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Let p > 3 be a prime number and n, m be positive integers, we obtained the congruences modulo p? with partial sums

of powers of trinomial coefficients

np—1\" np—l)’71 <
2 (3k+i) and D (3k+i ©<

0<3k+i< 2t

0<3k+i<p—1 2

i<2).
2

We also studied the congruences modulo p? with sums of powers of trinomial coefficients

p—1

k=0

np—1\" Z np—1\"
and ( ) .
2" ), me (),
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INTRODUCTION
In 1819, Babbage [1] showed the congruence

2p—1

( P ) =1 (mod p?)
p—1

for any odd prime number p. In 1862, Wolstenholme

[15] proved the above congruence about modulo p3

(pr__ll) =1 (mod p?)

and in 1900, Glaisher [9] extended the congruence

(’;p__ll) =1 (modp?)

for any prime number p > 3 and positive integer n. In
1895, Morley [12] showed that for any prime p = 5,

L (p—1
(—1)%(1)1,,1 ) =471 (mod p%).
2
And in 1953, Carlitz [5, 6] extended Morley’s congru-
ence and showed that, for any prime number p = 5,

L p—1 3
(—1)%(})},_1 ) =414 2

12 (mod p*).

2

In 2002, Cai and Granville [2] showed several arith-
metic properties on the residues of binomial coeffi-
cients and their products modulo primes powers, e.g.,
pq—1 p—1\(q—-1
P)-C202) waro
T2 2 2

for any distinct odd primes p and q. They also proved
that if p > 5 is a prime and m is an integer, then

! (p—l)’” _ {2m(p_1) (mod p?), if 24 m,

s (";1’:12) (mod p*), if 2| m,

i

and
py s ) (P2 (mod p*), if 24m.

In 2018, for any prime p > 7, integer [ = 0 and positive
integers k, m , the first author and Cai [13] proved that

(kp—l)m

s
_ {(k;l)mzkm(p—l) (mod p2), if 24m,
~

() (mod p?), if 2| m,

(I+1)p—1

s=lp
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and

(1+1)p—1

> (7

s=lp

(" (™) (mod p*), if 24m.

In 2014, Sun [14] gave some properties and congru-
ences involving the trinomial coefficients (Z)z defined

by
2n n .
2\n _
(IT+x+x%) —Z(k)zx s

k=0

also see [3,4]. Recently, for any prime number p > 3
and positive integer n, Elkhiri and Mihoubi [10] proved
following congruences involving trinomial coefficients

=
p—1/,
_ [1+npqgs (mod p?),ifp=1 (mod 3),
- {—1 —npq; (mod p?), if p=2 (mod 3),

N
=

p—1
p—1 )
2 72
1+np(2q,+3q;) (mod p?), if p = 1(mod6),
—g; (modp?), ifp=5 (mod 6),

—1

"r::

(")
k /s
_ [1+npgs (mod p?),ifp=1 (mod 3),
|10 (modp?), ifp=2 (mod3),

o~
Il
o

and

p—1
2

(")
k=0 kJs

_ [1+np($q.+q;) (mod p?), if p = 1(mod6),
—22q, (mod p?), ifp=5 (mod 6),

where g, is the Fermat quotient defined for a given

prime number p > 3 by q, = & ;_1, ged(a,p) = 1.
The idea of this work is inspired from [10] and

[13], generalizing the congruences involving trino-

) and Z (" 1) in [10] to

the congruences 1nvolv1ng h1gher powers of trinomial

coefficients Z (np 1) and Z (np 1)

P
mial coefficients Y. ("’

where m is
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a positive integer. Meanwhile, we will also extend
the congruences related to binomial coefficients to
the congruences related to trinomial coefficients. The

paper also considered the congruences with partial
p

3
. . . . —1\Mm

sums of powers of trinomial coefficients >, ("5;");,
p=2
[ZS:] (np—l)m

3k+1J2°
k:o . .
theorems by changing the order of summation and
classical congruence calculation methods.

2l

(5] m
> (gi:é)z and obtained the following

Theorem 1 Let p > 3 be a prime number and n,m be
positive integers. We have

(5]

np—1\"
;( 3k )2

_ p+2+mnp(3q3 é) (mod p?), if p=1 (mod 3),
~ | B +mnp (39:—3) (mod p?), if p=2 (mod 3),

where [x] is the greatest integer not greater than x.

Theorem 2 Let p > 3 be a prime number and n,m be
positive integers. We have

[ZSI] (np— 1)’"
3k+1/,
{( 1)m(__mnp(3q3+ )) (mod p?), if p=1 (mod 3),
- Dm( *+mnp (3433 ) (mod p?), if p=2 (mod 3).

Theorem 3 Let p > 3 be a prime number and n,m be
positive integers. We have

[ ]1(np—1)m
3k+2/,
0 (mod p?), if m>1,

0 (modp?),ifp=1 (mod3)and m=1,
2 (modp?), ifp=2 (mod3)andm=1.

=

k=0

Theorem 4 Let p > 3 be a prime number and n,m be
positive integers. We have

>
k=0 ko Ja
_ [1+npg; (modp?), ifp=1 (mod3),
0 (modp?), ifp=2 (mod 3).

When even m > 1, we have

333—3) (modp?), fp=1 (mod 3),
2‘”2 +mnp(2g;—1) (mod p?), if p=2 (mod 3).
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When odd m > 1, we have

/)
k=0 ko Js

_ {1 +mnpg; (mod p?), if p=1 (mod 3),

—52 (mod p?), ifp=2 (mod 3).

Theorem 5 Let p > 3 be a prime number and n,m be
positive integers. We have

(")
k J»
_ [1+np(3q:+q;) (mod p?), if p = 1(mod3),
~|-%2g, (modp®), fp=2 (mod3).

p—1
2

=~

=0

When even m > 1, we have

k=0

_ {—p§2+mnp(§qz+%q3—%) (mod p?), if p =1 (mod 3),

= 1 .
%+mnp(§q2+%q3—l) (mod p?), if p = 2 (mod 3).

When odd m > 1, we have

(",
-0 k 2

{1 +mnp (%q2 + %q3) (mod p?), ifp=1 (mod 3),
mnp (—ng + %q3) (mod p?), ifp=2 (mod 3).

p—1
2

~

AUXILIARY RESULTS
Let H,, be the n-th harmonic number defined by

n
1
Hy=0, H,=> -
=1

Lemma 1 ([7,8,11]) Let p > 3 be a prime number, we
have

3
Hppp = 503 (mod p),
3
H[%] =-2q,— qu (mod p).

Lemma 2 ([10]) Let p > 3 be a prime number, we have

1 :{0 (mod p), if p=1 (mod 3),

= 3j+2 %qg (mod p), if p=2 (mod 3).
(1] , L
1 — 2q3 (HlOd p): lfp =1 (mOd 3)5
= 3j+1 |1 (modp), ifp=2 (mod 3).

Lemma 3 ([10]) Let p > 3 be a prime number, we have

[Zf’]: 1 _{—%q2+%q3+% (mod p), if p=1 (mod 6),

= 3j+2 - —%qz (mod p), if p=5 (mod 6).

p
£ 1 _ {—%qz +2 (modp), ifp=1 (mod 6),
—3j+1 ~ |-2q,+2g; (modp), ifp=5 (mod 6).

Lemma 4 ([10]) Let p > 3 be a prime number and
n> 0, k be integers. We have

np—1 2 Y
—1—np| ZH 4> —— d p?),
( 3k )2 "p(a k ;3]42) (mod p%)

1<3k<p-1.

k
np—l) _ 2 1 9
=—1+np| SH+ Y ——— d
(3k+1 2 np(s : §3j+1 (mod p),

1<3k+1<p-1.

k k
1 1
n — mod p?),
p(;:aﬁz ;3]'“) (mod p7)

1<3k+2<p—1.

PROOFS
Proof of Theorem 1

Proof: By Lemma 4, we have

(5] m (5]

np—1\" _ np—l)m
("), =+ 2" ),

Wl

k=0

) (mod p?). (2)
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For p=1 (mod 3) in (2), we have [§] = p%l, then

("),
3k /sy

k=0
[5] p1 [§]1 p—
- 2 G B —j+1 el
El+p——mnp(— 3 + - J)
3]=1 J = 3j+2
(5]
p+2 4 27p 1 Bj+2)—1
=———mnp —H[g]— —|—= -
3 9 slsl 3 & 3j+2
j=0
p-
P P 1 (5] 1
= —mnp H[g]—[—]+—
3 o 1517 13]7 3 4 542
P2 4 1 1
="———mnp|=Hjp+=+= » ——— | (mod p? 3
3 np(9 517373 3j+2)( P @

By Lemma 1 and Lemma 2, for p =1 (mod 3), (3) is
congruent to

[Z% (m;;ll = 22 np (qu——) (mod p2). (4

k=0

For p = 2 (mod 3) in (2), we have [ 2] = 252

(")
3k Ja

, then

k=0
B . (2[5]1%2—]'4-1 [%]*11%2_ )
=1+———mnp| - - +
3121 J = 3j+2
+ 2 11 3540
P [P] J
= — —Hrp7——| = |——
3 (9 (517 313]7 3 ; 3]+2)
+1 2 2 1
_T_m“p(éHP ‘g[g]‘g[g])
_pt1l 2 9
_T—mnp( H[ ]+§) (mod p?). (5)

By Lemma 1, for p =2 (mod 3), (5) is congruent to

[5]

Y 2 (1,-2)
;( 3k )2 3 +mnp 3q3 (mod p?).
Combining (4) and (6), we obtain Theorem 1. O

Proof of Theorem 2

Proof: By Lemma 4, we have

2] (5]
> () = 2 (o

_mnp( Z

www.scienceasia.org
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|

7

)) (mod p?).
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Changing the sum order of j and k in (7), we get

3 & j
(5] [22]—j
3 j+1 )
+ 2, 371 )) (mod p*). (8)

—2
(G,
— \3k+1/,

By Lemma 1, for p =1 (mod 3), (9) is congruent to

5]

> () = (5

1 1
—mnp(§q3+§)) (mod p?). (10)

k=0
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For p =2 (mod 3) in (8), we have [‘%2] = %, then

(mod p?). (11)

By Lemma 1 and Lemma 2, for p =2 (mod 3), (11) is
congruent to

(). =
pars 3k+1/,

(o (B +mnp(Fas-3 ) (mod ). a2

(5]

Combining (10) and (12), we obtain Theorem 2. O

Proof of Theorem 3

Proof: By Lemma 4, if m > 1, we obtain

[%]_1 np—l m
— 2
kZ{; (3k+2)2 =0 (mod p?). (13)

By Lemma 4, if m = 1, changing the sum order of j and
k, we obtain

k=0 k=0 j=0 j=0
(310 . [3 [30 , [41o
1 1
( = 3j+2 kZ:J: = 3j+1 =
[%]fl[p]_~ [§11rp7_
_ §l-i A [E] )
_np( ; Er DIy 1) (mod p?). (14)

5
ForpEl(mod3)in(14),wehave[§:|:p%l,then
[s]—l(np_l) [521—1 p; e
Enp( — )
£ \3k+2 Si3j+2 & o3j+l
_ . 1[3] 1+3j 1[% (2+3j)—1
=P\ 3 3j+1 3 3j+2
RIS
_np 2
= d . 15
3 24 3j+2 (mod p7). (15)

By Lemma 2, for p =1 (mod 3), (15) is congruent to

-1

[

wls
—

(np—l) =0 (mod pz). (16)
2

3k+2

~

o

For p =2 (mod 3) in (14), we have [%] =22 then

[

wls

I8 311 p

(=l 5 - 5 )
& \3k+2/, o 3j+2 4 3j+1
P11 P11
— 1[% 1+3]+1_1[3] 2+3j

34 3j+1 3 & 3j+2
(5]
_np 1 2
=— mod . Q7
3 243+ (mod p%). (17)

By Lemma 2, for p =2 (mod 3), (17) is congruent to

(”P_l) _np
3k+2/), 3

Combining (16) and (18), we obtain Theorem 3. O

[

wis

I
(mod pz). (18)

k=

o

Proof of Theorem 4

Proof: By Theorem 1-Theorem 3, whenm =1and p =
1 (mod 3), we obtain

pzl:(np—l)
k=0 ko Js
[3](np—1) [SJ(np—l) [SJ_I(np—l)
= + +
pars 3k /o prs 3k+1/, pars 3k+2/5
_p+2 (2 1) p—1, (1 +1)
=——+np| =qg3—= |——— +np| = —
3 p 3CI3 3 3 P 3% 3

=1+npq; (modp?). (19)
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By Theorem 1-Theorem 3, when m =1 and p = 2
(mod 3), we obtain

N L
np— np—

+
s (3k+1) Z: (3k+2)2
_p+l1 1 2\ p+1 np
S SN EHE AT S R R A WL

3
=0 (modpz). (20)

The (19) and (20) has been proved in [10]. By Theo-
rem 1-Theorem 3, when m > 1 and p =1 (mod 3), we
obtain

pz_lz(np—l)m
k=0 k 2

P p=2
_[3](np_1)m+[3](np_1)m+[ (np_l)m
— 3k J, — 3k+1/, — 3k+2/,

_pt2 2 1 p—1 11
=T+mnp(§q3—§ +(_1)m T—mnp §q3+§

()" Dpa— (1)

= 3

2-(-1)"  1+(=D"
3 B 3

Wl

I

+mnp( ) (mod p?). (21)

By Theorem 1-Theorem 3, when m > 1 and p = 2
(mod 3), we obtain

p—1

2",

=0

f 2] [

np—l)’" (np—l)'" (np—l)m

+ +

( 3k J, Z 3k+1 < \3k+2),
n(PF1 1

=— 3 +mnp( q3——)+( 1) ( +mnp( qg—g))

_ ()" D+ 1)

—

Wl

r-ux‘

3
+mnp(1+(_1) 3—2+(_1)) (mod p?). (22)
3 3
Combining (19)-(22), we obtain Theorem 4. O
Proof of Theorem 5
Proof:
p-1 ]
2 (np 1 [6](np_1)m
= +
k=0 ks k=0 3k /2
) PPN € PR
+ d p?
(3k+1)2 (3k+2)2 (mod p)
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By Lemma 4, Lemma 1 and Lemma 3, similar to the
proof of Theorem 1, we obtain that

("),
3k ),
B2 4 mnp (2gy+ 5qs—3) (mod p?),
ifp=1 (mod 3),
B2 +mnp(iqy+21gs—3) (mod p?),
ifp=2 (mod 3).

—
ors
—_

k=0

By Lemma 4, Lemma 1 and Lemma 3, similar to the
proof of Theorem 2, we obtain that

> (),

3k+1

(- 1)m(__mnp(9q2 6q3+é)) (mOdPZ),
ifp=1 (mod 3),

3)) (mod p?),
if p=2 (mod 3).

(%]

(_1)m (p+1 +mnP (9q2 12q3

By Lemma 4, Lemma 1 and Lemma 3, similar to the
proof of Theorem 3, we obtain that

0 (mod p?), ifm>1,
(2] m —np(392—3¢s) (mod p),
np—I\" _ | .
( ) =4 ifp=1(mod3)and m=1,
< \3k+2/,

—np(3q2+79s) (mod p?),
ifp=2 (mod3)and m=1.

Then, similar to the proof of Theorem 4, we obtain
Theorem 5. a

CONCLUSION

As far as we know, changing the summation order can
be considered in multiple summations when the result
cannot be directly calculated through a formula or
when changing the summation order can help simplify
the calculation. In this paper, we have successfully es-
tablished the congruences with partial sums of powers
of trinomial coefficients by changing the order of sum-
mation and classical congruence calculation methods.
We have extended the results of the congruences of
binomial coefficients to the results of the congruences
of trinomial coefficients, and the congruences of the

P

partial summation of trinomial coefficients Z ("p " )

(5] m
> _1)2 and Z (gi;;)z , also indicate that their

3k+1

27

distribution is not evenly distributed.
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