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ABSTRACT: In this article, we introduce a new class of functions named the m-polynomial exponentially s-type convex
and we study some of its algebraic properties. We investigate a new integral inequality of Hermite-Hadamard (H-H)
type by using the new introduced definition. Also, we prove a new midpoint identity. By examining this identity we
can deduce some integral inequalities of midpoint type for the new introduced definition. Several special cases are
discussed in details which emphasize that the results accounted in this paper unify and extend various results in this
field of study. Finally, we provide some applications on the Bessel functions and special means of distinct positive real
numbers to demonstrate the applicability of the new results.
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INTRODUCTION holds for all p,,p, € Se, p €[0,1] and n € R.

A set Se C R is said to be convex if for all g4, p, € Se
and p €[0,1],

ep1+(1—p)p; € Se.

Then, we say that a function ¢ : Se — R is convex if
for all p,,p, € Se and p €[0,1],

Plep1+(1—0)p2) e d(p1)+(1—0)p(p2). (1)

Also, we say that ¢ is concave whenever —¢ is convex.

There is an important integral inequality in the
literature for the convex function (1), namely the
Hermite-Hadamard (H-H) type integral inequality,
which is given by [1].

P2
¢(@1+pz (x)dx < P (p1)+¢(p,)

S— . (2)
2 ) P2701 Jo, 2

The H-H integral inequality (2) has been applied
to different types of convex functions such as
GA-convex functions [2], quasi-convex functions [3],
s-geometrically convex functions [4], (a,m)-convex
functions [5], and the readers can visit [6, 7] to find
other types.

Here some definitions of convex type functions are
introduced and used in sequel.

Definition 1 ([8]) A function ¢ : Se C R — R is said

to be exponentially convex, if

$(p1)
ene1

3

P(op1+(1—p)pa) <o ¢(@22)

+(1—9) o
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Toply et al [9] introduced the class of m-polynomial
convex functions as follows.

Definition 2 Let m € N. A function ¢ : Se CR —» R is
said to be m-polynomial convex, if

$lopr +(1—0)ps) < Z 1-(1-0) ] (p1)

EIH

+

SIH

Z Top) @
=1

holds for all p;, g, € Se and p €[0,1].

Recently, Rashid et al [10] defined the class of
m-polynomial s-type convex functions.

Definition 3 Let s € [0,1] and m € N. A function
¢ : Se CR — R is said to be m-polynomial s-type con-
vex, if

m

Do +(1-0)p) < — > [1-((1—0))'1#(0))
(=1

+2 3 [1-Ge) 1o(e2) ®
(=1

holds for all p;, p, € Se and p €[0,1].

With the help of the above definitions, we intro-
duce a new definition of the class of convex functions.
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Definition 4 Let s € [0,1] and m € N. The function
¢ : Se — R is called m-polynomial exponentially s-type
convex, if

¢(9P1+(1_Q)Pz)<%2[1—(5(1 9))f]¢(?;11)
=1
+%Z[1 (so )f]¢gf;j) )

~
Il
—

holds for each p4, p, € Se and p €[0,1].

Remark 1 From Definition 4, we can observe that:

(i) if m=s=1 and n =0, then (6) reduces to (1);

(ii) if m =s = 1, then Definition 4 reduces to Defini-
tion 1;

(iii) if s =1 and n = 0, then Definition 4 reduces to
Definition 2;

(iv) if n =0, then Definition 4 reduces to Definition 3.

The aim of this paper is to investigate new
H-H type integral inequalities for the new introduced
m-polynomial exponentially s-type convex functions
via the «-fractional integral operators, where the
k-fractional integral operators are defined as follows.

Definition 5 ([11]) Let v;,k > 0, p; < p, and ¢ €
2[91, 9] Then the k-fractional integrals of order v,
are defined by

/pv;l’,((i’(x) = m ‘Ll(X—Q)V”Il¢(9)dQ, 01 <X,

and

©2 "
(e—x)~
X

S0 = “(e)de,

KFK(vl)

where T (+) is the k—gamma function, defined by

[e]
Fx(vl):f "l _TdQ: FK(V1+K)=V1FK(V1),
0

and I;(-) =T().

Remark 2 Definition 5 with k = 1 becomes the fol-
lowing standard Riemann-Liouville (RL) fractional in-
tegral operators.

Fot 9= 1)J(x @) '¢(e)de, pi<x,
and

) P2 .
2290= 105 | @0 9@)de o>

@2>X7

213

Definition 6 ([12]) A function ¢ : Se C R — R is said
to be MT-convex on Se, if it is nonnegative and satisfies
the following inequality: for all p,,p, € Se and p €
(07 1):

_ve v1
24/1—p 2,/0

Definition 7 ([13]) For any function ¢ that is
YL[p1,0,] and for any x € [p;,p,], the left v-th
Atangana-Baleanu (AB) fractional integral of ¢(x) is
defined as follow: for 0 < »; <1,

d(p1)+

P(op1+(1—0)p,) < qb(@z)

SN0 = s g "L (x),

B( 1) B( 1)
where B(v;) is a normalisation function that is real
and positive and satisfies B(0) = B(1) = 1. It is also
possible to define the right AB-integral, in the natural
way analogous to Remark 2.

The H-H type integral inequalities are involved in
fractional calculus models and they has been applied
for different types of convex functions such as MT-type
[12], A,-type [14], a new class of convex functions
[15], and the readers can find out the other types in
the literature [16-18].

In addition, it has been received a huge amount
of attention in applying other models of fractional
calculus such as standard Riemann-Liouville fractional
operators [19], conformable fractional operators [20],
generalized fractional operators [21], generalized dis-
crete operators [22], -RL-fractional operators [23],
tempered fractional operators [24], AB- and Prabhakar
fractional operators [13], and x-fractional integral op-
erators [25-28].

ALGEBRAIC PROPERTIES OF THE NEW DEFINED
CONVEX FUNCTIONS

Here we derive some algebraic properties of our new
defined convex function.

Condition A We say that n=0 if and only if p;, p, <0
and n < 0 if and only if g, p, = 0.

Proposition 1 If Condition A is satisfied, then each
nonnegative m-polynomial convex function ¢ is also an
m-polynomial exponentially s-type convex function.

Proof: By using the assumption, we have for all
p1,902 €Seand p €[0,1]:

d(ep1+(1—0)p)

m m

1
2l1-a-e)]een+—>[1-

=1 =1

< = 1-60-e) Jolp)+— Z[l—(sg)f]qs(m)

=1 Z 1

¢(@1 1<
<= 1-60-g) 22 +;Z [1-Gs

=1 =1

<

o' 1o (p,)

S'—' 3=
3

E

—_

)z ¢(@2)

env:2 :

3
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This gives the proof. O
Now, we study some algebraic properties.

Theorem 1 Let s € [0,1], m € N and 11 € R. Assume

that ¢, ¢1, ¢5:Se = R. If ¢, ¢, and ¢, are three m-

polynomial exponentially s-type convex functions, then

(1) ¢,+¢, is m-polynomial exponentially s-type convex
function;

(2) for nonnegative real number c, c¢ is m-polynomial
exponentially s-type convex function.

Proof: The proof is evident, so we omit here. O

Theorem 2 Let s € [0,1], m € N and 1 € R. Assume
that ¢, : Se — R be a convex function and ¢, : R > R is
a non-decreasing and m-polynomial exponentially s-type
convex function. Then, the function ¢0 ¢, :Se = R is
an m-polynomial exponentially s-type convex.

Proof: For all p,,p, € Se and p €[0, 1], we have

(p20¢1)(op1 +(1—0)p2) = ¢2(P1(ep1 + (1 —0)p,))
< ¢y (091 (p1)+(1—0) ¢1(p2))

< % >i1-60-e))] —%(fnlp(lpl))
(=1

1 m
+;Z

=1

=%i:|:1 (s(1— ))g] (¢ 0 ¢1)(p1)

ene1
m
+=>[1-
w216

which gives the proof. ]

1 (s )/3 ¢'2(¢1(K32))

ene2

[

0] (¢2091)(p2)

enp2

>

Theorem 3 Lets€[0,1], meN,neRand % ={p €
[p1,02]: ¢(p) < 00}. Assume that ¢; : [p1,p,] = R
is a family of m-polynomial exponentially s-type convex
functions with ¢(p) = sup; ¢;(p). Then, ¢ is an m-
polynomial exponentially s-type convex function on % .

Proof: Let pq,p, € % and p € [0, 1], then we have

¢(op1+(1—p)p,y) =supp;(ep; +(1—p)p,)
J

1< sup; ¢;(p1)

;;[1—(5(1— ))[]Jen—p]]
1< e Stud’j(Pz)

+;; 1 ( ) ene:2

m

~
Il
—

+

S ¢(@2)
E [1-(se
=1

SI'—‘

which completes the proof. O
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THE H-H INEQUALITIES FOR THE NEW CONVEX
FUNCTION

The aim of this section is to find some k-fractional
integral inequalities of H-H type for m-polynomial
exponentially s-type convex functions.

Theorem 4 Let s € [0,1], v;,k > 0, m € N and
¢ :[p1,92] >R be a m-polynomial exponentially
s-type convex function. If ¢ € £[p1,9,] and n € R,
then we have

1}% (Zm(ZmTin:j-)fr)n) +sm+l ) ¢ ( = ZQZ)

1 P
<—V1[ (0501, 02) TAY (n;@l,@z)]
(p2—p1)~

1
< — Q0
rp)™

+[Ba (035, 01, 02)+B3," (135, 01, 05)] i(:;f)} %)

{[ 1 (35,01, 0By (5, pl,pﬁ]q)e(ni:)

where

(p2—

>

2
VLK, o a1 ¢(X)
A¢1)1 ("% 21, @2) L X) enx d
1
o
: )VT}_] ¢(x) dx
enx

AL (o1, 00) = | (x—p,

>

©1

and

© 21
(pr—x) 7 !
enx

VK, 1 N .
By (M58, 01,02) = - dx;

(=191

(52)

Jff“” I
(o)
(

2m (s, pl,m)——

LE (s, m,pz)—— dux;

a—p)
enx L

11(@1

O x—py) F
4m (135,01,02) = —Z e;" 1-
1_7 Y1 o

_ 07
sx 5’31) dx.
©

Proof: Let wi,w, € [p1,9,]- Applying m-polynomial
exponentially s-type convexity of ¢ on [p, 5] to get

(g S [ o],

By making use of (8) with w, =
wy =01 +(1—0)p,, we get

)

$lep,+(1—0)p1) | P(op1+(1—0)p,)
en(epaH1l-0)p1) enlep1+(1-0)ps)

w2+ (1—p)p; and

]. 9
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Multiplying both sides of (9) by Q%_l and then in-

tegrating the result with respect to o over [0,1], we
obtain

()¢ (257)

< fl i1 800+ (1-0)p1)
0

en(ep2+(1—e)p1)
1
+f [

f (0203 28 g
@1

n_1¢ep1+(1—p)p,)
enlep+(1—0)p,)

1190 4
+ (x Y ]
01
1 .
= [A:,{’f(n; P1, Pz)‘i‘A;l:zk(T); @1,92)],

(2—01)~

which gives the first half inequality of (7). In order
to prove the second half inequality of (7), we use
the definition of m-polynomial exponentially s-type
convexity of ¢ to get

Plep, +(1—0)py) _ 1

X
enlepat(—)e1) enlepat(l—)e1)

AN P(p1) 1% ¢ (p,)
{;;1[1—@9)@] o0 2> I-Ga-e) ] 222,

(=1

and

$(ep,+(1—0)p,) 1
< X
en(ep1+(1—e)p2) enlep1+(1—e)p2)

(a1 52205 6001 522,
=1

=1

where p €[0,1]. Then, by adding the above inequali-
ties, we have

P(ep1+(1—0)p,)
enlep:1+(1—)p2)

P(epr+(1—0)p1)
enleps+(1—)p1)

1 1< $(p1)
S ———=—=1= D [1-6e) ]/
en(epz+(1-0)p1) { m ; [1 (se) ] ene1

] ¢(pz)}

1 m
+=> [1-6a-)
2l

+en(9m+(1 9)@2){ Z_l

1 N _ ¢ ¢(Pl)
+m;[1 (s(1— ))] }

Multiplying both sides of (10) by o *1and integrating
the obtained inequality with respect to o from O to 1

215

and then making the change of the variable, we get

en(epat(1—e)p1) enlep1+(1—e)p2) de

f;g_ﬁ(epﬁ(l—e)m)d +J 11 ¢(epat+(1-0)p1)
0

1 m
n_ 1 1 $(p1)
< -1 - = — ¢ 2]
L e en(emﬂlw)m){m;[l (se) ] ene1

m

1 ¢(p2)
> -Ga-e) ] }dg

(=1
ol ! N ¢ (p2)
+LQ 1en(gga1+(1 Q)pz){;;[l (se)'] w2
+%; [1-G-e)] igpj)}dg

By simplifying it, we get

1
PR [A7 T3 01, 02) + AT (0591, 05)]

(P2 — 1

1
<—{[ (7),5 01,6 QJ’_BVI K(n:s pl)pQ)

]4)(@1)
(@2_@1)%
:| ¢ (p2) }

env1

V1K

+ (B (035,91, 02) + By (135,01, 02) | -

The proof of Theorem 4 is thus completed. a

Corollary 1 Theorem 4 with 1 = 0 becomes [10, Theo-
rem 2.1].

Corollary 2 Theorem 4 with s = 0 leads to

P11t
o (#37)
2
y
< (—17 [ (3 01,02) +AL T (0301, 05)]
K {Q2—
y
< ﬁ[f’f“(n;m,m)
K{P2—
VKo, ¢(KJ1) ¢(@2)
Bz (7);5’1;@2)1[ eno1 + enos > (11)

whereA (n ©1,02) andA¢2(n ©1,02) are as given

in Theorem 4, and

P2 g
(x—p1)*
B (391, 92) = f e,
©1
P2 g
, (py—x)~
Bz“(n;m,@zhf .
01
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Corollary 3 Theorem 4 with s = 1 leads to

o (Fmone)(52)

1 AV
< 2y [ . (") pl»@2)+A¢,2 ("7 pl»@Z)]
(p2—p1)*

1
< —{[ (M3 01, 02)+B 0 (s pl,m)]q“p 1)
(p2—p1) =
+[ B2 (5 01, 05) + By (0 pl,pz)]qs(pf)}, (12)
where ALY ion 02, A (nonen) and

(77 P1,P2) = B (77, 1,p1,p2) forall=1,2,3,4
are as given in Theorem 4.

Corollary 4 Theorem 4 with s = k = v; = 1 leads to

( m2m! )¢(@1+@2)< 1
2m(m—1)+1 2 Po—

A¢("]§£°1,@2)
21

< P {Bl,m("]:@u@z) e
+ By (1 @1,92)¢(@2)}, (13)
where 0
* ¢(x)
Ay(M501,02) i= ¢ dx,
enx
©1
and

{
By m(M;01,902) := ZJ ;1) dx;
Bym(M;901,02) == ZJ

x 01 ) dx.
— P

Corollary 5 Theorem 4 withn =0ands=xk=v; =1

becomes [9, Theorem 4 ].

FURTHER CONSEQUENCES

We need the following lemma in order to proceed.

Lemma 1 Let ¢ : Se CR — R be a differentiable func-
tion on Se with 1,0, € Se and p, < p,. Also, let
v1,K1 > 0 and m be an arbitrary positive integer number.

If ' € £[p1,p5), then we have

P2—R1
4m

—1 n
~ { K v1K1 qb((m_])pl'i_]pZ)
@2 @1 (Z(WHH)fmﬁ{ZJH)m) m
2m

Svl’Kl(Qb;K)bKJz)::( )FKI(V1+K1)><

J=0

-

Bty ( Dp1+(+1)
) + 2) (mJ p1+0+ @2}

(<2(m D1 +2+1p2)
2m

P1—P2

m—1

¢

J=0

((2("1 s 1)@1 +(27+ 1)y )

www.scienceasia.org

ScienceAsia 49 (2023)

:(924;91)'"2_1{-[ o8 ¢(Q(m J)Slﬁmz

J=0

n 2—p) (m—;—1)p, +(J+1)@z)d9
2 m

_J o® ¢(Q(m J— 1)@n11+(1+1)@z

L 2=0)(m=)p, +JK32)dQ}. 149

2 m

Proof: Setting

P :ZJ 03 ¢(9(m D1 +1ps

m

+(2 ) (m—j—1)p;+(+ 1D,
2 m

)dg, (15)

and

4’ ::flgw (g(m 1= e+ + ey

N (2—p)(m—1)p;1+Jp2
2

)dg. (16)

By applying integration by parts on equality (15), we
have

fﬁ(ﬁ)[g ¢(9(m J)f;ﬁ‘]@z

. (2—9)(m—1—1)@1+(1+1)@2) 1
2 m

0

1
V1 Q%—1¢(§(m—1)@1+mz
o m

2 m

:( % )[ ¢((2(m—1)—1)2pr;+(zj+1)@2)

”
2m K1 YKy
- ( 01— 0o ) FK1 (v + Kl)f( (2m) 1o +(21+ e )‘

L 2=0)(m=)—Dp, +(J+1)@2)d9]

X¢((m—1—1)p1+(1+1)m)]_ 17

m

Similarly, from equality (16), we obtain

ﬁ:( 2m )[¢((Z(m—J)—l)p1+(2J+1)pz)
P2—1 2m

"
2m "= YKy
- ( Por—P1 ) FKl(vl + Kl)f( (2(m=)-1)pq +(2)+1)po )’

2m

X¢((m—])@1 +]@2)}, (18)

m
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for all j =0,1,2,...,m— 1. Then, by subtracting
equality (18) from (17), multiplying by the factor

(£2-£1) and summing over j from 0 to m—1, we can
easily attain the desired identity (14). O

Remark 3 Lemma 1 with m = k; =1 leads to

2"~ lF(v1+1){ }
( o )Vl f(pﬁm )+¢(@2)+f(m+m )—4)(@1)
P11 (p2—91) n ( —p)
_¢( 2 ) 4 U ¢( 2 pz)dg
1
v o8 (2_9) }
- 1 =@yt dot, (19
Jg;) ¢ (zp 2 ) e

which is established in [29, Lemma 3].
Throughout the rest of this study, we consider

_ (m—7)p1 + 792
g m
(m J—Dp, +(]+1)@2
m

u, and

u, L)+l :

Theorem 5 Let s € [0,1], v;,x; > O0,m € N and
¢ : [p1,92] — R be a differentiable function on (g1, ©5)
such that ¢’ € L[p1,9,). If |¢’| is m-polynomial expo-
nentially s-type convex function on [, p,] and n € R,
then we have

|SV1 K1(¢ @1,Pz)| ( 4mpl)[C£1!K1(5)+D:11,K1(S)]
[|¢/(umJ)| 19" ()41
X +
J=0

enum,) enum,ﬂrl

], (20)
czner= 233 0 1-(:(1-8) Joe
DYi(s) = — ZJ & —s—)e]dg.

Proof: By making use of Lemma 1 and properties of
modulus, we can deduce

VLKL( A P21
sy (@son )| < (22-22)
m—1 1 .
XZ{J o™ |9’
J=0 0
)

(
At ¢,((z;g)

de

de .

e (2—p)
2t

um,]+1)

e
U, + Eum,]-%—l)

217

Then, by making use of m-polynomial exponentially
s-type convexity of |¢’|, we get

|5,21’K1(¢; 1,Pz)| < (92—91)

lv1 m / m
et R[0T e
(

g E] |¢/(um,]+l)| i|
2

e")um,)ﬂ

de

o[ oA LS ((1-2)) ] P
()] e
R TR

< 1[I(ﬁ (up,,,)l |¢/(um,)+1)|}

m) enum,ﬁrl

J=0
which completes the proof. a

Corollary 6 Theorem 5 with 1) = 0 leads to

|57 (83 91, 02)] < (Z221) [Gnm )+ 6)]

4m
m—1
x D [l ) +1¢ ()] @D
7=0
Corollary 7 Theorem 5 with s = 0 leads to
P21 K1
ol <(552)(25)
S5 (5 01, 02)| om )
SIS (um,)l 19 (1)l -
% eMlm, @M, +1 - @
=0
Corollary 8 Theorem 5 with s =1 leads to
sy (9s 01,02 < (Z22 ) [em4Dy ]
SIS (um])| 19" (1)l 93
% eMim, eMm+1 C)
=0
where
Tl m
Cork = [ (—+1 €+1)
m v+ K‘l ZO:
—B1 (—1+1,€+1) :|,
2 Kl
DVIR1 = K1 _ l i K1
m vtk mE 2 [y (C+ DT
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where B(-,-) and By/5(:,-) are the beta function and
incomplete beta function, respectively, i.e.,

1
B(x,y) =J e '(1—p) "dg;
0

Balx, ) =J o (1—p)tdp, 0<a<l.
0

Corollary 9 Theorem 5 with m = k; = 1 leads to

227y +1) [,
Tamonye by 00+ #0060
P1+0s (2—=s)(p2—p1)
_¢( 2 )< 4(v; +1)
x ["iﬁﬁf)' + |¢egi’f)| ] 24)

Moreover, if n =0 and s = 1, we get

2" r(vy+1)
G {7y P00}
P1tp2
~(757)| < s p 8 eI+ 19 ],

which is established in the first step of proof of [29,
Theorem 5].

Theorem 6 Let s € [0,1], v;,k; > 0,m € N and
¢ :[p1,92] — Rbe adifferentiable function on (p1, ©5)
such that ¢’ € £[p1,905]) If |¢’|P? is m-polynomial
exponentially s-type convex function on [g,,] and
neR, thenwehavefor%+% =1,p,>1:

1
P21 K1 1
SYR1 (01, <( )( )
| M (R Pz)l S a4m PR

m—1 2 2
XZ{(m()lqﬁ(m)l FE(S) I¢(mj+1)lp)
j=0

eUm,+1
P2 4 P2 é
(E s )|¢ (n"lf,f,i)l +Fm(s)|¢ (up,))l ) }’ 25)

enum,)

where

3

o= 153 [i-(0-2) o

—1 2 st ( )
m 4 €+1 20+1

and

o= 5 [1-(68) o
l

1 ¢ s
=1—= -
m;23(8+1)

www.scienceasia.org

ScienceAsia 49 (2023)

Proof: By making use of Lemma 1, Holder’s inequality
and properties of modulus, we can deduce

sy (s 00,0 < (22-24)

4m
m—1
X Z {J (gum,]+@um,1+1)
7=0
(2 9) e

2 2
+J Q ,)+Eum,)+1) dQ}
1
P2— Pl) e "
w1 d
( 4m (f 1 Q)
a1
P2 P2
dg)

1
/ (2_ )
¢ (%um,]-"—gum,]ﬂ)
1 P2 é
+(J dg) }
0

2
(2—p) e
d)/ (—um) + _um,}+1)
Then, by making use of m-polynomial exponentially
s-type convexity of |¢’|P2, we get

2 ™2
sroinanal < (22 (2
ii[l_(s(l‘%))e]%
8] o)
| %i[l—(S(l—%))l]W(jﬁ—:ﬂ”pz
SO0 5 )

=1

do

m—1 4 2 / 2 i
xZO{(Em(s)'qb i:;";f'p +Fp(s) ki :f,?;iﬂ)'p)
(E ol (n:,; JEN o 6? i:fm’i)lpz)w}-

This ends our proof. O

Corollary 10 Theorem 6 with n) = 0 leads to

i
P2—P1 K1 Pl

su@onea| < (2220 )

|’" (@501 Pz)| 4m P11V + Ky

m—

% > { (BN @t P + (]t 1)IP)

J=0

4 (B ()1 ()P F ()] (1 JIP2)7 ). (26)

—_
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Corollary 11 Theorem 6 with s = 0 leads to

1
P2 01 K1 P1
<52 )
|S251(¢3 01, 02)] om Mo
m—1 / u P2 u P2
y (|¢( my)] |¢( my+1)] ) @7
enum,, enum J+1

J=0

Corollary 12 Theorem 6 with s =1 leads to

1
P2 P1 K1 1l
SV1,’<1 ; ) <( )( )
| M (R P2)| am PR

= e |¢’(um,1)|”2 |¢(um)+1)l
x = m eMim, eMim,+1
1
|¢/(um,]+l)|p2 |¢/(um,))|p2 2
+(Em prT +F, prT , (28)
where
1 m 1
Em=—2f [1 (1—Q)]dg
mi=Jo
-2 {om ),
T o m&+1 20+1
and

s B [-(8) )2 S
m m& ), 2 m[=12’3(€+1)

Corollary 13 Theorem 6 with m = k; = 1 leads to

27 (y; +1) {

(@2_pl)vl P1+ﬁ2)+¢(pz)+j pl+p2)*¢(pl)}

X

()5 G ) ()
{((4 SILACH A ICH IS (pgi)w)
(290" )|¢(pl)|ﬂ) } 29)

NP1

Moreover, if n =0 and s = 1, we get

% {f(vélgm G F )f¢(pl)}
¢(pl+pz) < (pz;m)(pliﬂ)a

x { (|¢'(pl)|ﬂz +319(pa)I" )
4

(S il ) }
. :

which is established in [29, Theorem 6 J.
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Theorem 7 Let s € [0,1], v;,x; > O,m € N and
¢ : [p1,92] — R be a differentiable function on (1, ©4)
such that ¢’ € L[p1,90,) If |§’|P? is m-polynomial
exponentially s-type convex function on [p,p,] and
1 € R, then we have for p, > 1:

1—L
Pl)( Ky ) 2
4m Y+ Ky

m—1 / 2 / 2 %
XZ{(cw( )|¢ (um)w oo W )

NUm,j+1
=0 €

N (C LA RN (um,,)wz)ﬁ} 0

@M 41 eMm,

|5vl S H 8 802)| (

where C*1(s) and D" (s) are as given in Theorem 5.

Proof: By making use of Lemma 1, the power mean
inequality and properties of modulus, we have

P2— @1)

4m

e (2—-p)
(_um,] + um,]+l

2 2
dg}

|57 (@5 01,00 <

xmi{f

]:

de

(2 9) e
m,J + Eum,ﬁ—l)

P2— KJ)
Kld
(5 (J o ac)
m—1 P2 i
(2—p)
S (CITCRE N 0
1 1
nl ,((2=p) 2 )PZ )}
+ el ( Uy, + Uy 4 do .
(JO 2 J 2 J+

Then, by making use of m-polynomial exponentially
s-type convexity of |¢’|°2, we have

1—L
P21 K1 P2
SVDKI : ’ < ( )( )
S21(s 01, 02)| —

=
S AlREh-ee-5)] e
D] )

(e Eb-e-g)) e

0 (=1
P31 () g, ) )
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1—L
2(92_@1)( K1y ) P2
4m v+ K,

xZ{(C”l”( )—|¢ Ll + D" (s )—|¢ (“m,J+1)|p2)E

o enum,}+1
7=
19" (uy,,41)172 19" (u,,,)I"2
1K m,j+1 V1K m,j
+(le I(S) eMlm,j+1 D . 1( ) eMlm,; ’

O

which completes the proof.

Corollary 14 Theorem 7 with n = 0 leads to

1—-L
@2‘@1)( K1 ) 2
4m v+ K

|S:11’Kl(¢§ 15 @2)| < (

m—1 1
X { (Cr%1()]@" (U )IP2 + D1 (5)| P (i 11)1P2) P2
=0
1
+(C,f,1””(S)|¢’(um,1+1)|’°2+D,?””(S)I¢’(um,,)l”2)"2}- (31
Corollary 15 Theorem 7 with s = 0 leads to
P2 — 01 Ky
ool <(552) 55c)
S5 (5 01, 02)] o ——
m—1 / u P2 u P2
y (I(ﬁ( my)l I¢( my+1)l ) (32)
eUn, eMlm,+1

7=0

Corollary 16 Theorem 7 with s =1 leads to

1—-L
¢ P2 P1 Ki ez
Svl)kl ; ) < ( )( )
|S251(¢: 01, 02)] o ——

ST A O N L O
o m enum,] enum J+1
J=
1
¢’ (U, 4117 ¢’ (upm,, )P\ 72
Vy,K »J+1 V1,K m,j
(C 1 1_—e77um1+1 +D1 1—enumy1 , (33)

where C)*1 and D" are as given in Corollary 8.

Corollary 17 Theorem 7 with m =k, = 1 leads to

27T (v; +1) "
(p2—p1)™ {f("li*’z)*(b(pz)Jrj

(W“)

i ),qb(pl)}

(@2 Pl)( 1 )1_’312
4 v +1

(l

( v +1 2(v11+ 2)] |¢/£S;1)|p2
+[v +1 2(v11+2)] |¢/£f;2)|p2)5
+([v1+1 2(v11+2)] ¢ E(ESK’ZZNPZ

1 71¢'(p)IP2 )22
+[v +1 2(v1+2)] ene1 ) } (34)
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Moreover, if n =0 and s = 1, we get

27Ty, +1)

(A #0457 0000}

(p2—p1)"
-o(252) < (i)

v +1 ) ) #
GRS w0+ 226 o

1

(6 o0+ o)

which is established in [29, Theorem 5].

EXAMPLES AND APPLICATIONS

Bessel functions

Consider the function 9B : (0, 00) — [1, 00) given by
B (x) =27T(7+ Dx " A (x),

where 4; is the modified Bessel function of the first
kind defined by (see [30, Eq. (2), pp 771):

o x\T+2m
N (x)= Z L x €R.
" A mT(t+1+m)’
Following [30], we have
B (x) = ——— B, (x) (35)
T o(r41) TR
" _ X2%T+2(x) %‘r+1(x)
B)= e+ o) B0

Assume that all assumptions of the used corollaries in
the following examples are satisfied.

Example 1 Let 0 < p; < p, and T > —1. Then, by
applying Corollary 9 with v; = 1 and the identities (35)
and (36), we obtain

B.(py) —B(p1) (o1 + Pz)%T+1 (@1 + Pz)
P21 4r+1) 2
< (2—5)(92_@1)[L( 91B12(01) %1+1(6’31))
h 8 e \ 4(t+1)(t+2) 2(t+1)
+ 1 ( B12(p2) n %r+l(p2))
e \ 4(t+1)(t+2) 2(r+1) /[

Example 2 Let 0 < p; < p, and T > —1. Then, by
applying Corollary 13 with v; = 1 and the identities
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(35) and (36), we obtain

+
B, (@1 @2)

‘ B_(p2)—B.(p,) _ (01 +92)
2

P2~ 91 4(t+1)
1 1+i 1 ﬁ
g(pz_pl)(ﬂ (p1+1)
X{[(4—3$)( 91 B12(01) +%T+1(p1))pz
ene1 4(t+1)(t+2) 2(r+1)
n %Hl(@z))pz]p12
2(t+1)

%Hl(Pl))pz
2(t+1)

%Hl(ﬁ’z) P2 é
+ 2(r+1)) } }

Example 3 Let 0 < p; < p, and 7 > —1. Then, by
applying Corollary 17 with v; = 1 and the identities
(35) and (36), we obtain

(4 s)( B1a(p2)
ene: 4(T+1)(T+2)

+[(4—S) ( B2(p1)
enor \ 4t+1)(t+2)

(4 35)( B1o(p2)
env: 4t+1)(t+2)

%r(pz)_%r(pl)_(pl"'@z)% (@1"'@2)

P2— 91 4r+1) THL 2
3=
<(@z—pl)(2)
X{[(4—35)( ©1B:12(p1) +%T+1(p1))p2
6em1 \4(t+1)(t+2) 2(t+1)

+ 1 ( B 2(02) +%r+1(92))p2i|plz
3em: \ 4(t+1)(t+2) 2(t+1)

+[ 1 ( B,5(p1) %m(pl))"z
e \ 4(t+1)(t+2) 2(t+1)

n (4—3s) ( 92%14—2(@2)
6emv: \ 4(t+1)(7+2)

B.11(p2) o
" 2(r+1)) ] }

Special means
Let 1, P, € R with p; 7# 5.
¢ The arithmetic mean:

P11+ P2

A (p1,02) = 5

* The generalized logarithmic mean:

r+1 r+1

P2 1

Z(p1,p2)= [m

1/r
i| , reR\{-1,0}.

221

Proposition 2 Let s € (0,1], meNand 0 < p; < p,.
Then, we have for n < 0:

m—1 1

S
7=0 m

'm-‘fj(@ppz)— & ((2(m—7)—1Dp1,(27 + 1p,)

< 23 (p,—p1)s

[Cn(s)+ Dp(s)]

m—1 1
s—1
X O[en((m J)mﬂsﬂz)ﬂ ((m=1)p1,192)
=
1
+ _—
en((m-1)p1H1pe2)

%5‘1((m—1—1)pl,(1+1)@z)} 37

where
1 40, 1 1
C = - — — I _
) =3 mgs[ul( 2f+1)
(3]
—_— ]__ ;
(42 2042
1 1< st
D (s)==——
m)=3 mzzf(uz)

Proof: By making use of Proposition 1 and Theorem 5
with ¢(x) = x*, x €[p1,p,],5 €(0,1] and »; = x; =
1, we can obtain the desired result (37). a

Proposition 3 Lets € (0,1], neNand 0 < p; < p,.
Then, we have for n < 0:

m—1

1
'mif’:(@l,pz)— — @ (2(m=7)=1)p1, (27 +1)p)
=0
1
< Zsfs(pz—pl)s( 1 )ﬂ
m p1+1
m—1
En(s) pals—1)
% = {[en((m—nmﬂm)ﬂ ’ ((m=1)p1.192)
1
_ (s pa(s-1) "
en((m—f—l)m+(1+1)m)“d 2 (m=y=1p1, G+1)p2)
F’"(S) p2(s—1)
[mﬂf ((m=1)p1,102)

E,(s)

en((m—j—1)p1+(+1)p2)
P2
xMZ“‘”((m—J—l)pl,(J+1)m)] } (38)

where % + % =1, py > 1, and E,,(s) and F,,(s) are as
given in Theorem 6.

Proof: By making use of Proposition 1 and Theorem 6

with ¢(x) =x*, x €[p1,p,],5€(0,1] and »; = x; =
1, we can obtain the desired result (38). O
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Proposition 4 Let s € (0,1], meNand 0 < p; < p,.
Then, we have for n < 0:

‘m-%:(@l: @z)_z %ﬂs ((2(m—7)—1)p;, (27 +1)p,)
7=0

2 o=k (1)3‘52
m 2
C(s)

m—1

X
Z {[ en((m=1)p1+1p2) <
J=

Di(s)
en((m3-1)p1+7+1)p2)

[ D, (s)

P26 (m— 1)1, 702)

1

,af”(s_l)((m—l—l)@u(J"'l)pz)] 2

_m  gpa(s1) —
en((mﬂ)mﬂm)”d ’ ((m=1)p1,192)

Cin(s)
en((m—j—1p1+0+1)p2)

><dpz(s_l)((m—l—l)m,(l"‘1)@2)] } (39)

where p, > 1, and C,(s) and D,,(s) are as given in
Proposition 2.

Proof: By making use of Proposition 1 and Theorem 7
with ¢(x) =x°, x €[p1,02],s €(0,1] and v; =k, =
1, we can obtain the desired result (39). ]

CONCLUSION

In this paper we introduced a new class of convex
functions namely the m-polynomial exponentially s-
type convex functions. Also, we studied some of
their algebraic properties. We have established new
inequality of H-H type for the new defined convex
function. In addition, we proved a new midpoint
identity and some related integral inequalities for the
new defined convex function. In Corollaries 6-17, we
discussed many special cases which are obtained from
the main results and we pointed out those are exist in
the literature. Finally, we presented some applications
of Bessel functions and special means by applying our
results on specific values and functions. In any case,
we hope that these results continue to sharpen our
understanding of the nature of fractional calculus and
their applications in different fields.

For future developments, we will derive several
new interesting inequalities via Hélder-iscan, Cheby-
shev, Markov, Young and Minkowski inequalities using
fractional calculus for m-polynomial exponentially s-
type convex functions. Moreover, interested reader can
consider the mathematical equivalence (see e.g., [31])
among these proposed results.
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