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ABSTRACT: In this paper, we study unicity of meromorphic functions whose lower order is finite and noninteger and

mainly prove: Let f and g be two nonconstant meromorphic functions, let n = 6 be an integer, S =

Tl(n—z)zn—l + H(H—l)zn—z

{Z | (n—ll(n—Z)zn _

5 7 —1=0}. If f and g share S, oo CM, and the lower order of f is finite and noninteger, then
f = g. This answers a question posed by Gross for meromorphic functions whose lower order is finite and noninteger.

KEYWORDS: meromorphic function, shared set, lower order, small function
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INTRODUCTION AND MAIN RESULTS

In this paper, a meromorphic function means mero-
morphic in the complex plane. We use the following
standard notations in value distribution theory, such
as T(r,f), N(r,f), m(r,f),..., see [1-3].

We denote by S(r,f) any quantity satisfying
S(r,f)=0(T(r,f)), r > oo, r ¢ E, where E is a set
of finite linear measure. A meromorphic function a is
said to be a small function of f if it satisfies T(r, a) =
S(r, f).

Let f be a nonconstant meromorphic function, let
k be a positive integer, and let a be a small function
of f, we denote the counting function for the zeros of
f —a with multiplicities < k (ignoring multiplicity) as
Ny (r, ,%a) (ﬁk) (r, )%a)), and denote the set of zeros
of f —a with multiplicities < k (ignoring multiplicity)
as Eyy(a, f) (Exy(a, f)).

We define the order A(f) of f and the lower order
u(f) of f by

A,(f)= m 10g+ T(r’f)
r—oo  logr
+
p() = tim € TES)
r—o00 r
Py N(T’,)%a)
6(a, f) =1~ lim Te
Fro N(I‘,)%a)
@(a,f)z 1_rll>no]o T,f)

Let a be a small function of both f and g. If f —a
and g — a have the same zeros counting multiplicities
(ignoring multiplicity), then we call that f and g share
a CMIM).

Let S = {a;,a,,...,a,} be a set of finite complex
numbers. If [ ]'_, (f —a;) and [ ]\, (g —a;) have the
same zeros counting multiplicities (ignoring multiplic-
ity), then we call that f and g share the set S CM(IM).

In 1926, Nevanlinna (see [3]) proved the famous
five-value theorem.

Theorem A Let f and g be two nonconstant meromor-
phic functions, and let a; (i =1,2,...,5) be five distinct
values (one may be o0). If f and g share a; (i =
1,2,...,5) IM, then f = g.

In 1977, Gross [4] proposed the following ques-
tion. Whether there exist two (even one) finite sets
S; G=12) such that any two nonconstant entire
functions f and g share two sets S; (j = 1,2) CM can
imply f = g?

In 1994, Yi [5] gave an affirmative answer to the
question and proved

Theorem B Let f and g be two nonconstant entire
functions, let n = 5 be an integer, S = {z | 2" —1 = 0},
and let a be a nonzero constant with a® # 1. If f and
g share S, a CM, then f = g.

In 1996-1998, Fang and Xu [6], Yi [7] proved

Theorem C Let f and g be two nonconstant entire
functions, and let S = {z | 2> —22—1=0}. If f and
g share S, 0 CM, then f = g.

In 1995, Yi [8] proved

Theorem D Let f and g be two nonconstant entire
functions, let n and m be two positive integers such that
n and m have no common factor with n = 2m + 5,
and let S = {z | 2"+ azg™ ™+ b = 0}, where a and b are
two nongero constants such that the algebraic equation
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2" +az™ ™+ b = 0 has no multiple roots. If f and g
share S CM, then f = g.

In 1998, Frank and Reinders [9] proved

Theorem E Let f and g be two nonconstant meromor-
phic functions, let n = 11 be an integer, and let S = {z |
—("_1)2(”_2)2” —n(n—2)z""1+ —"(”2_1)2“_2 —c = 0}, where
WZ” —n(n—2)z""1+ @z”’z —¢ =0 has no
multiple roots and c(# 0, 1) is a complex number. If f
and g share S CM, then f = g.

In 1926, Nevanlinna (see [3]) proved

Theorem F Let f and g be two nonconstant meromor-
phic functions, and let a;, a,, as be three distinct complex
numbers. If f and g share a;, a,, a; CM, and the lower
order of f is finite and noninteger, then f = g.

There are several papers (see [10-15]) dealing
with the problems of unique range sets of meromorphic
function whose order is finite and noninteger.

In this paper, we study unicity of meromorphic
functions whose lower order is finite and noninteger,
we prove the following results.

Theorem 1 Let f and g be two nonconstant meromor-
phic functions, let n = 6 be an integer, and let S = {z |
(ﬂ*1)4(n*2)zn _ H(HZ*Z)anl + H(n‘:l)znfz —1=0} Iff and
g share S, oo CM, and the lower order of f is finite and
noninteger, then f = g.

Theorem 2 Let f and g be two nonconstant meromor-
phic functions having finitely many poles, let n = 5 be
an integer;, and let S = {zlz”—z”_1 —1= 0}. If f and
g share S CM, and the lower order of f is finite and
noninteger, then f = g.

In 2000, Li and Qiao [16] improved Theorem A
and proved

Theorem G Let f and g be two nonconstant meromor-
phic functions, and let a; (i =1,2,...,5) be five distinct
small functions of both f and g (one may be 00). If f
and g share a; (i=1,2,...,5) IM, then f = g.

Yi (see [3]) proved

Theorem H Let f and g be two nonconstant entire func-
tions, let a;, a, be two distinct finite nonzero complex
numbers such that fl)(ai,f) = fl)(ai, g)(i=1,2) and
max{©(0, ), 6 (a;,f), 6 (ay, f)}>0. If f and g share
0 CM and the lower order of f is finite and noninteger;
then f = g.

Theorem I Let f and g be two nonconstant entire
functions, let k(= 1), ky(= 2) be two integers, and let
a;, a, be two distinct finite nonzero complex numbers
such that Fki)(ai,f) = Eki)(ai,g) (i=1,2). If f and
g share 0 CM, and the lower order of f is finite and
noninteger; then f = g.

www.scienceasia.org

ScienceAsia 50 (6): 2024: ID 2024091

By above four theorems, we naturally pose the
following question.

Question Whether Theorems H and I are valid or
not if 0, a;, a, are replaced by three distinct small
functions of both f and g?

In this paper, we give a positive answer to this
question.

Theorem 3 Let f and g be two nonconstant entire func-
tions, and let a4, a,, ag be three distinct small functions
of both f and g such that Eyy(a;, f) = Eqy(ay, 8) (i =
1,2) and max{6 (ay, f), 6 (ay, f), ©(as, f)} > 0. If f
and g share a5 CM, and the lower order of f is finite and
noninteger, then f = g.

Theorem 4 Let f and g be two nonconstant entire
functions, let kq, ky be two positive integers with k;+ky =
3, and let a4, a,, a; be three distinct small functions of
both f and g such that Ek[)(al—,f) = Ek[)(ai,g) (=
1,2). If f and g share a; CM, and the lower order of f
is finite and noninteger; then f = g.

By the proof of Theorem in [17, p. 293], it follows
the following result.

Theorem J Let f be a nonconstant entire function. If
the lower order of f is finite and noninteger, then f
assumes every finite value infinitely often.

In this paper we obtain the following result.

Theorem 5 Let f be a nonconstant entire function
whose lower order is finite and noninteger; and let a
(# o0) be an entire small function of f. Then f —a
has infinitely many zeros.

LEMMAS

For the proof of our results, we need the following
lemmas.

Lemma 1 ([18]) Let f be a nonconstant meromorphic
function, let n be a positive integer, and let P(f ) = ao f "+
a; f" 1+ +a, (ap # 0), wherea; (i=0,1,2,...,n) are
constants. Then

T (r,P(f))=nT(r,f)+S(rf).

Lemma 2 ([3,19]) Let T;(r) and T,(r) be two nonneg-
ative, nondecreasing real functions defined in r > ry > 0.
If Ti(r) = 0(Ty(r)), r > oo, r ¢ E, where E is a set of
finite measure, then

by 108+ Ty(r) < Im 10g+ Ty (1)

lim
r—oo  logr r—oo  logr

. log" Ty(r) log™ Ty(r)
lim —-— < lim —=———.
rooo  logr oo logr
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Lemma 3 ([3]) Let f be a nonconstant meromorphic
function. If f #0, 0o, then f = e, where h is an entire
function.

Lemma 4 ([3]) Let f = e, where h is a nonconstant
entire function. Then A(f) = u(f) and u(f)is an integer
or infinite.

Lemma 5 ([20]) Let f and g be two nonconstant mero-
morphic functions and let n(= 6) be an integer. If

[Wléﬂfz—n(n—Z)f + @]fn_z

[(n 1)(n—2) 2 —n(n— 2)g+n(n 1)]g —2
then f = g.

Lemma 6 ([3]) Let f be a nonconstant meromorphic
function, and let ay, ay, ..., a, be q(= 3) distinct values
in the extended complex plane. Then

q

(@—2T(nf)< Y N (n7

i=1

L) +5(r,£).

Lemma 7 ([21]) Let f be a nonconstant meromorphic
function, and let &y, ay, ..., a, be q(= 3) distinct small
functions of f. Then, for any € > 0, we have

W (r;

It follows from [22-24] that the following result.

M=

(@—2)T(rf) < L)+ eT(r, f)+5(r, ).

i=1

Lemma 8 Let n = 4 be an integer, and let h and g be
two nonconstant meromorphic functions satisfying

g(h"—1)—(h"'—1)=0, €))

where g have finitely many poles. Then g is a rational
function.

Proof: From (1) and h is not constant, we obtain

_ (h=m)(h=n*)---(h=n""?)
(h—v)(h—v2)---(h—vyn-1)’
where n = cos— —i—1sm2—’T andv = cos 7 +1sm2—"

Obviously, 1, 1?, . ,n” 2y, v, oo, v are

distinct. Thus, by Lemma 6, we have

(n=3)T (r,h) < iﬁ(r, 5
i=1

< N(r,g)+S(r,h)

jw)+““m

= O0(logr)+S(r,h).
By n = 4, we know that h is a rational function. It
follows from (1) that g is a rational function. |

3
PROOF OF Theorem 1
Proof: Set
(n—1)(n—2) n(n 2) n(n 1) ..
F= 2 = it —=———f"7,
C= (n—-1)(n—-2) , n(n—2) 1 n(n—1)gn_2.
4 2 4

Since f and g share S, oo CM, we know that F and G
share 1, o0 CM. By Lemma 3, we have

F—1_
— =, 2
c_1 (2

where h is an entire function.
By F and G share 1 CM, Lemma 1, Lemma 6 and
Nevanlinna’s first fundamental theorem, we have

nT(r,f)=T(r,F)+S(r,f)
<N(r,F)+IV(r,%)+N(r,ﬁ)+5(r,f)

< N(r,f) +N(r,

: )
n—2 ( (nflz(an)fz _ n(n;Z)f + n(n;l))
1
Jastp)
1

g n(n2—2) gnfl + n(n4—1) g”’z—

+N( r (n=1)(n—2)
4

_ _ 1
1
<N(r,f)+N(r,;)+N(r, ey +n(n_1))
a [T

1

+ T(r, (”’114(”72)g"—"("272)g“—1+ n(n‘;l)g“—z—l )+S(r, f)
<A4T(r,f)+nT(r,g)+S(r,f).
It follows from n = 5 that
T(r,f)=0(T(r,8)).
Similarly,
T(r,g) =0(T(r,f)). 3

By Nevanlinna’s first fundamental theorem,

Lemma 1, (2) and (3), we have

(n—l)(n—z)fn_n(n—z)fnfl_,’_ n(n—l)fn72_1
4
1 )

T(r,e?)=T[r, 4
( ) ( (n—lL(n—Z)gn n(n—. Z)gn 1+n(n4—1)gn,2

<nT(r,f)+nT(r,g)+S(r,f)
SO(T(r, f))+S(r, f)+S(r, ). @
From Lemma 2, Lemma 4 and (4), we obtain
A (eh) = ,u,(eh) < u(f). Noting that u(f) is finite and
noninteger and A (eh) (: u (eh)) is an integer, we have
A (eh) < u(f). Hence,

T(r,eh) =S(r, f). (5)
It follows from (2) that
F=e"'G—¢"+1. ©)
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By Nevanlinna’s first fundamental theorem, (2)
and (5), we get

nT(r,f)=T(r,F)+S(r,f)
=T, F—1)+S(r,f)
=T (r(G—1)e")+5(r,f)
<T(r,G—1)+T(r,e")+S(rf)
<T(r,G)+S(r,f)=nT(r,g)+S(r, f).

Hence, we have

T(r,f)<T(r,g)+S(rf). (7

Similarly,

T(r,g) S T(r,f)+5(r,8). (®)

Now, we consider two cases.
Case 1: e" = 1. By (2), we have Wf” n(n—
2)fn—1 + n(n— 1)fn -2 — (ﬂ 1)(“ 2) g"—n(n—2)g™ 14

g™ *. It follows from n= 6 and Lemma 5 that

f=g.
Case 2: e" # 1. In this case, we consider two subcases.
Case 2.1: e = 1 . From (6), we obtain

n(n=1) n-2
2

o
1l

G+ 9

N|—=
NI=

By (7), (9), Lemma 1 and Lemma 7 (g = 4,¢ = %),
we get

2nT(r,g) =2T(r,G)+5(r, g)
<N(r,G)+N(r,é)+N(r,ﬁ)
r,é)+%T(r,G)+S(ng)
<N(r,G)+ﬁ(r,é)+ﬁ(r,%)
+ﬁ(r,G+l)+%T(r,G)+S(r,g)
<N(r,g)+ﬁ(r,l)+2T(",g)
+N( )+2T(rf)+N( S 1)

+(n—3)T(r,g)+5T(r,g)+S(r,8)
<(n+5+5)T(r,g)+S(r,8).

+IV(

It follows from n =
diction.
Case 2.2: e # 1. By (6), (8), Lemma 1 and Lemma 7

6 that T(r,g) < S(r, g), a contra-
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(q=4,¢=7), we get
2nT(r,f) = 2T(r,F)+S(r, f)

SN(LF)+N(r, ) +N (1 7o)
+N(r, F_%)+7T(r,F)+S(r,f)

) +N(rg)

r,%)-l—%T(r,F)'i‘S(ﬂf)

<N, ) +N (1) +27( f)

+N(r,§)+2T(r,g)+ﬁ(r,f%l)

+(Tl—3)T(r,f)+ ;T(r’f)-'-s(r)f)
<(+5+5)T(r, f)+S(r f).

<ﬁ(r,F)+ﬁ(

+N(

It follows from n >
diction.
This completes the proof of Theorem 1. a

6 that T(r,f) < S(r,f), a contra-

PROOF OF Theorem 2
Proof: Set
F = fn _fnfl
Since f and g have finitely many poles, we know that
N(r,f) = O(logr),
N(r,g) =0O(logr),
By (10) and Lemma 1, we have

T(r,F)=nT(r,f)+S(r,f),
T(r,G)=nT(r,g)+S(r, 2).

G — gn _gnfl (10)

N(r,F)=0(logr),
N(r,G)=0(logr).

Since f and g share S CM, we know that F and G
share 1 CM. By Lemma 3, we obtain

F-1
— =Qel,

o (1

where Q is a rational function and h is an entire
function.

By f and g share S CM, Lemma 1, Lemma 6 and
Nevanlinna’s first fundamental theorem, we have

nT(r,f)="T(rf"=f"")+S(rf)
<SN(nfr =) +N (r, )

+N (1, g 1)+S(rf)

N(rf)“\’( 71

+N (1, o= ) +5( )

<SNA+N(rn1)+N(r )
+T(r’g _gn 1_1)+S(r:f)
<2T(r,f)+nT(r,g)+0(ogr)+S(r, f).
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3 that

T(r,f)=0(T(r,¢))

It follows from n =

Similarly,
T(r,g) =0(T(r,f)). (12)

From Nevanlinna’s first fundamental theorem,
(11) and (12), we have

T(r,Qe") = T(r,'%::i)
T(rfr—f"'=1)+T (r,g"—g""
O(T(r, f))+S(r, f)+S(r, &)

—1)+8(r,f)

<
< (13)

By Lemma 2, Lemma 4 and (13), we obtain
A(eh) =u (eh) < u(f). Noting that u(f) is finite and
noninteger and A (eh) (= u (eh)) is an integer, we have
A (eh) < u(f). Hence,

T (r,Qe") = S(r, ). (14)

It follows from Nevanlinna’s first fundamental theo-
rem, (11) and (14) that

nT(r,f)=T(r,F)+S(r,f)
=T, F—1)+S(r,f)
=T (r,(G—1)Qe") +S(r,f)
<T(r,6—1)+T(r,Qe")+S(r,f)
<T(r,G)+S(r,f)=nT(r,g)+S(r,f).

Hence, we have

T(r,f)<T(r,g)+S(r,f).

Similarly,

T(r,g) S T(r,f)+5(r,g). (15)

Now, we consider two cases.
Case 1: Qe =1. By (11), we have

(fn _gn)_ (fn—l _gn—l) =0.

Seth= Ji Then we have

g(h"—1)—(h" 1t —=1)=0. (16)
Next, we consider two subcases.

Case 1.1: his constant. By (16) and g is a nonconstant

meromorphic function, we deduce that h—1=0(@G=

n,n—1). Thush =1, thatis f = g.

Case 1.2: h is not constant. It follows Lemma 8 that

u(g) =0, a contradiction.

Case 2: Qe £ 1. From (11), we get
fn_fn—l

By (15), (17), Lemma 6 and Nevanlinna’s first
fundamental theorem and Lemma 1, we get

nT(r,f)="T(r,f"=f"")+5s(f)
<N (nf" =)+ (1 75)
+N (r, W)”W)
<N A+N (1 et
+N (1 gty ) +500)
<N A)+N(rn2)+N(r )

+N( )+N( gl)+S(rf)
2T(r, f)+2T(r,g)+O(logr)+S(r, f)
4T(r, f)+S(r, f).

=Qel(g"—g" ) +1—Qe". (17)

<
<

It follows from n =
diction.
This completes the proof of Theorem 2. O

5 that T(r,f) < S(r,f), a contra-

PROOF OF Theorem 3

Proof: Since f and g share a; CM, by Lemma 3, we
have
—a
[2% o, (18)
g&— a3
where h is a polynomial.
From Lemma 7 (q = 4) and Nevanlinna’s first
fundamental theorem, we obtain

2T(r, f) < N(rf)+N(
+N (1,722 ) +eT(n )+, f)
<3y (n g )+ v (n )

+380 (n 2 )+ 3N (72

+N( S Fan )+8T(rf)+5(rf)

e )48 (r7z)

(19)

Since Ey)(a;, f) = Eqy(a;,8) (i =1,2), by f and
g share a; CM, (19), we have

lNl)( s )
+1Ny (n 22 )+N (n 2

< 2T(r,g)+S(r,f).

That is T(r, f) < O(T(r,g))+S(r,f). It follows from
Lemma 2 that u(f) < u(g).
Similarly,

1=e)T(r,f)<

1)+80. 1)

T(r,g) SO(T(r,f))+S(r,8), (20)
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and it follows from Lemma 2 that u(g) <

p(g) = p(f).
By (18), (20) and Nevanlinna’s first fundamental

theorem, we have

h f—a
T(re) T(,g as)
T(r,f)+T(r,g)+S(rf)
Oo(T(r, ) +S(r, f).

By Lemma 2, Lemma 4 and (21), we obtain
A(eh) =Uu (eh) < u(f). Noting that u(f) is finite and
noninteger and A (eh) (= u (eh)) is an integer, we have
A(eh) < u(f). Hence, " is a small function of both f
and g.

Now, we consider two cases.

Case 1: e" = 1. In this case, by (18), we have f = g.
Case 2: e ¢1 By El)(ale)_El)(ang) (l_]- 2)
(18) and Nevanlinna’s first fundamental theorem, we
have

Nl) (r, f_lal) <N(r, ﬁ)

u(f). Hence,

<
< 21

<T(re")+0(1)<S(rf). (22
Similarly,
Ny (75 ) <0 ). (23)
From (19), (22) and (23), we get
2T(r,f) < 3Ny (1 72 ) + 3N (n 7))
+EN1)( fa)+ N( fa)
+ﬁ(r, 7a3)+8T(r,f)+S(r,f) 24
<%N( )+ N( > f— 0‘2)
+N (1, 72 ) +eT(n ) +S( ).
Then we have
Q@-e)T(rf)<IN(rn )
+3N (r,f_laz)+ﬁ(r, e )+S(r,f)
_1
N(rnrz) N(nez) sen
B ) +T(r,f)]’
N m) N(nre)
2_“3550[ 2T(nf) | 2T(nf)
N(r %) S(f)
YD ]+rliooT(rf)

www.scienceasia.org
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2-¢ < 2 (1-6(a )+ 5 (1-6(a )
+(1-0 (a5 ).

Let ¢ — 0, it follows that 15 (a;,f) + 36 (ap, f) +
O (as, f) <0, a contradiction.
This completes the proof of Theorem 3. O

PROOF OF Theorem 4

Proof: By Lemma 7 (q =4,e= %), it is easy to prove
Theorem 4 by imitating the proof of Theorem 3 and
replacing (24) with the following formula.

2T(r,f)<ﬁ(r,f)+ﬁ( )+ N ()
+N( )+ sT(rf)+S(r,f)
<rjrl]\]kﬂ( > f— a1)+k1+1N( > f— D‘l)
+k2kﬁ]vkz)( > f— a2)+k2+1N( > f— 0‘2)
+N (1, 22 )+ 370 )+ f)

+1 ( fa)+k2 N( f—laz)

+N (1 2 )+ 3T )+ S0 f)

(k1+1+k+1+1+7)T(r’f)+S(r’f)'

<k1

It follows that T(r, f) < S(r, f), a contradiction.
This completes the proof of Theorem 4. O

PROOF OF Theorem 5

Proof: We prove Theorem 5 by contradiction. Suppose
that there exists an entire small function a(Z oo) of f
such that f — a has finitely many zeros.

Obviously,

f—a=Qe", (25)

where Q is a polynomial and h is an entire function.
It follows from (25) that u(f) = u(f —a)=pu(e").

Noting that u(f) is finite and noninteger and u (eh) is
an integer, a contradiction.
This completes the proof of Theorem 5. O
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