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ABSTRACT: By reformulating the nonlinear complementarity problem into a system of nonsmooth equations, we
proposed a two-step smoothing Levenberg-Marquardt method with global convergence in this paper, where not only
one step but also an approximate step is computed at each iteration. Under local error bound condition, the local
convergence result of the present algorithm is also obtained. Finally, numerical experiments illustrate the effectiveness
of the present method when compare it with one-step smoothing Levenberg-Marquardt methods.
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INTRODUCTION

Consider the nonlinear complementarity problem
(NCP) such that
x>0, F(x)=0, xTF(x)=0,
where x € R", F : R" — R" is continuously differen-
tiable. It has a large number of important applications
and has attracted many interests in last decades [1-4].
For NCB a popular method is to reformulate it into a

system of nonsmooth equations such that

H(x) = (¢(xy, F1(x)), ..., 9(xn, F,))) =0, (D)

where ¢ : R? - R is an NCP function [5,6]. And a
Levenberg-Marquardt (LM) algorithm always solves it
by introducing a perturbation item A;, then generating
the iterative direction d; by solving the equation such
that

UM+ M)y = —J[H(xy), 2

where A, > 0 is called LM parameter, J;, denotes the
generalized Jacobi of the function H in nonsmooth
LM algorithms [7-9], the Jacobi of the function H,,
which is a smoothing approximating function of H in
smoothing LM algorithms. Since it is always difficult or
time consuming to obtain the generalized Jacobi of the
function H for nonsmooth algorithms, the smoothing
ones for NCP have been paid more attention for a
long time [10-12]. By using smoothing technique
to convert NCP to smoothing nonlinear systems, Yu
and Pu present a smoothing Levenberg—Marquardt
method. And Under the local error bound condition,
which is much weaker than nonsingularity assumption
or the strictly complementarity condition, they obtain
the local superlinear convergence [11]. By investigat-
ing an element of related functions’ B-differential, a
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smoothing Levenberg-Marquardt was proposed based
on a Chen-Harker-Kanzow-Smale (CHKS) smoothing
function, which satisfies a property called strongly Ja-
cobi consistency [12]. These algorithms are effective in
numerical experiments. However, they are both based
on one-step LM iterative step. Considering that the
two-step technique has been adopted for complemen-
tarity problems in recent years, such as Zheng and Liu
proposed a two-step modulus-based matrix splitting it-
eration method for solving a class of nonlinear comple-
mentarity problems [13], Cao and Wang investigated
the implicit complementarity problems by a two-step
modulus-based matrix splitting iteration method [14],
a two-step modulus-based matrix splitting iteration
method for the horizontal nonlinear complementarity
problem was proposed in [15] and so on, maybe it
is also effective when applied into the LM algorithms.
And maybe it is valuable to investigate the function F
in a general form, since these methods with two-step
technology are based on the property of matrix, and
the correlation functions are expressed in the form of
matrices.
Actually, for a smooth equation such that

G(x)=0,

the LM algorithm always has quadratic convergence if
the Jacobi matrix of the smooth function G : R" — R"
is nonsingular and Lipschitzian continuous. As the
nonsingularity is a strong condition, Yamashita and
Fukushima investigated the convergence rate under
the local error bound condition [16] when the LM
parameter A, is chosen as ||G(x;)||?>. Fan and Pan
obtained the convergence order when A, = [|G(x;)]||°
for 6 € (0,2] [17]. In [18], Fan introduced a two-
step Levenberg-Marquardt method (MLM) with cubic
convergence when & € [1,2], where each iteration
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dj = di, +dy, is obtained by solving two linear systems,
the one denoted as d, is the solution of the equation
in the form of Eq. (2), where H(xy) is replaced by
G(xy), the other one dy, is obtained by solving the
linear system such that

UM+ 2Dd =—J G,

where y, = x; +di,. Amini and Rostami proposed
a three-step modified Levenberg-Marquardt method
(MMLM) with a new line search, where the addition of
the LM step and two approximate LM steps are adopted
as the trial step at every iteration [19], the convergence
order of the algorithm is biquadratic. It is noticeable
that both the MLM and the MMLM algorithms have
better convergence and they do not need compute
more, but only the Jacobi of G(x;) once in the k-th
iteration. Inspired by these, a two-step smoothing
LM method and its local convergence under the error
bound condition for the nonlinear complementarity
problem are investigated in this paper.

PRELIMINARIES

In this section, we recall some definitions and proposi-
tions necessary in this paper.

In nonsmooth analysis, there exists some general-
ized differentials with different forms. Let G : R"™ —» R™
be locally Lipschitzian, £2; denotes a set where G is not
differential, B-differential of G at x € R" is defined by

FG(x) ={lim JG(x;) : x; = x, x; € Qg}.

Clarke generalized Jacobi of G at x € R" is defined as
the convex hull of ;G(x) such that

9qG(x) = conv FG(x).
Denote
H(x) = Hyin(x)
= (Prmin (1, F1 (00, -, Ormin O, FaCODT, - (3)

in Eq. (1), we use the CHKS smoothing function

a+b—+e24(a—b)?
2 3

¢e(a,b) =

to approximate to the NCP function “¢;,” throughout
this paper. Then, the smoothing approximating func-
tion H, : R" — R" of the function H has some good
properties, such as the strongly Jacobi consistency [12]

lim dist(VH, (x), 0ciHpin (x)) = 0.

We next list some others, which are necessary in the
convergence analysis.
(i) For arbitrary &; > 0, &, > 0, there is

|H,(x)—H,, ()|l < k|/21 — /5,
where k = v/2n.
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(i) For arbitrary € > 0, we have
IH(x)—H (x)|| < kVe.

(iii) Denote a(x)={i: x; = F;(x)}. Suppose x € R" is
not a solution of NCP. Define a function £ : R" - R
such that

if "2 _5(x) <0,
otherwise

4

p(x)s

é(x, 5):{ ’
VT2 (x)52p(x)’

where p(x) = min{(x;—F;(x))?:i ¢ a(x)}, 7(x) =
3 max{[|(x; — F;(x))(e; = VF;(x))|| : i ¢ a(x)} and
6 > 0 is a given constant. Then, there is

dist(VH, (x), I Hpin (%)) < 8,

for all ¢ such that 0 < ¢ < &(x, ).

Semismooth functions include many types of func-
tions in nonsmooth analysis, such as smooth functions,
convex functions, maximum functions and so on. The
function H,;, is semismooth, it has some properties as
follows

H(y)—H(x)—V'(y—x)=o(lly—xIl), VV € 8yH(x),
which means that
IH()—HX) =V (y—x)I<Clly —x["*?,  (5)

where C > 0 and p = 0 are constants. Suppose V €
9 H (x) is Lipschitz continuous, there is

IH(y)—HI < O(lly —x|| ). (6)

Especially, we have p = 1 in Eq. (5) when H is strongly
semismooth.

ALGORITHM AND ITS GLOBAL CONVERGENCE

In this section, a two-step smoothing Levenberg-
Marquardt method for nonlinear complementarity
problems is presented, and its global convergence is
also shown.

Define ®(x) as the merit function of (1) such that

8(x) = ZIHCOIP,

and also its approximating merit function ®,(x) such
that

@,(x) = 1, I

In what follows, we present the two-step smooth-
ing Levenberg-Marquardt method.

Algorithm 1

Step 0: Choose an initial point x, € R" and n €
(0’ 1): ae (0’ 1)7 s€ (0’ 1)’ me (O: 1)) (oS (07 1 _a/4)’
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Yy >0, €>0. Set x =+2n, B, = |[H(x)|, & =
(afy/2k)%, k=1.
Step 1: If |[V(x)"H(x)| < e, where V(x;) €
Jc1H (xy), then terminates. Otherwise, go to Step 2.
Step 2: Set A, = ||[H(x;)||%, where

if &(x,) > 1,

1
5, = 4 TG
k { otherwise.

1+,
Obviously, &, € (0,2].
Step 3: Solve the following linear system

() T () + MDDy = =J () Hy, (), (7)

to obtain its solution dy. , where J(x;) is the Jacobi of
the function H,, (x;). Set y; = xj +dj, .
Step 4: Solve the linear system

(J(x)"T () + Ay == () He (vi),  (8)
to obtain dkz‘ Set dk = dkl + dkz‘

Step 5: Set o, = min{o, A /4}. Select the smallest
m; from N which satisfies the following inequality

@, O +5™d) =&, (1) < —0ops™ |l I>. (9)

Set ty =Smk, Xi+1 = Xk + tkdk'
Step 6: If

1H (1) — He, (i)l
IH (x4l < max{nfy, 2 = |

set Bry1 = ||H(x41)]| and choose g, such that

. a -
0<eép S mln{(ﬂﬂkﬂ)z: mey, €(xp41, Y Pre1)}s
where £(.,.) is defined by (4). Otherwise, set ., =
B> Ex1 = méy.

Step 7: Set k := k+ 1, return to Step 1.

Remark 1 Algorithm 1 is well defined since the line
search condition such that

@, (x + tedy) — @, () < =0 1|,

where o, = min{o,A;/4} > 0 and ¢, > O small
enough.

Remark 2 It is important to force the smoothing pa-
rameter € to go to zero in Algorithm 1. Since &, =

me;, the sequence ¢, generated is not increasing.

We next investigate the global convergence of
Algorithm 1.

Assumption 1 The solution set X of NCP is not empty.
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Assumption 2 There exists a neighborhood Q C X
such that both H,(x) and its Jacobi J(x) are Lipschitz
continuous on it, i.e., there exists constant L; > 0,
Ly > 0 such that [|[J(y) —J()| < Ly|ly —x||, for all
x,y €, and

IH:(y) —H ()l < Lylly —xIl, Vx,y € Q.
Then, by the Lipschitzness of the Jacobi, there is
IH (y) = H, () —=J () (y =)l < Lylly — x|, (10)

and

7 CGOIl < L. (11

In Algorithm 1, if ||V (x;)TH(x,)|| < & occurs at
some iteration k, then Algorithm 1 terminates finitely
a solution of the problem (1). Otherwise, Algorithm 1
generates a sequence {(x,é&;)}, where {g} is not
increasing, based on which, we give the following
assumption.

Assumption 3 The sequence generated by Algo-
rithm 1 has at least one accumulation point, which is
a solution of NCP

By the virtue of [11], we have Lemma 1 to
Lemma 3 as follows.

Lemma 1 For all k = 0, there is
I1H (xi) —H,, (Ge)ll < al H(x)I.

Lemma 2 Forall x € R", k €N, the following statement
holds

1H,,,, ()l + K o/ €141 < |IH,, (i)l + 5 /&,
where k = v/2n.

Denote an index set K such that

K={0}u {k EN: IH(x I

< max {n[jk—ly
a

lH () —Hg, , ()l }}
Lemma 3 If the index set K is infinite, each accumula-
tion point of {x;} is a solution of NCP

Lemma 4 ([7]) Let {x;} € R" and {e} be two se-

quences with x;, — x* for some x* € R" and g | 0.

Then, there exists a subsequence {V®,, (x;)}, such that
lim v¢£k (Xk) S 3C1<1>(x*).

k—oo, kel

Theorem 1 If {x,} is a sequence generated by Algo-
rithm 1 and x* is an accumulation point of {x,}, then
0 € Jq®(x*).
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Proof: If K is infinite, the conclusion follows by
Lemma 3 immediately. Hence, we just need consid-
ering the case when K contains finitely many indices.
Suppose K is finite, k is the largest element in K, and
x* is an accumulation point of the sequence such that
X, — x*, k € L. Without loss of generality, we suppose
KnNL=. Then, from Step 6 of Algorithm 1, there is

Br = B = IHCI,
and

IHGe)I > 0y >0,
which implies that

(el > n*lle(xll >0, k> k.

Next, we prove the statement by contradiction.
Assume that x* is not a stationary point of ®(x), which
implies that ®(x*) # 0.

(i): We first show that there exists an index set L
such that {d; };¢; C {di}, and it is bounded. From the
LM Eq. (7), we have

lld, Il = 1—( ()T () + A D)~ () He, (vl
together with (10), there is

lldi, 11 < 11T Gei) ™I (i) + A1) 71 () He, (0
FE ) T () + A1) 71T () |l
+ Lyl 1PN (o) T () + A4, 7T ()OI (12)

Since dk1 is the solution of the LM Eq. (7), there is
dy, = 107 ()T o) + 4 D)™ (e ) ' He, (el (13)

Suppose the singular value decomposition (SVD) of
J(x;) is as follows

Ok

Ok,2

J(x)=U, ST =U, Sy, (14)

Gk,n

where U,,S, € R™" are orthogonal matrices and
Oy 2 2 0y, 20, there is
N0 ) T Ger) + A D)7 = 118k (27 + A DTS
=1+ A7

— 2 —1 < —1.
i=lif,12_),(,,n(ak’" + A 0) Ay (15)

Hence, from (12), (13) and (15), we have

ldi, Il < ek, 14110 o)™ o)+ 2D THI Cee) Pl I
+ Ly lldi P10 (o)™ G + A DI e |

L1L2 2
di 117
3l

L
< lldg, 1+ flldk1||+ (16)
k
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Furthermore, since

1 G )H,, ()

, 17
el a7

lld, II <

from the LM Eq. (7) and {A,} is bounded for any k € L,
there exists an index set denoted as L that {d; }e; is
bounded. Then, combining (16) with (17), we have
dj = di, +d;, are bounded. Conveniently, suppose that
there exists a convergent subsequence {d;};c; such
that d,, — d*.

(i)): We next show that liminft; = 0. Ifliminft; =

kel kel

t* > 0, the line search rules in Algorithm 1 shows that
@, (x11) =, (xp) < —tolldill?,
for all k € L. Since
dy = di., +dy,,
It follows from LM Egs. (7) and (8) that

dy., = =17 G Gei) + A I 171 (e )H, (),
dy,, = =[0I (i) + 4T 171 (i) H (),
then
i =1 () (xQ+ A7 () [H,, (x)+H, (y)]. - (18)
According to (14) such that
Ok,1
T Ok,2 T
J(x) = U Xy S, = Uy . Se

O.k,n

where U,S, € R™" are orthogonal matrices and
Oy1 2 2 0y, 2 0, we obtain

) TG0 + A4 ) =S (2 + A4, 7'S],

then
i = =Sk Ak S ([ He () + He ()] (19)
where
1
U§71+7Lk
1
A= Th ot
1
o‘lfJ"Jr)Lk
Denote C(x;) = J(x;)[H,, (xi) + H,, (i)], then
dilI* = C(x) Sk A7 S{C(xy), (20)

Since x; — x*(k € L), ¢ — 0 and o, =
min{o, A /4}, there exists some m; > 0 such that
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o7, <m for k € L,i =1,...,n, which implies that
some convergent subsequences such that

2 2
Oki 70>

exists. Considering that
A = 1H(xilI%,

where 6 € (0,2] holds for any k € L, there exists a
convergence subsequence of {A;}.c;. Denote it as
{Ar ke itself and A, — A*, k € L — oo. Moreover,
suppose A, < m, for convenience, there is

ldell? = MIICCx)II?, 21

where M = 1/ (m; +m,). So, we obtain from the line
search rule in Step 5 that

—optrlldi]?

—o e MIIC(x)I%,

@, (xp1) — P, (1)

VA

for any k € L large enough. However, since K is finite,
there is

1
{0} = 0" =min{o, ZIIH(X*)II5k} > 0.

Letting ¢ = o*t*M||C(x*)||?> > 0 and combining that
{&x} — 0, we have

c
S(xp1) —P(xp) < 3

then, similar to the proof of Theorem 3.10 in [9],
deducing from Lemmas 1 and 2, we obtain

o o(x,) < —=

(1, )= ®(x;) < R

for all I; sufficiently large, which contradicts the non-

negativity of ®(x). Hence, we obtain hIIP iLnf t, =0.
€
(iii): Assume hIIP iLnf t, = 0, the reminder proof is
€
similar to Theorem 3.4 in [12], since

&, (x +5™ 1) — 2, (x;)

= > —olldill.

for all K € L large enough, we have V&(x*)Td* >
—o*||d*||?, namely,

V*Td* > _0.*||d*||2’
where d* is the limit of {d,};, and o* is the limit

of {or};, V* € 9q®(x*). Suppose {S;}, — S*, A* =
diag( ), together with (19), one has

—_, =
O’l+l*’ > o-n+)L*

(V*)TS*(O'*(/\*)Z —/\*)(S*)TV* > 0’

which implies V* = 0 and ®(x*) = 0. This contradicts
®(x*) # 0. The proof is completed. O
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Remark 3 The Armijo line search plays an important
rule in the proof of Theorem 1. Although the two-
step and three-step LM methods have been proved
with global convergence [18, 19], they are all applied
for solving smoothing systems of equations, the global
convergence is valuable when the two-step technology
is used for solving a nonsmooth system.

LOCAL CONVERGENCE UNDER LOCAL ERROR
BOUND

In this section, we investigate the local convergence of
the algorithm under the local error bound.
Give the error bound assumption firstly.

Assumption 4 H provides a local error bound on
some neighborhood of X € X, i.e., there exists con-
stants ¢; > 0 such that

cpdist(x,X) < ||[H(x)||, VxeN(x,r), (22)

where dist(x,X) = i1€1£||y —Xx|| and N(x,r) is a neigh-
y

borhood of x.

We recall the SVD of J(x}), which is the Jacobi of
the function H,(x;) and is necessary for the discussion
of the local convergence. More specially, denote

Uk = (Ug1, Uk 25 U 3)s

Xk 51;1
T = Lo s Sk=1{Sk2 |>
0

T
Sk,S

where %, ; = diag(oy 1,...,0k,) with o1 = 0y, 2
20y, >0,and Ty, = diag(og r41;- - > Ok raq) With
Okl Z Ofryp 2 * 2 Oy r1q > 0, when we neglect the
subscription k in % ; for convenience, J(x;) denoted
as Jy is such that

Je = U %,S] + U, 5,8, .

Furhermore, denote H, = H,, (x;). Then, from (7)
and (8) in Algorithm 1, we conclude that
dy, =—S1(Z3+ 1) 'S, UTH,,
—Sy(Z3+ A1), UL H,
di, = =51 (23 + 1) 7', Uy He, (i)
—Sy(Z5+ A ) S Uy He, (),
and
H, +Jidy, =H, — Uy (22 + A1) "5, U/ H,,
—Uy(Z3+ M) ' S,Uy H,,
=0 Ui (53 + A1) ', UH,,
+ MUy (Z5+ A1) ' 5,U  H, +UsUR H,,
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H, (yi) +Jxdy, = 2U3 (52 + A1) 5, U H, (k)
+ MU (5 + M) BoURH,, (vi) + UsUs He, ()

Then, similar to the proof of Lemma 3.4 in [15], we
conclude Lemma 5 and Lemma 6 immediately.

Lemma 5 Suppose Assumptions 1, 2, and 4 hold. If
X, € N(x,r/2), then there is

(@ 10U H,, (vl < ol —xill%,
®) U U3 H,, (vl < csllx — xil°,
(© 1UsUzH,, (Yl < cqllxc —xill,

where c,, cs, ¢4 are positive constants.

Lemma 6 Suppose Assumptions 1 and 4 hold. If
dist(xy, X) = [lx =X ll, X €X and x;, yr €N(X,r/2),
there are positive constants cs, cg, C; such that

lldi, Il < lldi, I < co I3k —xill,

s 15k = xll,

and

—Xk||2+6k.

1H,, (¥i) + Jidi, || < c7llx

Proof: Consider dy, is the minimizer of an optimization
problem such that

minq(d) = [|H,, +Jidl* + A lld]1%,
deRrn
where J is the Jacobi of H, , it is obvious that

1
lldy, II* < A_kq(dk)

1
< —q(x—x

AkCI( k k)
_ ||Hsk+Jk(§k—Xk)||2
= 7
< LfIIYk—kuI“
S

Ak

—xi I,

+{1xk
+ {13 — xi 1

Since

e = IHGeII: > e 13— xi 1, (23)

we have

-5 5
lldi, I* < L3cp * 1% =i I10% + 1136 — i1,

which gives
lldi, Il <
where ¢ > 0. Then, combine (16) such that

cslIxk —xill,

L, L L2

lldi, I < ldg, 1+ 5= |Idk1|| + ||dk1||2

with (23), we have ||dy, || < cgl[x) — x; ||, where cs > 0.
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Next, we show that ||H,, (¥i) + Jidy, || < ¢, —
xi||2. In fact, similar the proof of the inequality (3.36)
in [19], we have

||Hgk(}’k)+-]kdk2||
= A’kUl(Z? +Ak1)_121U1TH5k(J/k)
+ MUy (5 + M) '8, U H, + UsU H, (1)
< A=, U H, (vl + A4 125 U, Uy He, (v
+1U;UsH,, (vl

< O(|[3x=x, |17 + O[3 =, |1)* %% + O(|| X —x[1)°
< O(l13%; = xi [)*x. 24
Since &; € (0,2], one has
IH,, (vi) + Ty || < e 1% — x40,
where ¢, > 0. O

Theorem 2 Suppose {x,} is generated by Algorithm 1
and Assumptions 1 and 4 hold, then {x;} converges to
some solutions quadratically.

Proof: By the virtue of Assumptions 1 and 4 and
Lemma 1, there is

11X — Xl < IH )l

< H,, (xs)ll + all H )l
IH,, (v + di)Il + el H ()l
IHe, (i) + T (yi)di || + Lyl di |1 + all H (x>
IHe, (vi) + Jiedi, | + 1 (i) = Tilllldi, || + Ly 1y, 12
+allH(x)l?,

<

<|

<|

then, together with (24) and (5) such that
IHG)I? < (1% = xi [P0,

where p 2 0, and the Lipschitz continuous of J(x) that

1) = Jill < Ly [l

= xll,

we have

< O(lIxi = xi %)

+O(|I3, — xi 1%) + O(lIx, — X |IP2HP),

Xk = Xpsall

which implies that ||X,.; — X1l < O(lIx,—x(l?). O
Remark 4 In [11], Yu and Pu proposed one-step
smoothing LM method for NCB where the local conver-
gence order is superlinear under the local error bound
when H is strong semismooth. However, we obtained
that the local convergence of two-step LM method is

quadratic when H is semismooth.
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NUMERICAL RESULT

In this section, we give some examples to illustrate
the effectiveness of the present algorithm and compare
it with the smoothing LM methods with one-step it-
erative direction proposed in [11] (denoted by SLM)
and [12] (denoted by MSLM) at different initial points.
Here, we code the algorithm in Matlab R2010a, Win-
dows 10(64), 4G Memory, 2.4 GHZ. In what follows,
we set 1 =0.8, a =0.7, 0 =0.015, s = 0.5, y = 10,

m = 0.75. The stop criterion is ||V (x;) H(xp)| <
1.0e-6.
Example 1 Let F(x) = (f;(x), f,(x), f3(x))", where

fl(x) = xl - 2)

folx) = x5 —x3 +x§ +3,

fa(x)=xy+x3+ 2xg —3.
The problem has the solution (2,0, 1)T.

Example 2 (Kojima-Shindo Problem) Let F(x) =
(F1(2), f2(x), f3(x), f4(x))", where

f1lx) = 3xf +2x1x5 + 2x§ +x5+3x,—6,
fo(x) =2x2 +x1 + x5 4+ 10x3 + 2x4 — 2,
f3(x) = 3x2 +x1x5 + 2x5 +2x3 4+ 9x, —9,
falx) = xf + 2x§ +2x3+3x,—3.

There exist solutions (v/6/2,0,0,1/2)" and (1,0, 3,0)"
in this problem.

ScienceAsia 49 (2023)

Let F(x) = (f1(x), fo(x), ..., f,(x))T, where

if i is odd,
otherwise,

gi(x)—gi(x*)+1,
filx)= { ' .

gi(x)—gi(x"),
x*=(0,1,0,1,...)T € R". Obviously, x* is a unregen-
erate solution of NCP

Numerical results are listed in Table 1-Table 3
respectively, where “~” in the tables means that the
number of iterations is more than 50. Meanwhile,
we take Kojima-Shindo problem as an example, and
describe the trend of ||H(x;)|| with the iterative steps.
One random comparison results of MSLM and the
present algorithm are shown in Fig. 1, when the initial
points are chosen from 10rand(1,4), 100rand(1,4),
and 1000rand(1,4).

As seen from Table 1-Table 3, the number of it-
erations and CPU time of the present algorithm are
always less, when compared with SLM and MSLM.
However, it can be seen that there are two cases,
such as the initial points 10rand(1,3) in Table 1 and
(100,100, 100, 100)" in Table 2, where the CPU time of
the present algorithm is a little more than MSLM, either
the iterative steps is less or the calculation accuracy is
improved.

CONCLUSION

In this paper, we proposed a two-step smoothing
Levenberge-Marquardt method. Compared with the

— T . .
Example 3 Denote G(x) = (g1(x), g2(x),...,8n(x))",  one-step smoothing LM methods proposed in [11] and
where [12], the present algorithm is effective, and always
n need less iterations and CPU time. However, a line
gi(x)=—(n+1)+x; + Z x;, i=1,...,n—1, search rule is adopted in this paper and there also exists
j=1 cases that the CPU time of the present algorithm is a
n little more. Maybe a two-step LM algorithm with trust
gn(x)=—1+ l_[x je region technology will be better, which is our future
j=1 topic to research.
Table 1 Numerical results for Example 1.
Initial point SLM MSLM Algorithm 1
Iter |HCOl CPU (s) Iter |HCOl CPU (s) Iter [|H(| Cpu (s)
rand(1,3) 6 2.2712e-09 3.86 4 7.6921e-07 3.88 4 2.4252e-15 3.02
Srand(1,3) 8 4.8887e-09 5.13 7 1.1556e-09 3.61 5 1.9281e-12 3.53
10rand(1,3) 14 1.7476e-10 8.53 8 1.0413e-09 4.50 7 1.3958e-07 4.72
100rand(1, 3) 39 4.8428e-07 22.19 14 8.0567e-08 8.26 8 1.2880e-07 5.50
Table 2 Numerical results for Example 2.
Initial point SLM MSLM Algorithm 1
Iter |H ()| CPU (s) Iter |HCOl CPU (s) Iter |H(l CPU (s)
(1,2,1,2)7 10 4.4497e-09 8.78 10 1.2116e-09 8.36 6 5.5643e-13 6.17
(2,1,1,2)7 7 1.1143e-09 5.48 6 1.5078e-06 5.19 7 1.6882e-12 4.84
(10,10,10,10)" 14 6.0516e-14 12.44 12 3.4600e-10 10.87 9 2.5746e-17 8.21
(100,100,100, 100)T - - - 19 2.0228e-10 15.98 19 8.8180e-11 16.85
(1000, 1000, 1000, 1000)T 23 2.0187e-14 16.95 22 2.9940e-12 18.74 13 2.7798e-08 13.59
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Table 3 Numerical results for Example 3.
Dim  Initial point SLM MSLM Algorithm 1
Iter [|H(x)|| CPU (s) Iter [|H(x)|| CPU (s) Iter [|H(x)| CPU (s)
4 (1,0,0, )T 8 4.8183e-22 6.75 6 8.8448e-07 5.45 3 1.4860e-08 3.12
4 (10,10,10,10)T 14 7.4724e-16 10.22 11 1.4533e-08 9.29 7 3.2901e-08 6.80
5 (1,2,...,5)7 13 1.8589e-13 14.76 9 2.4660e-08 10.28 7 1.1512e-17 9.05
5 (10,10,...,10)T 15 3.332%-13 17.17 11 7.2029e-07 12.31 7 2.5436e-10 8.95
8 (10,10,...,10)T 14 3.7718e-08 32.14 12 4.8087e-16 25.30 8 4.3555e-16 21.44
5 60 8000
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Fig. 1 The comparison of the number of iterations between MSLM and Algorithm 1.
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