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ABSTRACT: The purpose of this article is to investigate the solutions of several systems of the nonlinear partial
differential difference equations (PDDEs) (including second order partial differential, mixed partial differential and

{f(z +c)(8s +852)=1,
gE+)fy + o) =1,

{f(z +c)(8s +85z) =1,
gE+afy, +f12) =1,

complex difference)

and

{f(z +0)(fyy +855) =1,
8z +c)(g, + o) =1,

where ¢ = (c;,¢,) € C2. We establish some theorems concerning the forms of the pair of solutions for these systems of
PDDEs which are some improvements and generalization of the previous results given by Gao, Liu and Xu. Moreover,
some examples show that the forms of solutions of our theorems are precise to some extent.
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INTRODUCTION

The classical result about the solution of the eikonal
(eiconal) equation in C?

() + ()’ =1 o)

is that any entire solution of (1) must be linear of the
form u = ¢;2; + ¢339 + ¢y, Where cf + c§ =1, which
was given by Khavinson in [1]. This result can also
be found in [2]. Equation (1) can be seen as a typical
partial differential equation (can be written as PDE in
short). Later, Saleeby [3] and Li [4] proved the same
conclusion by using two different methods (see [3,4]).
In the past two decades, many mathematics scholars
including B.Q. Li, D.C. Chang, E.G. Saleeby, Q. Han and
E Lii discussed the solutions of the eikonal equation
and its variants, and obtained a number of interest and
important results (see [3—-15]).

Theorem A ([16]) Let P(21;2,) and Q(2;;2,) be arbi-
trary polynomials in C2. Then u is an entire solution of
the equation

(Pu, ) +(Qu,,))* =1 (2)

if and only if u = cy2; + ¢42,5 + c5 is a linear function,

where c; are constants, and exactly one of the following

holds:

(i) ¢; =0and Q is a constant satisfying that (c,Q)?* = 1;

(i) ¢, =0and P is a constant satisfying that (c;P)* = 1;

(iii) c;cy # 0 and P,Q are both constant satisfying that
(c1P)P+(cQ)* = 1.

As Khavinson and Li mentioned in [1, 4], by taking
the linear transformation z; = x +iy and 2, = x —1iy,
equation (1) can be reduced to u, u,, = 1. Differenti-
ating this new equation with respect to z;,2,, respec-
tively, we have that u, , u, =—u, u, , and u, , u, =

this leads to u, , u,, — uflzz = 0. This
equation can be seen as a degenerated Monge-Ampere
equation, which has the linear function solutions. For
the non-degenerated Monge-Ampére equation

_uzl uzzzz; 2121

2
A(uzlzl uzzzz uzlzz

)+Bu,, +Cu,, +Du,, +E=0,
where A,B,C,D,E are functions depending only on
21, %, U, Uy , Uy, it is usually difficult to find solutions
of a non-degenerate Monge-Ampeére equation. There
is a great number references focusing on the study of
this class equation.
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Inspired by the remark of Khavinson [1] and Li
[4], Lii [17] paid the attention on entire solutions of
a variation of the eikonal equation with product form
PDEs.

Theorem B ([17]) Let g be a polynomial in C2, and let

m be a non-negative integer. Then u is an entire solution

of the partial differential equation u,u, = x™e# in Cc?if

and only if the following assertions hold:

@) u= ¢1(x) + ¢2(y), where ¢j(x) = x™ e™) gnd
¢4(y) =P satisfying a(x)+ B(y) = g(x,y);

(i) u=F(y +Ax™""), where A is a non-zero constant
and (m + 1)AF?(y +Ax™1) = ef;

(i) u = M/ (k+1)) eV ™ + ¢, where (a/(k+1))
e2@y+b) — o8 'm =2k +1 and a(# 0), b, C are
constant.

In 2022, Chen and Han [18] further investigated
the entire solutions for a series of product type nonlin-
ear partial differential equations, and obtained:

Theorem C ([18]) Let p(z,w) # 0 be a polynomial in
C2, andlet 1 = 0 and m,n > 1 be integers. u(z,w) in C2
is an entire solution to the nonlinear first-order partial
differential equation

('u,)"('w, )" = p(z,w) 3

if and only if one of the following situations occurs.

@A 1l =0 p(zw) =q"z)r"(w) for some nonzero
polynomials q(z), r(w) in C, and u(z,w) =
(o f q(z)dz +c, f r(w)dw + ¢, for some constants
Co» C1, Cp satisfying cf'cy = 1; in particular; when
p(z,w) =K for a constant K(# 0), then u(z,w) is
affine.

() I = 0 and u(z,w) = {(l +1) (clfq(z,w)dz

+c2f r(z,w)dw —c; fqu(z,w) dz dw)}l/l+1 for
some constants c¢;, ¢y with cJ'c; = 1, where
q(z,w), r(z,w) are nonzero polynomials in C2 such
that ¢,q,(z,w) = cyr,(z,w) # 0 and p(z,w) =
q"(z,w)r'(z, w).

In 2023, Xu, Xu and Liu [19] investigated the
entire solutions of some systems of the product form
partial differential equations and obtained:

Theorem D ([19]) et D :=ad—bc #0and (f,g) bea
pair of transcendental entire solutions with finite order
for system

. +bf, . +dg, )=1,

(agZl + bgzZ)(cfZ1 +df22) =1.

Then (f, g) is one of the following forms
D (f(z),gk=)= (%Fl(zl)r %Gl(zl));
(i) (f(2),g(=))= (%Fz(zz); %Gz(zz));
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(i) (@.g() = (5=Flm—i=in) %
G4 (zz—ﬁzl)), where A € C — {0}, ¢;(t),
j =1, 2, 3 are nonconstant polynomial in C and
Fi(t)= evi(®), Gi(t) = e j=1 2 3.

With the rapid development of the difference
Nevanlinna theory of several complex variables
[20-22], Xu and Cao [23,24] in 2020 discussed the
transcendental solutions of several partial differential
difference equations. In general, an equation is called
as a partial differential difference equation, if this
equation includes the partial derivatives, shifts and
differences of f, which can be denoted PDDE for short.

Theorem E ([23]) Let ¢ = (¢;,¢,) € C2.  Then any
transcendental entire solution with finite order of the
partial differential difference equation

(le)z"'f(zl +ep,z o) =1 (5)

has the form of f(z,2,) = sin(Az; + B), where A is a
constant on C satisfying Ae™t = 1, and B is a constant
on C; in the special case whenever ¢; = 0, we have
f(21,2,) = sin(z; + B).

In the same year, Xu, Liu and Li [25] studied
the finite order transcendental entire solutions when
equation (1) turn to the system of Fermat type PDDEs,
and obtained:

Theorem F ([25]) Let ¢ = (c,¢,) € C2. Then any pair
of transcendental entire solutions with finite order for
the system of Fermat type partial differential-difference
equations

2
{(le) +8(z +c,zm+e) =1, ©)
2
(gzl) +f(z 4,z te) =1
have the following forms
(f,8)=
( eL(z)+Bl +e*(L(Z)+Bl) A21 eL(Z)+Bl +A22 e*(L(Z)JrBl) )
2 ’ 2 ’

where L(z) = a;2; + ay2,, By is a constant in C, and a;,

¢, Ay, Agy satisfy one of the following cases

(i) Ay =—i, Ayy =i, and a; =1, L(c) =(2k+ %)ni, or
a; =—1i, L(c)=(2k— %)TL’L‘

(i) Ay =1 Ay =—i, and a; =i, L(c) = (2k—3)mi, or
a; =—i, L(c) =2k + %)ﬂ.’i,‘

(iii) Ay =1, Ay =1, and a; =i, L(c) = 2kmi, or a; =
—i, L(c) = (2k + 1)mi;

(iv) Ay =—1, Ay =—1,and a; =i, L(c) = (2k+1)mi,
or a; =—i, L(c) = 2kmi.

In 2022, Tang, Zhang and Xu [26] discussed the
solutions of several second partial differential equa-
tions and obtained:
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Theorem G ([26]) Let ¢ = (c;,¢,) € C? and ¢ cy #
0. If the second order Fermat type partial differential
difference equation

(lezz)2+f(z1+cl,22+c2)2:1 )

admits a transcendental entire solution with finite order
f(21,25), then f(2;,2,) has the following form

ei(alzl +a,2,+B) + e—i(alzl +a,2,+B)

fz1,22) =1 5 s

where 1, ¢y, ¢y, a1, Ay, B are constants in C, and satisfy
one of the following cases

i) L(c)=2km+ %77:, a;a, =1, and n=-1;

(i) L(c)=2km— %n, a;a, =—1, andn=1.

The above theorems suggest the following question:

Question 1 What will happen about the solutions if the
equation (system) is of the product type and includes
the difference and the second order partial differential
or second order mixed partial differential?

RESULTS AND EXAMPLES

Motivated by Question 1, we mainly describe the entire
solutions of several systems of nonlinear PDEs and
PDDEs in C2. As far as we know, there is few refer-
ence concerning this subject in the fields of complex
analysis. In this paper, let us assume that the readers
are familiar with the Nevanlinna theory and difference
Nevanlinna theory with several complex variables, in-
cluding some basic theorems and the difference version
of logarithmic derivative lemma for meromorphic func-
tions on C™ (can refer to Korhonen [21] and improved
by Korhonen, Cao [20,27]). Here and below, we
denote z +w = (2; + wy,2, + w,) and az = (az;,azy)
for any 2z = (2;,2,), w = (w;,w,) and a € C.

Theorem 1 Let ¢ =(cy,¢,) € C% ¢y, c; € Cand ¢, #0,
and assume that f, g is a pair of finite order transcen-
dental entire solutions of system

{f(z +0)(8, +8:5) =1,
g+)fy +fop) = 1.

Then (f, g) must be the form of

(8)

1 s 1

(f’g):(Al(A1+1) "ALA—1)

e—L(z)—Bl) ,
where L(z) = A12; +Ayzy, L(c) =Ajc; + A0, Ay, Ay,
B, B, € C satisfy A; #0,%1 and

2o _ At

, ez(Bﬁ'Bz) — ; (9)
A1 - 1

A2(A2—-1)

The following examples show the existence of
transcendental entire solutions of equation (8) for
every case in Theorem 1.

Example 1 Let
9 5,42, 1 _éz_zz)
s :—63132,—63132.
(f,8) (2 m

Thus, (f, g) is a pair of transcendental entire solutions
of equation (8) for the case ¢; =log2, ¢, = —log2 and
p(f,g)=1

Example 2 Let
16 s .16 _s
; — ezzl+z2+log15+m’ e—zzl—z2—10g16) .
(f.8) (45 5

Thus, (f, g) is a pair of transcendental entire solutions
of equation (8) for the case ¢; = %ni, ¢, = log3 and
p(f,8)=1.

The following example shows that the condition
¢, # 0 in Theorem 1 can not be removed.

Example 3 Let
4 3o 423 4 -3z —13)
= —e2%1™%2 — 2%217% |,
(f,8) (ﬁe 3¢

Thus, (f, g) is a pair of transcendental entire solutions

of equation (8) for the case ¢; = 10%5, ¢, = 0. Noting

that p(f, g) = 3, the forms of this solution can not be
included in the forms stated as in Theorem 1.

By observing (9) in Theorem 1, we can get the
following corollary for ¢; = ¢, =0.

Corollary 1 The system
{f (2)(8z, + 8:5,) =1,
8@)(fy, +fopz) =1

has not any pair of nonconstant finite order transcenden-
tal entire solutions.

Theorem 2 The system
{f(z +0)(8s, T f2) =1,
g(z + C)(fz] + 812, )=1

has no any pair of finite order entire solutions.

(10)

Theorem 3 Let ¢ = (c;,¢,) € C?, and assume that
(f,g) is a pair of finite order transcendental entire
solutions of system

{f (z+c)gs, +82)=1,
gz+o)(fy, +frp) = 1.

Then (f, g) must be the form of
el(®)-B, _1 e LE)-B )
—1)

(f.8)= (Al(A2+1) A4,

where L(z) = A121 +Ay2y, L(c) = Ajcq +Asco, Ay, Ay,
B;, B, € C satisfy

(11)

>

210 _ Aat]

, eZ(B1+Bz) — 1
A, —1

— (12)
A2(A3—-1)
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The following examples show the existence of
transcendental entire solutions of equation (11) for
every case in Theorem 3.

Example 4 Let
S z+3z i —z—3z )
, — — e 175 2’ —e 17 5%2 .
o= (Zertn 2
Thus, (f, g) is a pair of transcendental entire solutions

of equation (11) for the case ¢; =log2, ¢, = %Tti and
p(f,g)=1.

Example 5 Let

1
( , ) — (_ ezl+222’_e7217222) .
f.8 7
Thus, (f, g) is a pair of transcendental entire solutions
of equation (11) for the case ¢; =1o0g3, ¢, = —% log3
and p(f,g)=1.

By observing (12) in Theorem 3, we can get the
following corollary for ¢; = ¢, = 0.

Corollary 2 The system

{f (2)(8:, +82,2,) =1,
@Sy, + fa) =1

has not any pair of nonconstant finite order transcenden-
tal entire solutions.

Theorem 4 The system

fl+a(fy +82)=1,
{ 1 g 122 (13)
g +(g, + ) = 1
has no any pair of finite order entire solutions.
Theorem 5 The system
fl+o)(fs +8:02)=1,
| ”
8z +c)(g; +fo5) =1

has no any pair of finite order entire solutions.

LEMMAS

The following lemmas play the key role in proving our
results.

Lemma 1 ([28,29]) For an entire function F on C",
F(0) # 0 and put p(nz) = p < co. Then there exist a
canonical function fp and a function gp € C" such that
F(z) = fr(2)e%®). For the special case n = 1, f is the
canonical product of Weierstrass.

Remark 1 Here, denote p(ny) to be the order of the
counting function of zeros of F.
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Lemma 2 ([30]) If g and h are entire functions on
the complex plane C and g(h) is an entire function
of finite order, then there are only two possible cases:
either (a) the internal function h is a polynomial and
the external function g is of finite order; or else (b) the
internal function h is not a polynomial but a function of
finite order, and the external function g is of zero order.

Lemma 3 Let g(u) = g(x,y) be a polynomial in C2,

and uy = (xg,¥o), Xo, Yo € C. If glu+uy)—gw) =
glx+x0,y+yo)—g(x,y) is a constant, then g(u) can
be represented as the form of

g(x,y) = L(w)+H(s),

where L(u) = ax + By, a, 3 are constants, and H(s) is
a polynomial in s in C, s := yox —XyY.

Proof: From the assumption of this lemma, we can
write g(x,y) as the form

gw) = g(x,y) =Y Q,(y)x’

Jj=0

=Q,(M)x"+Q, 1 (¥)x" T+ +Q, (¥)x+Qo(y), (15)

where Q;(y), j = 0,1,...,n are polynomials in y.

Since g(u+up)—g(u) = glx +x0,y +y0) —g(x,y) is
a constant, let

N = gutuy)—gw) = glx+xg,y+yo)—g(x,y). (16)

Next, three cases will be considered.
Case 1. x, # 0, yo = 0. Thus, we have from (16)
that

n=g(x+x0,y)—glx,y)

= > Q[(x +x0) —x7]
j=0

= D QNG xox T+ 4 ClY], (A7)
j=1

where C}‘f = w If n =0, then g(u) = Qy(y).
Obviously, g(u) = H(s).
If n > 1, we have from (17) that

Q(¥)=Qa(¥)=--=Qu(¥) =0, (18)
and
Q1 (y) = L (Const.). (19)
Xo
Thus, we conclude from (18) and (19) that
glx,y) =Q1(¥)x +Qo(y)
= Yy ™ F ™ Ty F o
Xo
=ax+ By +H(s), (20)
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where a = x%’ B=0,d; = (jT’;))j,jzo,l,...,m and
H(s) :H(_xOy) = dmsm +dm_1sm_1 +"'+d15+d0.

Case 2. y, # 0, x, = 0. Here we can rewrite g(u)
as the following form

g(u) = g(x,¥) = Y Qu(x)y™.
j=0

Using the same argument as in Case 1, we can prove
that g(x, y) is of the form ax + By + H(s).
Case 3. xy # 0, yo # 0. We have

n=gu+uy)—gu)
=>[Q(r + o) + x5 —Q;(1)x’]
=0
= Qn(.y +y0)(x +x0)n _Qn(y)xn
+Qua(y +yo)(x +x0) 7 —Q ()X -
+Q1 (¥ +y0)(x+x0)—Q1 (¥ )x+Qo (¥ +¥0)—Qo(¥)-
If n < 1, by analyzing the coefficients of x,y in
both sides of (21), we have
Q(y+yo)—Qi(y) =0,
x0Q1(¥ +¥0) +Qo(y + ¥0) —Qo(y) = 1.

Equation (22) implies that Q;(y) is a constant. Let
Q:(y) = a, then it follows from (23) that

@1

(22)
(23)

Qo(y +¥0) —Qo(¥) = n—ax.

Since Qy(y) is a polynomial in y, it yields that Q,(y) is
a polynomial in y with the degree < 1, thatis, Q,(y) =
By+by, where f = n—y_«zxo Hence, we have that g(u) =
ax + By + H(s), where H(s) = b,.

If n > 2, by analyzing the coefficients of x", x™
in both sides of (21), we have

Qu(y +¥0)—Q,(¥) =0, (24
Q.(y +J’0)C,}Xo +Qu1(y +¥0)—Qu1(¥)=0. (25)

Equation (24) implies that Q,(y) is a constant, let
Q,(y) = a®. Thus, it follows from (25) that Q,_;(y)
is a polynomial in y with degree < 1, let Q,_;(y) =

1

0 1 0 1
Ay + Gy where a, ;, a, ;, are two constants
satisfying

0. ___0

na,xo =—a,_; Yo
that is,
0
a 1y
0
0" =——, (26)
a, , n X,

Now, we continue to analyze the coefficient of x"2

in both sides of (21) and obtain

C2a%(¥o)* +Qua (¥ + Yo)(n—1)x;
+Qua(¥ +¥0) —Qua(¥) =0,

which implies that Q,,_,(y) is a polynomial in y with
degree < 2, let

Quo(y)=ad ,y*+al ,y+d,,

0 1 2 P
where a,_,, a,_,, a;_, are constants. Substituting the

above into (25), we have

2ypad , =—a’_ xo(n—1),

that is,
0
a 2 Y
g_l —__2 J0 27)
a,_, n—1x,

Similar to the same argument as in the above, we
have that Q;(y) is a polynomial in y with degree < n—j
forj=1,...,n. Let

1 n—j—1

Qi) =aly" +aly" I+ +a

y+d7,

where a?, a}, ey a;’_J are constants. Thus, we have
0 o o .
iy _ Crrf J 1(Xo)n / 1(}'0)J+1
0o — —j . .
a; Cr 7 (xo) 1 (yo)
n—jyo .
=, =1,2...,n. 28
j+1xg J (28)

Hence, g(x,y) can be represented as the following
form

806, y) = QX"+ Q1 (X" +- -+ Q1 (¥)x +Qo(y)

=a’x"+(a?  y+al Ix"'+(ad ,y*+al ,y+ad )x"?
o @y Hajy" P+ al D +Qo(y)

— 40,1 0 n—1 0 2.,.n=2 4 | 0,,n—1
=ax +a,_,yx ~+a _,yx “+--tajy

—agy" +Q, (X" +Q, (X" -+ Qo)

x+a8y”

where Q/(y) = Qj(y)—a?y”_j, j=1,2,...,n—1,and
ag is a constant satisfying

(29)
Denote

P, y)=a’x"+a’_ yx" ' +a’ ,y*x"P 4

+ a(l)y"_lx + agy", (30)

in view of (26)-(29), by a simple calculation, we can
deduce that

P, y)=a’x"+a’ | yx" ' +a’ ,y*x" P+

0,n—1
+ajy"

= bo(Yox —x0¥)",

x+ agy"
(€}

www.scienceasia.org
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where

n—j

bozﬁ, j=O,1,...,n.
Cn(_xo)J.yo

Thus, we have

g, y)=P,(x,y)+g'(x,¥)

= bo(yox —xoy )"+ &' (x,y), (32)

where

§'0LY)=Q (X" +Q_,(¥)x" 2+ +Qo(y)—ady™.

Noting that P,(x + xo, ¥ + ¥o) — P,(x,y) =0, we have
from (16) that
n =g (x+x0,y +yo)—8&1(x,¥). (33)

Similar to the above discussion for g;(x,y), we
can get that

g(X,y) = Pn(X,.Y)+Pn—1(x7)’)+gz(xd’)
= bo(Yox —xo¥ )" + by (Yox —x0¥)" " + g5(x, ¥),
where
8206, Y)=Q/ (X" 4+ Q! ,(y)x" P+
+Qo(y)—ady"—aly" .

Repeat the above discussion several times, we have

80, y) = Py, )+ Py (6, y) 4Py, y) 4 g (x,)
= by(yox — X0y )" + b1 (Yox — Xy )"t 4

+ b,y (yox _xo}')2 +g,1(x,y), (34

where
S (6, y) = x +Qo(y)—agy"—aly" ' —--—ad_, y?
=al " x+Q)(y). (35)

Noting that g,_;(x +x, ¥ +¥o)—&.—1(x, y) is a constant,
we have that Q;(y) is a polynomial in y with degree < 1.
Thus, we can denote that Q;(y) = b;‘_l y +b,. Hence, we
can deduce that

8(x,¥) = bo(yox —xo¥ )" + by (yox —x0y )"
+ by(Yox —x0¥ )+ + b1 (Yox —x0¥) + by,

Therefore, this completes the proof of Lemma 3. O
PROOFS OF THEOREMS 1-2
The Proof of Theorem 1

Firstly, let (f, g) be a pair of finite order transcendental
entire solutions of the system (8). Then we have
that f(z+c), g(z+c¢), f,, + f.,,, and g, + g, , have
no any zero and pole. Otherwise, we can obtain a

www.scienceasia.org
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contradiction with f, g being entire functions. Then
there exist two polynomials a, 8 € C? such that

f+c)=e" g, +g,.,=¢" (36)
and
glz+a)=ef, f o +f. =P @7
These yield that
[, + ., +(a,)]e =e P9, (38)
and
[Bzy + Bas, + (B2, ) ]ef =79 (39)
Equations (38) and (39) can lead to
a(z)+p(z+c)=mn1, P@E)+alz+c)=mn,, (40)
where 1;,1, € C—{0}. It follows from (40) that
a(z+2c)—a(z) =ny—mn1, 41)
B(z+2c)—p(z) =01 =12
By Lemma 3 and (40), we have
a = L(2)+ By +H(cyz; —C123), 42)

B =—L(2) + By —H(cyz1 — 125),

where H(s) is a polynomial in s := c,2; — ¢;2, in C2,
L(Z) =A121 +A2Z2, Al’ Az, B1732 € C. It follows from
(42) that

— / _ 2qq/
a, =A+cH, a,, =cH,

(43)
Bs, =—A1—cH', B, =—cH".
Substituting (43) into (38) and (39), we have
(A +eH')? = e HO BB A o H + 2H”, 44)
(Aj+c,H') = el()=B2—B: —A;—c,H — CSH/’.

In view of ¢, # 0, this means that deg, H < 1. In fact,
let deg, H = n. If n > 2, by comparing the exponent
of s on both sides of the first equation or the second
equation of (44), we have 2(n—1) =n—1, which is a
contradiction with n—1 # 0. Hence, deg, H =n < 1.
Thus, we can still denote that

p =—L(z)+B,.
In view of (38), (39) and (45), we have
Ay(Ay +1)e HOMBitE =
A] (A] _ 1) eL(C)+Bl+32 — 1’
which implies that A; # 0, A; # £1 and
Q2 At sy L
A —1 A(A-1)
And in view of (36),(37),(45) and (46), we can deduce
that

a=L(z)+By, (45)

(46)

47)

{f — eot(zfc) — eL(z)JrBlfL(c) — Al(AllJrl) eL(z)fBZ’ (48)
_ AB(z—c) _ o—L(z)+L(c)+By _ 1 —L(z)-B
g_eﬂz ) — L= c Z_Al(Al—l) z 1,

Therefore, this completes the proof of Theorem 1. O
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The Proof of Theorem 2
Similar to the argument as in the proof of Theorem 1,
there exist two polynomials a, 8 in C? such that

flr+a)=e% g +fos =€ (49)

and

g(z+c)=¢ef, foy + 8z = e P, (50)

Obviously, a, 3 are not constants, otherwise, we can
obtain that f, g are constants, this is a contradiction
with f, g being transcendental entire functions. Thus,
it follows from (49) and (50) that

ﬂzl eﬁ + [azlzl + (azl )2] e = e—a(z+c),
a, e+ [ﬂzlzl +(B,, )2] ef = g Bla+e),
These lead to

ﬂzl eﬁ+a(z+c) + [azlzl + (azl )2] ea+a(z+c) = 1’
a, e +B(+c) 4 [ﬂzlzl + (ﬁzl )2] ePHBG+) = 1

(51
(52)

Now, we will consider two cases below.

Case 1. If a, , +(a,)*=0. Set X = a, , we thus
have X, +X 2=0. If X # 0, solving this equation, we
have a, =X = m, where 4(2,) is a function in
2,. Then a =log[z; +¢1(25)]+¢,(2,), where @,(z,) is
a function in z,. Thus, we can get a contradiction with
a being a polynomial in C2. If X = 0, then a = ¢(z,),
where ¢(2,) is a polynomial in z,. By (52), we have

[Bepz, + (B, ) ]PHPE =1,

which is impossible because f is a nonconstant poly-
nomial. Similarly, we can get a contradiction if 5, , +
(B,,)*=0,0ra, =0orp, =0.

Case 2. If a, , +(a, )* # 0. Noting that the fact
that a + a(z + c¢) # 0, using the Nevanlinna second
fundamental for G = [a, , +(a, )21e4t2(+9) we have
from (51) that

T(r,G)<SN(r,G)+N(r, ) +N(r, 75) +5(r,G)

1
<N|r,
- ( [azlzl+(azl)2]ea+a<z+c>)

1
+N(T‘, W) +S(r,G)
1

< O(logr)+S(r,G),

which is a contradiction with a, 8 being nonconstant
polynomials and a, , + (oczl)2 =0and §, =0.
This completes the proof of Theorem 2. O

PROOFS OF THEOREMS 3-5
The Proof of Theorem 3

Assume that (f, g) is a pair of finite order transcen-
dental entire solutions of system (11). Then we have

that f(z +c), f;, + f;,2,, g§(z+¢) and g, + g, ., have
no any zero and pole. Otherwise, we can obtain a
contradiction with f, g being entire functions. Then
there exist two polynomials a, 3 € C? such that

f+c)=e%, g +g., =%  (53)
and
glz+c)=el, f, +f , =eP. (54)
These yield that
|:azl + azlzz + azl azz] ea = e_ﬂ(z+5)’ (55)
and
4B 28810 =, (50

Similar to the argument as in the proof of Theorem 1,
and by Lemma 3 and (40), we have

a=L(z)+B; +H(cyz1 —125), 57)
B =—L(2z)+ By —H(cyz, —€125),
where H(s) is a polynomial in s := cy2; — ¢12, in C2,
L(Z) =A121 +A2Z2, Al’ Az, Bl, 32 € C. It follows from
(57) that

a, =A+eH', a, =A,—cH', a, , =—cic,H”, (58)

B, = —Ar—H', B,,=—AytciH', B, ,,=c1c,H”. (59)
Substituting (58), (59) into (55) and (56), we have

(A +coH)(Ay—c H') = OB B1_A, ¢, H ¢, c,H”
1 2 2 1 1 2 12 (60)
(A1 +coH)(Ay—c H') = e M B Brya p oo H —cqc H.

If ¢; = ¢y = 0, then it follows from (60) that
Aj(A,+1)=e BB and A; (A, —1) = e B17B2 which
leads to —1 = 1. This is a contradiction.

If ¢; =0, ¢y # 0. Then it follows from (60) that
Ay(Ay + cH') = X BBr A — ¢, H’ and A,(A; +
c,H") = e!O=B2"B11 A, 4¢,H’. Thisleads to H' = Const.
If A, # 0, we have Ayc,H = —c,H' and A,c,H' = c,H'.
Noting that ¢, # 0, we have H' = 0. If A, =0, then
it follows e"(9~B2"Bi = A, + ¢,H’ which means that
H’ = Const.

If ¢; #0, ¢c; = 0. Then it follows from (60) that
Aj(Ay —cH') = el BB _ A and A;(A, + ¢;H') =
el©=B"B1 L A Obviously, this leads to H’ = Const.

If ¢; #0, ¢y # 0, similar to the argument as in the
proof of Theorem 1, we can deduce H' = Const. Hence,
we have deg, H = n < 1. Thus, we can still denote that

a=L(z)+B;, p=-—L(z)+B,. (61)
In view of (55), (56) and (61), we have
A (A, +1 e—L(C)+Bl+BZ — 1’

142 +1) ©2)

AI(AZ _ 1) eL(c)JrBlJrBz — 1’
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which implies that A; # 0, A, # £1 and

1

Q2L A2 1 _r
A3(A5—-1)

o 2BitBy)
A, —1

(63)

And in view of (53),(54),(61) and (62), we can deduce
that

f — ea(zfc) — eL(z)JrBlfL(c) — Al(A12+1) eL(z)fBz’ (64)
— ABE—0) _ o—L@)+L(c)+By — _ 1 —L(z)-B
g_eﬁzc —e LG c Z_Al(AZ—l)e 2)=B;
This completes the proof of Theorem 3. O

Proofs of Theorems 4 and 5

We only give the details of the proof of Theorem 4
because the proof of Theorem 4 is similar with the
proof of Theorem 5. Similar to the argument as in the
proof of Theorem 2, there exist two polynomials a, 3
in C2 such that

flr+a)=e% fi+8. =€ (65)

and
glz+c)= eP, &t fom = e P, (66)

Obviously, a, 8 are not constants, otherwise, we can
obtain that f, g are constants, this is a contradiction
with f, g being transcendental entire functions. Thus,
it follows from (65) and (66) that

@, e + (B, + B, B, ) P =€),
B, ef +(a,,., +a,a,)e* =ePEH),
These lead to
@, ) 1 (B, + B, B,) P = 1,
B, ef+hlare) 4 (aZlZZ +a, aZZ) @ PGt = 1,

67)
(68)

Now, we will consider two cases below.

Case 1. If a, =0, then a = ¢(z,) where ¢(z;)
is a polynomial in z,, and (8, ,, + B, ﬁzZ)eﬁM(z“) =
1, which implies that 8 + a(z +c) =n, where n is a
constant. Thus, it follows that f = 11— ¢ (2, +¢,). This
leads to ,, =0 and 3, ,, = 0. In view of (67), we
can deduce a contradiction. If f, =0, we can get a
contradiction in view of (68).

Case 2. If a, #0, then f3, , + 3, f8,, #0. Other-
wise, it follows from (67) that a, extalz+A) = 1 which
implies that a+a(z+c) is a constant, this is impossible.
By using the Nevanlinna second fundamental for F =
a, e*talz+A) we have from (67) that

T(r,F)<N(r,F)+N(r, )+ N(r, 755) + S(r, F)
1
<N (r, —)
a. eata(z+c)
21

1
+N (r,
(ﬁzlzz + ﬂzl ﬂzz) ef+alzto)
< O(logr)+S(r, F),

)+S(r,F)

www.scienceasia.org
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which is a contradiction with a, 3 being nonconstant

polynomials and a, #0, 3, ,, + B, B,, ZO0.
This completes the proof of Theorem 4. i
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