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ABSTRACT: Given an entire function f of finite order p, let L(z, f) = Z;’;O b;(z)f ®(z+c;) be alinear delay-differential

polynomial of f with small coefficients in the sense of O(r**¢) +S(r,f), A < p. Provided a and f8 are similar small
functions, we consider the zero distribution of L(z,f) —af™ — B for n = 3 and n = 2, respectively. Our results are
improvements and complements of Chen [Abstract Appl Anal 2011 (2011):ID 239853), and Laine [J Math Anal Appl

469 (2019):808-826].
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INTRODUCTION

Let f(2) be a transcendental meromorphic function in
the complex plane C. We assume that the reader is
familiar with the standard notations and main results
in Nevanlinna theory (see [1-3]). A meromorphic
function «a is said to be a A-small function of a mero-
morphic function f of finite order p, if there exists
A < p, such that for any ¢ € (0, p — A),

T(r,a) = O(r“g)+5(r,f), ¢))

outside a possible exceptional set F of finite logarith-
mic measure (see [4]). Here, S(r,f) is any quantity
that satisfies S(r, f) = o(T(r,f)) as r — oo outside a
set F. For the sake of simplicity, the right-hand side
in (1) will be denoted by S, (r, f).

Hayman [5] proved the following theorem.

Theorem 1 If f(2) is a transcendental entire function,
n > 3 is an integer and a(# 0) is a constant, then f'(z)—
af (z)" assumes all finite values infinitely often.

Recently, several articles (see [4,6-18]) have fo-
cused on complex differences, giving many difference
analogues in value distribution theory of meromorphic
functions.

In 2011, Chen [8] obtained the following Theo-
rem 2, an almost direct difference analogue of Theo-
rem 1, and gave an estimate of numbers of b-points,
namely, A(¥,(z)—b) = o(f) for every b € C.

Theorem 2 Let f(z) be a transcendental entire function
of finite order p, and let a,c € C\{0} be constants, with
c such that f (z+c) # f (z). Set ¥, (z) = Af (z)—af (2),
where Af(z) = f(z+c)—f(2) and n = 3 is an integer.
Then ¥, (2) assumes all finite values infinitely often, and
for every B € C, we have A(¥,(2)— ) = p.

In 2013, Liu and Yi [15] replaced Af(z) in The-
orem 2 by a more general linear difference operator

k ;
g(f) = Zj:1 a;f(z +c;), where a;,¢c;(j = 1,2,...,k)
are complex constants, and obtained the following
result.

Theorem 3 Let f (z) be a transcendental entire function
of finite order p, let a, 8 be complex constants. Set ¥, =
g(f)—af™(z), where n = 3 is an integer. Then ¥, have
infinitely many zeros and A(¥, — ) = p provided that

g(f)#B.

In 2019, Laine [12] generalized the coefficients
from complex constants to A-small functions, released
the assumption on f that g(f) # B, and obtained the
following theorem.

Theorem 4 Let f be an entire function of finite order
P, a, B, bg,..., by be A-small functions of f, g(f) :=
Z;‘zlbj(z)f(z +¢;)(#0) and n = 3. Then for ¥, :=
g(f)—af", ¥,—p has sufficiently many zeros to satisfy
A(\I}n - ﬁ) =p.

But a bit regret, the proof of dealing with G(z, f) =
0in [12, Theorem 5.1] is not complete.

We now introduce the generalized linear delay-
differential operator of f(z),

L(zf) =) bja)f %z +c), @)
j=0

where b; are A-small functions of f, c; are distinct
complex numbers and k; are non-negative integers.
In view of the above theorems, it is quite natural to
study the value distribution of ¥, — 8 when the linear
difference operator g(f) is changed to the linear delay-
differential operator L(z, f) with the restriction on f3
be omitted.

In this paper, we study the above problem and
obtain the following result.
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Theorem 5 Let f (z) be an entire function of finite order
0P, a(# 0), B be A-small functions of f, L(z,f)(# 0)
be linear delay-differential polynomial defined as in (2)
and n = 3. Then for &, = L(z,f)—af", ®,—f has
sufficiently many zeros to satisfy A(®,—B)=p

Remark 1 Omitting the restriction on 8 is meaningful.
In fact, we do not need to worry about that if L(z, f) =
B and f has a Borel exceptional value 0, then A(®, —
B) = A(—af™) may be less than p. It is because from
the proof of Theorem 5, we can get that if O is a Borel
exceptional value of f, then L(z,f) # B. So L(z,f) =
f and f has a Borel exceptional value O can not hold
simultaneously.

Chen [8] also considered the value distribution of
W, when n = 2 and obtained the following Theorem 6
and Theorem 7.

Theorem 6 Let f(z) be a transcendental entire function
of finite order p with a Borel exceptional value 0, and
let a,c € C\{0} be constants, with c such that f(z +
c) # f(2). Then W, (z) assumes all finite values infinitely
often, and for every 3 € C we have A(¥, — ) =p

Theorem 7 Let f(z) be a transcendental entire function
of finite order p with a finite nonzero Borel exceptional
value d, and let a,c € C\{0} be constants, with ¢ such
that f(z +c) # f(2). Then for every € C with 3 #
—ad?, U,(z) assumes the value f3 infinitely often, and
AW, —B)=p

Liu and Yi [15] replaced Af (z) in Theorem 6 and
Theorem 6 to a more general linear difference operator

Z =1 a;(z)f (z+c;) and obtained the following result.

Theorem 8 Suppose that f(z) be a finite order tran-
scendental entire function with a Borel exceptional value
d. Let f(2), a(z)(Z 0), aj(z)(j =1,2,...,k) be polyno-
mials, and let ¢;(j = 1,2,..., k) be complex constants. If

either d = OandZ] _ J(z)f(z+c )#0,ord#0and
Zj:1 da;(z) —d*a(z) — B(z) 0, then Wy(z)—f(z) =
Z;(:l a;(z)f(z +¢;) — a(z)f (2)*> — B(z) has infinitely
many zeros and A(¥, — ) = p(f).

The following Example 1 shows that if the
difference operator Af(z) = f(z + c) — f(g) or

Z] 14;(2)f (z+c;) in ¥, is changed to a linear delay-

differential operator L(z, f), the conclusions in Theo-
rem 7 and Theorem 8 may not hold.

Example 1 Let L(z,f) = f(z+1)— f'(2), and &, =
L(z, f)— 3 f (2)2. For fi(z) =€ +1 we have &,(f;) =
12‘3e22+Se Here,d=1,a=%%,a, =1, a, = —1,

and = ze;ézj:lda)—adz——T,butéz#ﬁ.

So it is natural to ask: what can we say about
&, = L(z,f)—af2? The second aim of this paper is to
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consider the above problem, and obtain the following
results.

Before stating Theorem 9, we recall that the Borel
exceptional value for small function 8 of f(z) satisfies

Af(2)=B) < p(f),

where A(f —f) is the exponent of convergence of zeros

of f — B (see [14]).

Theorem 9 Let f(z) be a transcendental entire func-
tion of finite order p with a finite non-gero Borel ex-
ceptional value d. Let a € C\{0} be constant, and
B,b;(j=0,1,...,m) be A-small entire functions of f.
Let L(z, f) (£ 0) be linear delay-differential polynomial
defined as in (2). Defining ®, = L(z,f)—af? and I, =
{0 <j <m:k; =0}, we have the following statements:

W If

B # (Z bj)d—adz,

jeh

then ®,(2)—p has sufficiently many zeros to satisfy
Mey—B)=p

() If

B= (Z bj)d—adz, 3)

Jjeh
then one of the following holds:

(a) B is a Borel exceptional small function of @,
which satisfies

poty __Lafl-ad—p
F—d2 7 2d(-d)
(b) ®,—f has sufficiently many zeros to satisfy
1
N(r,%—_ﬂ)zT(r,f)+sA(r,f).

Remark 2 In Example 1, )’ =1,d=1,a=5%",

and f = %“’ = (21511 bj) d— ozd2 is a Borel exceptional
value of ®,, which also satisfies (4). Thus Example 1
above illustrates Theorem 9.

]EI

Remark 3 Let L,(z,f) = f(z + ¢) — f(z), then
Zjell b; =0. Let Ly(z,f) = ZJ 14;(2)f (z +¢;), then
Z;(:l a; = Zjell a;. Thus by Theorem 9(i), we can
obtain the results in Theorem 7 and Theorem 8 when

d # 0. Therefore Theorem 9 improves Theorem 7 and
Theorem 8.

The following theorem deals with the case when
d=0.
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Theorem 10 Let f(2) be a transcendental entire func-
tion of finite order p with a Borel exceptional value 0.
Let a € C\{0} be constant, and B, b;(j = 0,1,...,m)
be A-small entire functions of f. Let L(z,f)(Z 0) be
linear delay-differential polynomial defined as in (2).
Defining ®, = L(z, f )—af 2, then we have A(®,—B) = p.
Particularly, if B =0, then

N(r,1/®,)=T(r, f)+S,(r, f). )

Remark 4 The following example shows that when
B =0, (5) in Theorem 10 occurs.

Example 2 Let L(z,f) = e 2f(z + 1) — %f’(z), and
&, =L(z, f)—f (). For f,(z) = e*™, we have ®,(f,) =
(1—e/2)e"—e? %, Here, 0 is a Borel exceptional value
of f,, and N (r,1/®,) = N(r, 1/(1— e/2— ezez)) =
T(r, f2)+S(r, f2)-

PRELIMINARY LEMMAS

In this section, we collect the results that are needed
for proving the main results.

The following lemma plays an important role in
uniqueness problems of meromorphic functions.

Lemma 1 ([3]) Let fi(z)(j = 1,...,n)(n = 2) be
meromorphic functions, and let g;(z)(j = 1,...,n) be
entire functions satisfying

@ X, fiz)es® =0;

(ii)) when 1 <j <
constant;

k < n, then g;(z) — gk(z) is not a

(iii) when 1< j<n,1<h<k<n, then
T(r,f;) =o{T(r,e¥ %)} (r — oo, r ¢ E),

where E C (1,00) is of finite linear measure or
logarithmic measure.

Then, fi(z)=0(j=1,...,n).

Using the same reasoning as in the proof of
[2, Lemma 2.4.2], we easily get the following lemma.

Lemma 2 ([4]) Let f be a transcendental meromorphic
solution of finite order p of a differential-difference
equation:

f"P(z,f)=Q(z, f),

where P(z, f) and Q(z, f) are delay-differential polyno-
mials in f with A-small coefficients of f. If the total
degree of Q(z, f) is < n, then for each ¢ > 0,

m(r, P(z,f)) = 0(rP ") + 8, (1, f).

The following lemma, which is a special case of
[11, Theorem 3.1], gives a relationship for the Nevan-
linna characteristic of a meromorphic function with its
shift.
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Lemma 3 ([11]) Let f(z) be a meromorphic function
with the hyper-order less than one, and ¢ € C\{0}. Then
we have

T(r,f(z+c)=T(r f(2))+S(r f).

Observe that

m(r f(k)(z—i-c)) < m(r F®(z+c) ) + m(r f(z+c))
T f® T fz+0) T f) S
by using Logarithmic Derivative Lemma and its differ-

ence analogues (see [2,9-11]), Lemma 3, we obtain
the following lemma, see also [14].

Lemma 4 Let f be a transcendental meromorphic func-
tion of finite order. Then

fO+0)
m(r’ (@)

outside a possible exceptional set of finite logarithmic
measure.

)=s0.), ©)

Applying Lemma 4, we obtain the following
lemma.

Lemma 5 Let f be an entire function of finite order p,
a(# 0), B be A-small functions of f, L(z,f) be non-
vanishing linear delay-differential polynomial defined as
in (2) and n = 2. Then ®, — f3 is transcendental and

satisfies p(®,—p) = p.

Proof: We first assume that &, — 3 is transcendental.
Indeed, if not, then ®, — 3 = R(2) is rational, and f" =
a Y(L(z, f)— B —R(z)). Therefore, by Lemma 4, we
obtain

nT(r,f)=T(rf") S T(r,L(z,f))+S:(r. f)
= m(r,L(Z,f))'i'SA(r,f)

< m(r, —L(?f))+m(r,f)+51(r,f)

- f(kj)(z+cj)
<]ZO’“(“ @
< T(r’f)+sl(r)f)’

)+m(r,f)+sl(r,f)

a contradiction follows since n = 2.
Next, we prove that p(®, — f8) = p(f). By
Lemma 4, we have

T(r,®,—B)=T((L(z f)—af"—p))

< T(r’fn)+ T(r’L(fo))JrSl(r:f)
= nT(r’f)+m(r’L(Zﬁf))+Sl(r;f)

< nT(r,f)+m(r, @) +m(r, f)+8,(r, f)
=+ DT (r, )+ S f), )

www.scienceasia.org
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and
T(r,®,—f)=T(r(L(zf)—af"—p))
= T(r:fn)_T(r’L(Z:f))"'SA(r’f)
= nT(raf)_m(raL(z:f))+Sk(r;f)
= nT(r’f)_m(r’f)+Sl(r7f)
=m—DT(r, f)+38,(r, f). ®)
Therefore, combining with A < p, from (7) and (8) we
have p(®,—B) =p. O

PROOF OF Theorem 5

Firstly, we prove the case p > 0. Suppose now, contrary
to the assertion, that A(®, — ) = A < p. From
Lemma 5, we obtain that &, — 8 is transcendental
and (8) holds. By the standard Hadamard represen-
tation, we may write

¢, —p=L(z,f)—af"

where 7 (# 0) is a A-small function of f, and g is
a polynomial with degg < p. Actually, degg = p.
Otherwise, if degg < u < p, then from (8) and (9),
we obtain

(n_l)T(r>f)_S)L(r:f) < T(r:én_ﬂ)
=0(r"")+8,(r,f),

—pB =meé, 9

leading to p < max{u,A} < p by n = 3, a contradic-

tion.
Differentiating (9) and eliminating e, we obtain

fE)G(, f)=H(z, f), (10

where
G(z,f):= ((%/ +g')a—a’)f —naf’
and
H(z,f):= (%/ +g’)L—L’—(%/ +g’)[o’ +p.

Case 1. G(z,f)=0. Then we have af" =cmes
for some non-zero constant ¢. By (9), we get
L—B= ( +1)af™. (11)

Subcase 1.1. ¢ = —1. Then we have f =
(—m/a)/"e/" and L = B. This gives that

LGz, f) =ib,»(z)((

bi(z)y(z+cj)e -

ni(z +c; ))1/” stete) )(k)
— | e

a(z +c;)

[
Ms

-

Il
i

4
Il
o

8t} 8@\ g(@)
bi(z)y(z+c;)e = )e =0, (12)
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where y is a differential polynomial of (—m/ )/,

g and their shifts. Obviously, by Lemma 3,
T(r,y(z+¢;)) =T(r,v(2)) +S(r,v(2)) = Sa(r, f).

gle+e))—g(2)

If 37, b(2)y(z+c)e” =0, then we have

L(z,f) =B =0, a contradiction with the assumption
that L(z, f) #O0.
g(z+¢j)—g(z)

IfZ} Lo bi@y(z+c)e

# 0, then we prove

T( p
r’
S bi@y(E +c))e

8latej)—g(@) ) = S(r’ eg)' (13)

By applying the exponential polynomial theory (see
[19, Lemma 2.6] or [20]), we have

T(r,e8)= [ - had LY +o(rP), (14)

where wy(# 0) is the leading coefficient of g.
From (7), (8) and (9), we have

(n—140()T(r,f)+0(r ) <
1
=1(r.—(@,~$))
< (n+1+0)T(r f)+00*).

T(r,e®)

This gives that
T(r,f)=0(T(r,e®)) and T(r,eé)=0(T(r,f)).

Combining these with (14) , we obtain

T(r,b;)  S(r,f)
T(r,e8)  T(r,e?)
o(r**e) Snf) T(nf) |

(B o) TGN Tl

as r — 00, outside a possible exceptional set with finite
logarithmic measure. Thus we have

T(r,b;)=5(r,e®).
Following the same reason, we also have
T(r,)=S(r,e®), and T(r,y(z+c;))=5(r,e?).

Therefore, (13) holds. Thus by (12), we have

T (r, eg(Z)) = T(T‘, r 2(z+cj)—g(z) )
(Z] o bi@Er(E+c)e )

= S(r’ eg)’

which yields a contradiction.
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Subcase 1.2. ¢ # —1. Then from Lemma 4 and
(11), we get

n L_ﬁ
nT(r,f) = T(T‘,f ): T(T‘, (%4-—1)(1)

ST(rL)+Sy(rf)
< m(r, Jé) +m(r, £)+S,(r, f)
ST f)+S,(0nf),

which yields a contradiction since n = 3.
Case 2. G(z,f) #0. Since n = 3, by applying
Lemma 2 to (10), we obtain

T(r,G(z,f)) =m(r,G(z,f)) + N(r,G(z, f))
=0(rP )+ 8,(r, f),

and

T(r,fG(z,f))=m(r,fG(z,f)) +N(r, f G(z, f))
= 0(rP) +8,(r, f).

Therefore,

< T(r,fG(Z,f))‘f‘T(r, G(er))
=0(rP 1)+ 8,(r, f),

which is a contradiction. Hence A(®,—f8) = p.
Finally, we prove the case p = 0. By Lemma 5, we
have 0 < A(®,—f) < p(®,—p) =p =0. Thus, A(®,—
fB) = p = 0. Next we prove that &, — 3 has infinitely
many zeros. Suppose, contrary to the assertion, that
&, — f has finitely many zeros, then by the standard
Hadamard representation and p = 0, we may write

@n—ﬁZL(Z,f)—afn—/j:ﬁ’ (15)

where 7 (# 0) is a small function of f. Thus, by
Lemma 4 we have

nT(r,f)=T(rf") = T(r,
S T(r,L(z,f))+S(r,f)
=m(r,L(z, f)) +S(r, f)

m fE(z+c))
DR G
S T(r f)+S8(r, f),

L(Z,f)—ﬁ—ﬂ)
a

)+m(r,f)+S(r,f)

leading to a contradiction by n = 3. Thus &, — 8 has
infinitely many zeros.
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PROOF OF Theorem 9

(1) Suppose that d is a Borel exceptional value of f(z),

and
(Zb}«)d—adz—ﬁ £0.

j€h

Then f (2) can be written in the form

f(z)=d+h(z) e (16)

where a # 0 is a constant, p (> 1) is an integer, and
h(# 0) is an entire function such that p(h) < p. Thus
flz+c;)=d+h(z+c;)e )
= d + (h(z +¢;) e~ ) e

=d+h(z +cj)71CJ e’ a7

where ch = ele+e)l—az” Combining with Lemma 3,

p(h(z + c]-)zcj) < p. For k; > 0, differentiating itera-
tively, we obtain by elementary computation that
FE)(z+c)) = (d +h(z+c;) e+ ) k)
— d(kj) + (h(Z + Cj)ea(z+cj)lJ )(kj)

= hcj,kj ezt — hcj,kacj e (18)

where hcj,kj are differential polynomials in h(z+c;) and
a(z +c;)? . Obviously, p(hcj’kjﬁcj) < p. On the other
hand, we may write L(z, f) as

L(z, )= Y b;(2)f (z+c;)+ Y, bi(5)f ©(z+¢;) (19)

Jj€L J€I,

where ; ={0<j<m:k;=0}and , ={0<j<m:
k; > 0}. Thus, by substituting (17) and (18) into (19),
we obtain
L(z,f)

= "b,@)(d+hz+c)h, e )+ > bi(2h, i b, e

Jjeh J€I

= (Zb)d+(Zbjh(z+cj)iNlcl+ijhcl_’kﬁc) e, (20)

el el Jj€l,

By combining with (16) we get

,=L(z,f)—af’

- (Z bj)d—i-(z bih(z+c;)h, + b jhcj,kﬁc}) e’

Jel Jeh Jj€l,
—a(d +he®")?
=F(z) e —ah?e?* + (Z bj)d —ad?, (21)
JeL
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where
7(z)=> bz +ch,, + Y bjh, i h, —2adh.

j€hL JEI,

By Lemma 5, p(®,—f)=p. f A(®,—B) <p =
p(®,—p), then B is a Borel exceptional small function
of ®,, and we can rewrite &, as follow:

®, =B +h*(z)e?, (22)

where b(# 0) is a constant, and h*(Z 0) is an entire
function with p(h*) < p. By (21) and (22) we have

h*(z)e? =¥(z) e’ —ah?e*®" +(ij)d—ad2—[a’.
JEL
(23)
In (23), there are three cases for b: Case 1. b #a
and b # 2a; Case 2. b = a; Case 3. b = 2a.
Applying Lemma 1 to (23) for all these three cases,
we obtain

(Z bj)d—adz—ﬂ =0,
Jjeh
which contradicts our assumption that
B # (Z bj)d —ad?.
Jjeh
Hence, A(®,(z)—p) =p.
(ii) Suppose that d is a Borel exceptional value of

f,and
(ij)d—adz—ﬁ =o0.

Jjeh

(24

Using the same method as before, we can obtain (16),
(20) and (21). By combining (21) with (24), we have

&, —f =7(z)e® —ah?e?®” (25)
Next, we discuss the following two cases:
Case 1. 7(z) =0. Then
D bh(z+c)h, + Y bk b, =2adh,  (26)
Jj€L J€I,
and (25) can be reduced to
&, —f = —ah?e®’ @27

By Lemma 5, p(®,—f3) = p. Combining with p(h) < p,
we obtain A(®, — ) = A(h?) < p(h) < p. Thus, B is a
Borel exceptional small function of ®,.

From (16) and (27), we have

&, =p—a(he™ ) =p—alf —d)> (28)
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Hence
B—%, _
(f —d)?
Combining with (16), (20), (24) and (26), we obtain

Lz, f)

- (Z bj)d + (Z bih(z+ch, + . bjhcj,kjﬂcj) e’

jer jer, JEI,
=ad?+p +2adhe® = ad?+ B +2ad(f —d).

Therefore,
L(z,f)—ad*~=p _
2d(f —d)
Case 2. 7(z) # 0. We rewrite (25) as follow:

? azP
e ) (29)

Next, we prove that T(r,¥/(ah?)) = S(r,e®™"). By
o(h) < p, we have T(r,h) = S(r,e®"). Combining
with Lemma 3, we have T(r,h(z + ¢;)) = S(r, e")
and T(r, hcj,kj) = S(r,e®"). We assert that T(r, b;)=
S(r,e®"). From (16), we have

~ azP P P
q>2_/5 — Yeaz _ahZ e2az — ahz e (

T(r,f)=T(r,e®" ) +S(r,e*"). (30)
Thus,
T(rb) _ o™  S(nf)
T(r,e=") - T(r,ex=")  T(r,ew=")
__ouM)  swf)

(2 +o(1))re “Ten "

as r — o9, outside a possible exceptional set with finite
logarithmic measure. So we have T(r, b;) = S(r, e,
Thus, T(r,7/(ah®)) = S(r,e%").

By the first and second main theorems of Nevan-
linna theory, we have

1 1
T (r, eazp) < N(r, —) +N(r, _ )
eaz? eazP _ L
o 2
+N(r,e®" )+ S(r,e?")

1
= N(T‘, —?) +S(r, eazp)

eazP —
ah?
<T (r, e“zp) +S(r,e%").
So

1 1
N(l‘,m)=1\](f‘,—}7

azP . _L_
€ ah?

)+S(r, e”")

= T(r,e“zp)+S(r, e“zp). 3D

Thus, combining with (30) and (31), we obtain
N ( r,

ﬁ) = T(r, )+ S( ).
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Suppose that d = 0 is the Borel exceptional value
of f. Using the same method as before (the proof of
Theorem 9), we can obtain (20) and (21) with d =0,
ie.,

L(z,f) =7(z)e™". (32)

and

®, = 7(z)e™ —ah?e?™, (33)

where

7&)=>bh(z+c)h, + > bk, ;R

j€l JEI,

Next, we discuss the following two cases:
Case 1. # #0. By Lemma 5, p(®,—f8) =p. If
A(®,(2) —B) < p, then we can rewrite &, as follow:
®, =f+h* e, (34)
where b(# 0) is a constant, and h*(# 0) is an entire
function with p(h*) < p. By (33) and (34) we have
B +h*eb =7(2)e™” —ah?e?” (35)
In (35), there are three subcases for b: Subcase 1. b #
a and b # 2a; Subcase 2. b = a; Subcase 3. b = 2a.
Applying Lemma 1 to (35) for these three cases, we
obtain 8 = 0, which contradicts our assumption that
B % 0. Hence A(®,(2)—B) =p.
Case 2. f§ = 0. Obviously, 7(z) # 0. Otherwise, by
(32) we obtain L(z, f ) =0, a contradiction. We rewrite
(33) as follow:

— 2 jazf i_ azP
®, =ah"e (ahz e ),

following the same method as in the proof of case 2 in
Theorem 9(ii), we obtain

1 1
N(r, —) =N(r, _ ) +S(r,e®)
®, eaz? #

=T (r, e“zp) +S(r,e%*")
= T(r,f)+S,1(r,f).

Hence, we have A(®,) = p.

Acknowledgements:
China (No.11801215).

This work was supported by NNSF of

559

REFERENCES

1. Hayman WK (1964) Meromorphic Functions, Oxford
Mathematical Monographs, Clarendon Press, Oxford.

2. Laine I (1993) Nevanlinna Theory and Complex Differen-
tial Equations, Walter de Gruyter, Berlin-New York.

3. Yang CC, Yi HX (2003) Uniqueness Theory of Meromor-
phic Functions, Mathematics and its Applications 557.
Kluwer Academic Publishers Group, Dordrecht.

4. Laine I, Latreuch Z (2020) Zero distribution of some
delay-differential polynomials. Bull Korean Math Soc 57,
1541-1565.

5. Hayman WK (1959) Picard values of meromorphic func-
tions and their derivatives. Ann Math 70, 9-42.

6. Chen ME Gao ZS, Zhang JL (2019) Value distribution of
meromorphic solutions of certain non-linear difference
equations. Acta Math Sci Ser B 39, 1173-1184.

7. Chen ZX (2014) Complex Differences and Difference Equa-
tions, Mathematics Monograph Series, vol 29, Science
Press, Beijing.

8. Chen ZX (2011) On value distribution of difference
polynomials of meromorphic functions. Abstract Appl
Anal 2011, 239853.

9. Chiang YM, Feng SJ (2008) On the Nevanlinna char-
acteristic of f(z +n) and difference equations in the
complex plane. Ramanujan J 16, 105-129.

10. Halburd RG, Korhonen RJ (2006) Difference analogue
of the lemma on the logarithmic derivative with appli-
cations to difference equations. J Math Anal Appl 314,
477-487.

11. Korhonen R (2009) An extension of Picards theorem
for meromorphic functions of small hyper-order. J Math
Anal Appl 357, 244-253.

12. Laine I (2019) Zero distribution of some shift polynomi-
als. J Math Anal Appl 469, 808-826.

13. Liu K, Laine I (2010) A note on value distribution of
difference polynomials. Bull Aust Math Soc 81, 353-360.

14. LiuK, Laine I, Yang LZ (2021) Complex Delay-Differential
Equations, Studies in Mathematics 78, De Gruyter,
Berlin, Boston.

15. Liu Y, Yi HX (2013) Properties of some difference poly-
nomials. Proc Japan Acad Ser A Math Sci 89, 29-33.

16. Liu Y, Zhang YQ, Qi XG (2019) Some properties of
certain difference polynomials. J Comput Anal Appl 26,
130-139.

17. Long JR, Wu PC, Zhu J (2014) On zeros and deficiencies
of differences of meromorphic functions. Adv Difference
Equ 2014, 128.

18. Zheng XM, Chen ZX (2013) On the value distribution
of some difference polynomials. J Math Anal Appl 397,
814-821.

19. Li N, Yang LZ (2017) Solutions of nonlinear difference
equations. J Math Anal Appl 452, 1128-1144.

20. Steinmetz N (1978) Zur Wertverteilung von Exponen-
tialpolynomen. Manuscripta Math 26, 155-167.

www.scienceasia.org


http://www.scienceasia.org/
http://dx.doi.org/10.4134/BKMS.b200051
http://dx.doi.org/10.4134/BKMS.b200051
http://dx.doi.org/10.4134/BKMS.b200051
http://dx.doi.org/10.2307/1969890
http://dx.doi.org/10.2307/1969890
http://dx.doi.org/10.1007/s10473-019-0419-8
http://dx.doi.org/10.1007/s10473-019-0419-8
http://dx.doi.org/10.1007/s10473-019-0419-8
http://dx.doi.org/10.1155/2011/239853
http://dx.doi.org/10.1155/2011/239853
http://dx.doi.org/10.1155/2011/239853
http://dx.doi.org/10.1007/s11139-007-9101-1
http://dx.doi.org/10.1007/s11139-007-9101-1
http://dx.doi.org/10.1007/s11139-007-9101-1
http://dx.doi.org/10.1016/j.jmaa.2005.04.010
http://dx.doi.org/10.1016/j.jmaa.2005.04.010
http://dx.doi.org/10.1016/j.jmaa.2005.04.010
http://dx.doi.org/10.1016/j.jmaa.2005.04.010
http://dx.doi.org/10.1016/j.jmaa.2009.04.011
http://dx.doi.org/10.1016/j.jmaa.2009.04.011
http://dx.doi.org/10.1016/j.jmaa.2009.04.011
http://dx.doi.org/10.1016/j.jmaa.2018.09.036
http://dx.doi.org/10.1016/j.jmaa.2018.09.036
http://dx.doi.org/10.1017/S000497270900118X
http://dx.doi.org/10.1017/S000497270900118X
http://dx.doi.org/10.3792/pjaa.89.29
http://dx.doi.org/10.3792/pjaa.89.29
http://dx.doi.org/10.1186/1687-1847-2014-128
http://dx.doi.org/10.1186/1687-1847-2014-128
http://dx.doi.org/10.1186/1687-1847-2014-128
http://dx.doi.org/10.1016/j.jmaa.2012.08.032
http://dx.doi.org/10.1016/j.jmaa.2012.08.032
http://dx.doi.org/10.1016/j.jmaa.2012.08.032
http://dx.doi.org/10.1016/j.jmaa.2017.03.047
http://dx.doi.org/10.1016/j.jmaa.2017.03.047
http://dx.doi.org/10.1007/BF01167971
http://dx.doi.org/10.1007/BF01167971
www.scienceasia.org

