q(.</)
in Theorem 5 do not contain each other;

(b) the two criteria in Theorem 4 and Theorem 6 each
have their own advantages.

However, as can be seen from Tables 1 and 2 (or,
Tables 3 and 4), the intervals provided by Theorems 3
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and 5, while capable of capturing all singular values,
are nevertheless not precise. Hence, how to derive a
more precise localization interval remains a question
worthy of consideration.
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