(L9ESEARCH ARTICLE
doi: 10.2306/scienceasial513-1874.2024.059

ScienceAsia 50 (6): 2024: ID 2024059: 1-6

Further multi-term refinements of Young’s type inequalities

and its applications

ChangSen Yang, YaNan Wang*

School of Mathematics and Information Science, Henan Normal University, Xinxiang, Henan 453007 China

*Corresponding author, e-mail: 15517376731@163.com

Received 4 Jun 2023, Accepted 17 May 2024
Available online 3 Oct 2024

ABSTRACT: We obtain some refined Young’s type inequalities in this paper. And the results are given as follows. Let
a, b>0,0< v<7 <1, then for any positive integer N: if ;x < v< 7 < ";—?51 forme{0,1,2,---,2¥ —1}, we have

N—1 2l 2
k—1 k=1 k k
av,b >K2”’V*m(2”\/§,z) aﬂvb+§rz(v);(\/al_7 b — Vo b?) Z(ie, £y()

2Ny—m 12Nz [2Ve C2Nep 2Nep
e (mr1-2) a5 4 (2 e m) o F D T i (Y 2)ann),
where ry(v) = min{v,1— v}, r(v) = min{2r,_;(v),1—2r,_;(v)}, and K(h,2) = (hz—;)z with h = g We also get some

applications of Young’s type inequalities.
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INTRODUCTION

The classical Young inequality states that
(1—v)a+vb=a™b?, 1

where a,b > 0 and 0 < v < 1. This inequality, though
very simple, has attracted researchers working in oper-
ator theory due to its applications in this field. Refining
this inequality and its reverse by finding intermediate
terms by adding some positive quantities has taken the
attention of numerous researches.

The constant K(h,2) = (h+1)?/4h, (h > 0) is
called the Kantorovich constant and satisfies the fol-
lowing properties:

@ K(1,2)=1
(i) K(h,2)=K(1/h,2)forh>0
(iii) K(h,2) is monotone increasing and monotone

decreasing on the intervals [1,00] and (0,1],

respectively.

Zuo et al [1] refined the inequality with the Kan-
torovich constant in the following form:

(1—v)a+ vb=K(h,2)Ma'~"p” 2

for positive real numbers a, b, v and 0 < v < 1, where
ro(v) =min{v,1—v} and h = b/a.
Liao et al [2] shown the reverse inequality (2),

(1—v)a+vb <K(h 2)XPVa' b, 3)

where R(v) = max{v,1— v}.
In 2016, Choi [3] showed a multi-term refinement
of Young’s inequality as follows.

Theorem 1 Let a and b be two positive numbers and
0 < v< 1. Then we have

(1—=v)a+ vb=KW® ( 2IH\/E, 2) a™b”

N—1 2l \/ e \/ T E 2
e Ve TH TV F i o), @
=0 k=1 2
where r(v) = min{2r;_;(v), 1—2r_;(v)} and %; is the
characteristic function defined by
1, ifxel,
0, ifx¢l.

Alzer et al [4] obtained the interesting refinement of
Young’s inequality.

Zi(x)= {

Theorem 2 Let a, b > 0 and let A, v and T be real

numbers with A =2 1and 0 < v< 7 < 1. Then

» - (@V,bY —(at, by _
(aV b)* —(af.b)*

where aV ,b = (1 —v)a+ vb, aV_ b =(1—71)a+ 7b,
aff,b=a'""b” and afi.b = a'~"b".

=2y,

1—71

%)
T

The Young’s inequality and its reverse are impor-
tant in functional analysis, matrix theory, operator
theory, electrical networks, etc. Many scholars had
done much research in this topic. We refer the readers
to the recent papers [5-8].

In recent work, Yang and Wang [9] gave the
following Young type inequality.
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Theorem 3 Let 1/2 < v < 7 <1 and a, b are real
positive numbers. Then
K’(h,2)aff,b—aV,b <Y

K*(h,2)at.b—aV.b T’ )

where h = b/a, aV,b = (1 —v)a+ vb, aV_ b =
(1—7)a+7b, af,b=a'"b” and al,b = a' " b".

Similar to Theorem 3, we also have the following
results.

Theorem 4 Let 0 < v < 7 < 1/2 and a, b are real
positive numbers. Then
aV,b—K"(h,2)aff,b SV

av . b—K7(h,2)afl.b T’ ©)

where h = b/a, aV,b = (1 —v)a+ vb, aV_ b =
(1—7)a+7b, af,b=a'"b” and al,b = a' " b".

Proof: Let

1—t+tc—K'(c,2)c" 1_t+tc_(%)2t
t t

fl)=

where ¢ € (0, 00), t €(0,1/2]. Then we can get

fo="9
where
he)=(c—1-2(4) m )
—(1 —t+ tc—(%)zt)
and

H(c) = (1_2t(%)2[_1 ln%_(%)zt—l)t

(eme(5)

= 2 (e M e
: .

2
It means that ¢ € (0, 1], h/(c) = 0, so h(c) is increasing
on(0,1];c€[1,00), h'(c) <0, so h(c) is decreasing on
[1, o0). Therefore, h(c) < h(1) =0, f'(t) <0 (c > 0).
When ¢ > 0, f(t) is decreasing on (0,1/2], f(t) =
f(1/2) = 0. Taking ¢ = b/a, we can get inequality
(6). O

We use inequality (2) to get that the denominator
and numerator of inequality (6) are greater than zero.
Similarly, we use inequality (3) to get that the denom-
inator and numerator of inequality (5) are also greater
than zero.

So the two inequalities (5) and (6) can be sorted
out into one inequality as follows:

av,b>K"(h,2)a,b+ %(aVTb—Kf(h, 2)at,b), (7)

where 0 < v< 7 <1.
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A MULTI-TERM REFINEMENT OF YOUNG’S TYPE
INEQUALITY

In this section, we mainly present the direct refine-
ments of the Young’s inequality (7).

Theorem 5 Leta, b=0and 0 < v< 7 < 1.
() IfO<v<7t<3, then

av,b=K? (\/E,Z) aff,b+ v(ﬁ— \/3)2
+%((1—2T)a+2f\/ﬁ—qu’—(\/§,Z)Gﬁfb). @)

(i) If 3 <v<t <1, then

av,b > K“*l(\/g,z)aﬁvb +(1—v)(va—vb)
3”:1 ((2—27)Vab+(2r—1)b

—k*(y/2,2)at.b). @)

Proof: (i) When 0 < v < T < 1/2, by simple calculation
and inequality (7), then we have

+

(1—)a+vb—v(va—Vb)? =av,,vab
> KZV(@,z)alfmz( \/E)Zv
+ 22 (a9 Vab K (2, 20 (Vab))
= k¥'(y/2,2)at,b
+2((a-20)a+(2r)Vab—K*(y/L,2)at.b)
T @’ e
So inequality (8) holds.

(i) When 1/2 < v < 7 < 1, by simple calculation
and inequality (7), then we have

(1=v)a+vb—(1=»)(Va— Vb = Vab¥,, ;b
> 7 D (VB (Va9
—KF(L 2)b2H(\/E)HT)
=K1 8 2at,b+ 253 (2-20)Vab
+(27—1)b—K2T‘1(\/§,2)aﬂfb)-

So inequality (9) holds. O
By analogy with this approach, we get a more
general generalization.

Theorem 6 Let a, b >0, 0 < v < 7 < 1, then for any
positive integer N: if m/2N < v <1< (m+1)/2" for
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me{0,1,2,...,2Y —1}, we have

avvb > Ksz—m( 2%, 2)aﬁvb
N-1 ol
+ZT‘Z(V)Z(\/Q - b2 E —\/a ] bzl

2Ny—m
2Nt —m

RS

12V7) [2V7)
(( +1-2V7)at" 2 b e

2Nej1 (2N
12 it T

+(2Vt—m)al™

—k? (%2, 2)at,b). (10)

where ro(v) = min{v,1 — v}, r;(v) = min{2r;_;(»),
1—2r;_1(v)}, |x] is the greatest integer less than or
equal to x.

Proof: To complete the proof, we need the following
three steps.

Step 1: When N = 1, inequality (10) can be written
as inequality (8) or inequality (9).

Step 2: Let inequality (10) hold for some N > 1.
If m/2¥*! < v <7 < (m+1)/2V*! for some

me{0,1,2,...,28N —1}, then m/2N <2v <27 <
(m+1)/2N, we have

(1—v)a+ vb—w(va—Vb)>
=aV2v\/£

> K2N(2v)_m( 2"?/@ 2)a1—21)(m)2'1)
+ Z rz(ZV)Z (m

al—%(\/ﬁ)a)zﬁ%(%%)m)

12V @0

N (29)— _ 12N 27))
+ 5 (m+1-2Y (27))a' ™ (\/ab)T

12N (27)

+ (ZN(ZT) — TTl)al—l2 (27))+1 (\/_)
—K2'Cmm( 2”\/@’ z)alfzf(m)zf)

N-1
(Y b S
=0

ol+1

k K \2
Z( ai - pa—y ¢! 2l+lbﬁ)%(k;lL)(/v)
ol+1 2 9l+1

12 N+1 7] L2N+l ]

2 ((m+1-2Y*r)a! ™ 7 b

2N *tlepe1 2Nl
+(@V T —m)a'” T b

_ K2N+1,L__m( 2N+ﬁ, Z)ajjT b)

2N+1
IN+11—m

Step3: If m/2V* ! < vy< 1

N
=k (M2 2)a, b+ ()
=1

ol

XZ(\/ kzllkal1 —\/alfﬁbz%)z%(%’z%)(ﬂ

k=1

N+1 N+1
N+1 2] 27T
fer (m+1-2 o)™ o b A

CNHLopn Nt
+(@Y* T —m)a'T P

—ke( zNﬁ/E, 2)at. b)
< (m+1)/2¥*! for some
me {2N,2V+41,...,2841-1} then (m—2V) /2N <
2v—1<21—1<(m+1-2")/2".
Let m; = m—2N, then m; € {0,1,2,...,2N — 1}
and m; /2N <2v—1<21—-1<(m; +1)/2", at
the same time k; = k — 2! by inequality (10):
(1—v)a+vb—(1—v)(Va— \/_)2 vV abV,, ;b
>K2N(2vfl)7m1(2N IL’Z)( /ab)272vb2v71
kq—1 k1—1
+Zrl(2v 1)2 (VWap)y~ 7 b
ki=1

k1 N2
-V ab)l_z%bz%) %(1(17—1 ﬂ)(zv—l)
o3l

2N (2v—1)—-m N
+ m((z (2t—1)—my)

(\/_b)lleN(zzmﬂ
X a 2

+(my+1-2V(27-1))(Vab)'"”
_KZN(ZT—I)—ml( 2N ,/%) 2)(@)2—2’1’ b2r—1)

N+1,,_oN_ oN+L [
KZ y—2 ml( ,E!Z aﬁvb

ol+1
_2lakg -1 204k -1
+ E T‘H_l(V) E ( 2T p o+

2ltky  2l4kg

2
17
—Va 21 poHt ) %(lirle 2’+k1)(v)

PSS RREIPYERT

2N @r-1)}+1
oN

12V (zr 1] 12N @)
b 2N

[2N+17] [oN+1g)

N+1,, oN_ _
2N+ y—oN_m, ((2N+1 —2 _ml)al NFT h oN+1

ON+1 zN_m

N+lejr [N H1g)

+(2V+my +1-21)g' T N b o

_ K2N+l 7—2N—m, ( 2N+V§, Z)Clnq; b)
N
_ KZN“V*"‘( ZNH\/E’Z)aﬁvb +Z rl(v)
=1

xi(\/al_Tb; —\/a zlbzl) (le’LI)(v)
k=1 2

[2N+1o) [N+l

((m+1 2N+ =58 p v

2N+1

oN+1lr—m

+

Nl N+
+@¥r—m)d b et g2

(Ve 2at.b).
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So we have

av,b =k m( 2N+V§,2)ativb
21
+irl(v)2(\/%
—Va zlbzl)%kil’%(v)

+§N+lﬂ((m+1 N+l )617

[2N*1zj41 1 2Ntlepn

+(@V Tt —m)a'” T b

_K2N“f—m( zN“\/g’ Z)Qﬂfb),

where |2Vt —2N| = —|2V — 2N+l -1 =
[2N*17|—2N ie. N +1, the inequality (10) holds.
So, combining the above steps, we use the induc-
tive hypothesis method to complete the results. m]

2N+1o) [N+l
oN+1 b oN+I

Remark 1 Replacing a and b by their square in in-
equality (10), we get some results as follows.

If m/2N <v<t<(m+1)/2N for me {0,1,2, ...,
2N —1}, we have

a®v,b> = K* " ( ZN’VE,Z)(auvb)z

N—1 2!
1kl kel 1—k &
2@ T b T —a T b P& 1y(7)

1=0 k=1
_[2 7] [2 7]
+ 522 (m+1-2V0)(@ " & b )
12N TJ+1 12N )41
+@Vr—m)(al" )?

—K7 (P 2) et b)),
On the other hand, we get
a?v b2 —ry(v)(a—b)? = (aV,b)* — rg(v)(a —b).

Therefore, by the above two relations, we obtain the
following corollary.

Corollary 1 Leta, b >0, 0 < v< 7 < 1. Then, for any
positive integer N: if m/2N < v <1 <(m+1) /2%, for
me{0,1,2,...,2YN —1}, we have

(@v,bY2 > K2 (/2 2)(af, b2 + r2(v)(a— b)?

N-1 2!
= gih e
+;rl(v);(a ThT —a TN % 1)()

12Vz)

lNrJ
+ 52 ((m+1-2"0)(@' " b )

2NT—m

Vo1 2N

+@"7r—m)(a" ™ b W )P

_Ker—m( 2 71\/5’ 2)(61]171))2), (1 1)
where ry(v) = min{v,1 — v}, r;(v) = min{2r;_;(v),

1—2r_1(v)}, |x] is the greatest integer less than or
equal to x.
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APPLICATIONS

In this section, we mainly give an operator inequality
and Hilbert-Schmidt norm for the improved Young
inequality.

Before giving the main result of this part, we need
to recall certain useful knowledge.

Let B(2#) be the C*-algebra of all bounded lin-
ear operators acting on a complex (separable) Hilbert
space (%, (-,-)) and I be its identity. An operator
A € B() is said to be positive semi-definite (denote
by A = 0) if (Ax,x) = 0 for all vectors x € #. The
set of all positive operators is denoted by B(s#)*. If
(Ax, x) > 0 for all nonzero vectors x € s, A is said to
be positive (denotes A > 0). The set of all invertible
operators in B(s#)" is denoted by B(s#)**. For self-
adjoint operators A, B € B(2).

For positive invertible operators A, B € B(¢), the
weighted operator arithmetic mean and geometric
mean of A and B defined, respectively, by

AV, ,B=(1—v)A+ vB,
Af,B=A?(A2BA?) A2,

where v € [0,1]. When v =1/2, AV,;,B and Af;,,B
are called, respectively, operator arithmetic mean and
operator geometric mean, which are denoted by AVB
and AfB.

Let #,(C) denotes the space of all n x n complex
matrices and //ln* (C) denotes the space of all n x n
positive semi-definite matrices in ., (C). Anorm |||-]||
is called unitarily invariant norm if |||UAV||| = |||All|
for all A€ #,(C) and for all unitary matrices U, V €
M, (C). For A= [a;;] € #,(C), the Hilbert-Schmidt
norm of A is defined by

n

lAll; = 4| D s2(4) =

i=1

where s,(A) = s,(A) = -+ = 5,(A) are the singular
values of A, that is, the elgenvalues of the positive
matrix |A| = A*A)l/ 2 arranged in decreasing order
and repeated according to multiplicity. The Hilbert-
Schmidt norm is unitarily invariant.

Lemma 1 ([10]) Let A€ B(5%) be self-adjoint. If f and
g are both continuous functions with f(t) = g(t) for
t € Sp(A) (where the sign Sp(A) denotes the spectrum
of operator A), then f(A) = g(A).

The following theorem presents the operator ver-
sion of Theorem 6.

Theorem 7 Let A, BEB(s#)™ T and 0< v< 1t < 1. If
all positive numbers q, q' and Q, Q’ satisfy either of the
following conditions: 0 < ¢'I A< qIl < QI <B<Q'I,
0<q'I<B<ql<QI <A<Q'I Then for dll positive
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integer N, we have: if m/2N < v <1 <(m+1)/2, for

me{0,1,2,...,28N —1}

> k2" m(*V/h, 2)A8,B
21

+Z rl(v)Z(Ank 1B+AL L B—2A 21 B)Z (51 15(7)

=0 k=1

AV B

+ 22 (m+1-2V )A B+ (2% Tm)Afr 0 B
—K¥ VR, 2)A1,B), (12)
where h=Q/q, " =Q'/q'.
Proof: Taking a =1, b = t in inequality (10),
(1—v)+vb = K?"""(*Vt,2)t”
+NZ_f rl(v)i: (\/E—\/t?)z%(%,%)(v)

2vm

T — (m+1- N £y 5

_KZNrfm( ZW,Z)tT).

T]+1

+(2N7 — m)t zN
For X :A_%BA_%, we get

(1= +9X = K23V, 2)X”

min
-
+Zrl(v)Z(\/x%—\/g)Z%(%i)(v)
2Vy—m

S — (( +1—2Vp)x &

T+l

+ (2N —m)x T g2 A 2)X7).

@A I<h =(Q/9I <X <Q'/¢g =HI and the
Sp(X) € [h,h’'] € [1,00). Then by Lemma 1 and

Kantorovich constant K(h,2) = (h+1)?/4h is an
increasing function for h > 1, so we have

KZ v—m( \/_2) KZ v—m( \/—2)

min

KZ T— m(ZN\/_ 2) KZN’L' m( \/— 2)

max

(i) 0 < (1/R)I <X < (1/h)I <I. Since the Kan-
torovich constant K(h,2) = (h+1)%/4h is an de-
creasing function for 0 < h < 1, so we have

N g N Ny
Kmmv m( ‘/_ 2) K= m( h’z),

2N oN N1
K2 Tm(?V/E,2) = K2 \/;,2).

Using K(1/h,2) = K(h,2) for h > 0, we get
(1— ) +vX > K2 (VR 2)x”
N—1 2!
—1 2
+Z’”l(")2( VX VX ) 2 1))

2 y—m
2N
+ @V —m)x

((m+1 o £ )x 5
2 emCY i, 2)x°).

Multiplying both sides by A'/? to the above inequality,
we can deduce

AV,B > K2""™(*V/h,2)At,B

N-1 2!

Zrl(v)Z(Ajik \B+A s B—2Af5 B)Z i1 £(%)
=0 k=1

2Ny —m

T ((m+1 er)AuZN,JB

+ (27— m)Af g B— K VI, 2)A1,B).

The proof is completed. O
The following theorem presents the Hilbert-
Schmidt norm version of Corollary 1.

Theorem 8 Suppose A, B, X € #,(C) such that A and
B are two positive definite matrices and satisfy 0 < gl <
A, B < QI, where I represents the identity matrix and
g, Q € R. For any positive integer N and 0 < v <
T <1, we have: if m/2V < v <1< (m+1)/2V for
me{0,1,2,...,2N —1},

[I(1—»)AX + vXB||3
> K2 Vi DIATXBY 3+ (MIAX =X B3

min
— 2!
k— k=
+Z n() > (1A T XBT [2+]IA " XB |2
=1 k=1

— 2l AT XB I [2) e 1 ()
2 (,7,27)

- _12Ng) 12Nz
+ 522 ((m+1-2V7)|A1 XB |2

2NT—m

_12No 12N 7 j+1
+@¥r—m)|AY = XB =™ ||§

— K226, A TXBT|2), (13)
where /Q=1/h < t;; = A;/u; Sh=Q/q.

Proof: Since A and B are positive definite, it follows by
the spectral theorem that there exist unitary matrices
U, V € #,(C) such that

A=UANU*,  B=VA,V*
where A; =diag(A4,Ay,.. A ) Ay =diag(uq, tg, .- -,
Mn)’ Ai: 195 = O; i= 11 2’
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LetY =U'XV =[y;],i,j=1,2,...,n, then

(1—v)AX +vXB=U((1—v)AY + vYA,)V*
= UL((1 = A + vuy)y; V™.
AX —XB = U[(A; —pu)y;1V7,
AUXBY = U[Al Wy V.

Next, we use the inequality (11) in Corollary 1, we
can get

11— »)AX +9XB[2 = > (1= A+ ) vyl

ij=1
> Z (Kz””*m(2”1\/7 2) (A e (A —uy)?
w::l—l 2! P .
+Zrl(v)Z(kile—A H?)Z%(%,fl)(v)
;N:—_m((m—i-l VYA LZZA’JV 2

12N7j41 [2Nen

1-=x N
+(2Nr—m)(7ti 2 ;i )?

_KZfom(zN 1 “J 2)(11 T“’T)Z))lyijlz

n
> K20 (P 65,2) DL (AT )y

i,j=1
n
+1200) D = Plyyl?
i,j=1
IR .
+Zrl(v)ZZ(x QT TR AR GO Ik
k=1i,j=1
2% y— NT &N,J 2 2
+ 522 (m+1- er)Z(A T Plyyl
i,j=1
n N N
1_L2 T]+1 2% 7]+1
F@=m) XA T Pyl
i,j=1

— K26, AT Pl ).
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So we have

(1 — »)AX + vXBJ|? > K2 *™( 2"V, 2) A" XB”||?

— 2!
k1 k=1
+r§(v)||AX—XB||§+Zrz(v)Z(nAl TXB |2

=1 k=1
+ AT X B |2 —2l|A1 ¥ X B | )%(k L)

2N y—m
2NT—m

+ ((m+1—2NT)||A1* - XB 12

2 TJ+1

+ (2t —m)Am " xB
— K221, 2)IATXBT2).

115

The proof is established. O

Acknowledgements: Supported by the National Natural
Science Foundation of China (12371139).

REFERENCES

1. Zuo H, Shi G, Fujii M (2011) Refined Young inequality
with Kantorovich constant. J Math Inequal 5, 551-556.

2. Liao W, Wu J, Zhao J, (2015) New versions of re-
verse Young and Heinz mean inequalities with the Kan-
torovich constant. Taiwan J Math 19, 467-479.

3. Choi D (2016) Multiple-term refinements of Young type
inequalities. J Math 2016, 4346712.

4. Alzer H, da Fonseca CM, Kovcec A, (2015) Young-type
inequalities and their matrix analogues. Linear Multilin-
ear Algebra 63, 622-635.

5. Ighachane MA (2022) Multiple-term refinements of
Alzer-Fonseca-Kovacec inequalities. Rocky Mountain J
Math 52, 2053-2070.

6. Ighachane MA, Taki Z, Bouchangour M (2023) An im-
provement of Alzer-Fonseca-Kovacec’s type inequalities
with applications. Filomat 37, 7383-7399.

7. Nasiri L, Shakoori M (2016) A note on improved Young
type inequalities with Kantorovich constant. J Math Stat
12, 201-205.

8. Zhang J, Wu J (2017) New progress on the operator
inequalities involving improved Young’s inequalities re-
lating to the Kantorovich constant. J Inequal Appl 2017,
69.

9. Yang C, Wang Z (2023) Some new improvements of
Young’s inequalities. J Math Inequal 17, 205-217.

10. Pecari¢ J, Furuta T, Hot J, Seo Y (2005) Mond-Pelarié
Method in Operator Inequalities, Element, Zagreb.


http://www.scienceasia.org/
http://dx.doi.org/10.1155/2016/434671
http://dx.doi.org/10.1155/2016/434671
http://dx.doi.org/10.1186/s13660-017-1344-9
http://dx.doi.org/10.1186/s13660-017-1344-9
http://dx.doi.org/10.1186/s13660-017-1344-9
http://dx.doi.org/10.1186/s13660-017-1344-9
www.scienceasia.org

