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ABSTRACT: In this article, we introduce a new class of functions named the m-polynomial exponentially s-type convex
and we study some of its algebraic properties. We investigate a new integral inequality of Hermite-Hadamard (H-H)
type by using the new introduced definition. Also, we prove a new midpoint identity. By examining this identity we
can deduce some integral inequalities of midpoint type for the new introduced definition. Several special cases are
discussed in details which emphasize that the results accounted in this paper unify and extend various results in this
field of study. Finally, we provide some applications on the Bessel functions and special means of distinct positive real
numbers to demonstrate the applicability of the new results.
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INTRODUCTION

A set Se ⊂ R is said to be convex if for all ℘1,℘2 ∈ Se
and % ∈ [0,1],

%℘1+(1−%)℘2 ∈ Se.

Then, we say that a function φ : Se → R is convex if
for all ℘1,℘2 ∈ Se and % ∈ [0,1],

φ(%℘1+(1−%)℘2)¶ %φ(℘1)+ (1−%)φ(℘2). (1)

Also, we say that φ is concave whenever −φ is convex.
There is an important integral inequality in the

literature for the convex function (1), namely the
Hermite-Hadamard (H-H) type integral inequality,
which is given by [1].

φ
�℘1+℘2

2

�

¶
1

℘2−℘1

∫ ℘2

℘1

φ(x)dx ¶
φ(℘1)+φ(℘2)

2
. (2)

The H-H integral inequality (2) has been applied
to different types of convex functions such as
GA-convex functions [2], quasi-convex functions [3],
s-geometrically convex functions [4], (α, m)-convex
functions [5], and the readers can visit [6, 7] to find
other types.

Here some definitions of convex type functions are
introduced and used in sequel.

Definition 1 ([8]) A function φ : Se ⊆ R→ R is said
to be exponentially convex, if

φ(%℘1+(1−%)℘2)¶ %
φ(℘1)
eη℘1

+(1−%)
φ(℘2)
eη℘2

(3)

holds for all ℘1,℘2 ∈ Se, % ∈ [0,1] and η ∈ R.

Toply et al [9] introduced the class of m-polynomial
convex functions as follows.

Definition 2 Let m ∈ N. A function φ : Se ⊆ R→ R is
said to be m-polynomial convex, if

φ(%℘1+(1−%)℘2)¶
1
m

m
∑

`=1

�

1− (1−%)`
�

φ(℘1)

+
1
m

m
∑

`=1

�

1−%`
�

φ(℘2) (4)

holds for all ℘1,℘2 ∈ Se and % ∈ [0,1].

Recently, Rashid et al [10] defined the class of
m-polynomial s-type convex functions.

Definition 3 Let s ∈ [0, 1] and m ∈ N. A function
φ : Se ⊆ R→ R is said to be m-polynomial s-type con-
vex, if

φ(%℘1+(1−%)℘2)¶
1
m

m
∑

`=1

�

1− (s(1−%))`
�

φ(℘1)

+
1
m

m
∑

`=1

�

1− (s%)`
�

φ(℘2) (5)

holds for all ℘1,℘2 ∈ Se and % ∈ [0,1].

With the help of the above definitions, we intro-
duce a new definition of the class of convex functions.
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Definition 4 Let s ∈ [0, 1] and m ∈ N. The function
φ : Se→R is called m-polynomial exponentially s-type
convex, if

φ(%℘1+(1−%)℘2)¶
1
m

m
∑

`=1

�

1− (s(1−%))`
� φ(℘1)

eη℘1

+
1
m

m
∑

`=1

�

1− (s%)`
� φ(℘2)

eη℘2
(6)

holds for each ℘1,℘2 ∈ Se and % ∈ [0,1].

Remark 1 From Definition 4, we can observe that:
(i) if m= s = 1 and η= 0, then (6) reduces to (1);
(ii) if m = s = 1, then Definition 4 reduces to Defini-

tion 1;
(iii) if s = 1 and η = 0, then Definition 4 reduces to

Definition 2;
(iv) if η= 0, then Definition 4 reduces to Definition 3.

The aim of this paper is to investigate new
H-H type integral inequalities for the new introduced
m-polynomial exponentially s-type convex functions
via the κ-fractional integral operators, where the
κ-fractional integral operators are defined as follows.

Definition 5 ([11]) Let ν1,κ > 0, ℘1 < ℘2 and φ ∈
L [℘1,℘2]. Then the κ-fractional integrals of order ν1
are defined by

J ν1,κ
℘+1
φ(x) =

1
κΓκ(ν1)

∫ x

℘1

(x−%)
ν1
κ −1φ(%)d%, ℘1 < x ,

and

J ν1,κ
℘−2
φ(x) =

1
κΓκ(ν1)

∫ ℘2

x

(%−x)
ν1
κ −1φ(%)d%, ℘2 > x ,

where Γκ(·) is the κ–gamma function, defined by

Γκ(ν1) =

∫ ∞

0

%ν1−1 e−
%κ

κ d%, Γκ(ν1+κ) = ν1Γκ(ν1),

and Γ1(·) = Γ (·).

Remark 2 Definition 5 with κ = 1 becomes the fol-
lowing standard Riemann-Liouville (RL) fractional in-
tegral operators.

J ν1

℘+1
φ(x) =

1
Γ (ν1)

∫ x

℘1

(x −%)ν1−1φ(%)d%, ℘1 < x ,

and

J ν1

℘−2
φ(x) =

1
Γ (ν1)

∫ ℘2

x

(%− x)ν1−1φ(%)d%, ℘2 > x .

Definition 6 ([12]) A function φ : Se ⊆ R→ R is said
to be MT-convex on Se, if it is nonnegative and satisfies
the following inequality: for all ℘1,℘2 ∈ Se and % ∈
(0,1),

φ(%℘1+(1−%)℘2)¶
p
%

2
p

1−%
φ(℘1)+

p

1−%
2
p
%
φ(℘2).

Definition 7 ([13]) For any function φ that is
L [℘1,℘2] and for any x ∈ [℘1,℘2], the left ν-th
Atangana-Baleanu (AB) fractional integral of φ(x) is
defined as follow: for 0< ν1 < 1,

I ν1

℘+1
φ(x) :=

ν1

B(ν1)
J ν1

℘+1
φ(x)+

1−ν1

B(ν1)
φ(x),

where B(ν1) is a normalisation function that is real
and positive and satisfies B(0) = B(1) = 1. It is also
possible to define the right AB-integral, in the natural
way analogous to Remark 2.

The H-H type integral inequalities are involved in
fractional calculus models and they has been applied
for different types of convex functions such as MT-type
[12], λψ-type [14], a new class of convex functions
[15], and the readers can find out the other types in
the literature [16–18].

In addition, it has been received a huge amount
of attention in applying other models of fractional
calculus such as standard Riemann-Liouville fractional
operators [19], conformable fractional operators [20],
generalized fractional operators [21], generalized dis-
crete operators [22], ψ-RL-fractional operators [23],
tempered fractional operators [24], AB- and Prabhakar
fractional operators [13], and κ-fractional integral op-
erators [25–28].

ALGEBRAIC PROPERTIES OF THE NEW DEFINED
CONVEX FUNCTIONS

Here we derive some algebraic properties of our new
defined convex function.

Condition A We say that η¾0 if and only if ℘1,℘2¶0
and η¶ 0 if and only if ℘1,℘2 ¾ 0.

Proposition 1 If Condition A is satisfied, then each
nonnegative m-polynomial convex function φ is also an
m-polynomial exponentially s-type convex function.

Proof : By using the assumption, we have for all
℘1,℘2 ∈ Se and % ∈ [0, 1]:

φ(%℘1 +(1−%)℘2)

¶
1
m

m
∑

`=1

�

1− (1−%)`
�

φ(℘1)+
1
m

m
∑

`=1

�

1−%`
�

φ(℘2)

¶
1
m

m
∑

`=1

�

1−(s(1−%))`
�

φ(℘1)+
1
m

m
∑

`=1

�

1−(s%)`
�

φ(℘2)

¶
1
m

m
∑

`=1

�

1−(s(1−%))`
�φ(℘1)

eη℘1
+

1
m

m
∑

`=1

�

1−(s%)`
�φ(℘2)

eη℘2
.
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This gives the proof. 2
Now, we study some algebraic properties.

Theorem 1 Let s ∈ [0,1], m ∈ N and η ∈ R. Assume
that φ, φ1, φ2 : Se→ R. If φ, φ1, and φ2 are three m-
polynomial exponentially s-type convex functions, then
(1) φ1+φ2 is m-polynomial exponentially s-type convex

function;
(2) for nonnegative real number c, cφ is m-polynomial

exponentially s-type convex function.

Proof : The proof is evident, so we omit here. 2

Theorem 2 Let s ∈ [0,1], m ∈ N and η ∈ R. Assume
that φ1 : Se→R be a convex function and φ2 :R→R is
a non-decreasing and m-polynomial exponentially s-type
convex function. Then, the function φ2 ◦φ1 : Se→ R is
an m-polynomial exponentially s-type convex.

Proof : For all ℘1,℘2 ∈ Se and % ∈ [0,1], we have

(φ2 ◦φ1) (%℘1 +(1−%)℘2) = φ2 (φ1(%℘1 +(1−%)℘2))

¶ φ2 (%φ1 (℘1)+ (1−%)φ1 (℘2))

¶
1
m

m
∑

`=1

�

1− (s(1−%))`
� φ2(φ1(℘1))

eη℘1

+
1
m

m
∑

`=1

�

1− (s%)`
� φ2(φ1(℘2))

eη℘2

=
1
m

m
∑

`=1

�

1− (s(1−%))`
� (φ2 ◦φ1)(℘1)

eη℘1

+
1
m

m
∑

`=1

�

1− (s%)`
� (φ2 ◦φ1)(℘2)

eη℘2
,

which gives the proof. 2

Theorem 3 Let s ∈ [0,1], m ∈ N,η ∈ R andU = {℘ ∈
[℘1,℘2] : φ(℘) <∞}. Assume that φ j : [℘1,℘2]→ R
is a family of m-polynomial exponentially s-type convex
functions with φ(℘) = sup j φ j(℘). Then, φ is an m-
polynomial exponentially s-type convex function on U .

Proof : Let ℘1,℘2 ∈ U and % ∈ [0, 1], then we have

φ(%℘1+(1−%)℘2) = sup
j
φ j(%℘1+(1−%)℘2)

¶
1
m

m
∑

`=1

�

1− (s(1−%))`
� sup j φ j(℘1)

eη℘1

+
1
m

m
∑

`=1

�

1− (s%)`
� sup j φ j(℘2)

eη℘2

=
1
m

m
∑

`=1

�

1− (s(1−%))`
� φ(℘1)

eη℘1

+
1
m

m
∑

`=1

�

1− (s%)`
� φ(℘2)

eη℘2
<∞,

which completes the proof. 2

THE H-H INEQUALITIES FOR THE NEW CONVEX
FUNCTION

The aim of this section is to find some κ-fractional
integral inequalities of H-H type for m-polynomial
exponentially s-type convex functions.

Theorem 4 Let s ∈ [0, 1], ν1,κ > 0, m ∈ N and
φ : [℘1,℘2]→ R be a m-polynomial exponentially
s-type convex function. If φ ∈ L [℘1,℘2] and η ∈ R,
then we have

κ

ν1

�

m(2− s)2m

2m(2m− s(m+1))+ sm+1

�

φ
�℘1 +℘2

2

�

¶
1

(℘2 −℘1)
ν1
κ

�

Aν1 ,κ
φ,1 (η;℘1,℘2)+Aν1 ,κ

φ,2 (η;℘1,℘2)
�

¶
1

(℘2−℘1)
ν1
κ

�

�

Bν1 ,κ
1,m (η; s,℘1,℘2)+Bν1 ,κ

4,m (η; s,℘1,℘2)
�φ(℘1)

eη℘1

+
�

Bν1 ,κ
2,m (η; s,℘1,℘2)+Bν1 ,κ

3,m (η; s,℘1,℘2)
� φ(℘2)

eη℘2

�

, (7)

where

Aν1,κ
φ,1 (η;℘1,℘2) :=

∫ ℘2

℘1

(℘2− x)
ν1
κ −1φ(x)

eηx
dx ,

Aν1,κ
φ,2 (η;℘1,℘2) :=

∫ ℘2

℘1

(x −℘1)
ν1
κ −1φ(x)

eηx
dx ,

and

Bν1 ,κ
1,m (η; s,℘1,℘2) =

1
m

m
∑

`=1

∫ ℘2

℘1

(℘2−x)
ν1
κ −1

eηx

�

1−
�

s
x −℘1

℘2−℘1

�`
�

dx;

Bν1 ,κ
2,m (η; s,℘1,℘2) =

1
m

m
∑

`=1

∫ ℘2

℘1

(℘2−x)
ν1
κ −1

eηx

�

1−
�

s
℘2 − x
℘2−℘1

�`
�

dx;

Bν1 ,κ
3,m (η; s,℘1,℘2) =

1
m

m
∑

`=1

∫ ℘2

℘1

(x−℘1)
ν1
κ −1

eηx

�

1−
�

s
℘2 − x
℘2−℘1

�`
�

dx;

Bν1 ,κ
4,m (η; s,℘1,℘2) =

1
m

m
∑

`=1

∫ ℘2

℘1

(x−℘1)
ν1
κ −1

eηx

�

1−
�

s
x −℘1

℘2−℘1

�`
�

dx .

Proof : Let w1, w2 ∈ [℘1,℘2]. Applying m-polynomial
exponentially s-type convexity of φ on [℘1,℘2] to get

φ
�w1+w2

2

�

¶
1
m

m
∑

`=1

�

1−
� s

2

�`
��

φ(w1)
eηw1

+
φ(w2)
eηw2

�

. (8)

By making use of (8) with w1 = %℘2 + (1−%)℘1 and
w2 = %℘1+(1−%)℘2, we get

φ
�℘1+℘2

2

�

¶
1
m

m
∑

`=1

�

1−
� s

2

�`
�

×

�

φ(%℘2+(1−%)℘1)
eη(%℘2+(1−%)℘1)

+
φ(%℘1+(1−%)℘2)

eη(%℘1+(1−%)℘2)

�

. (9)
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Multiplying both sides of (9) by %
ν1
κ −1 and then in-

tegrating the result with respect to % over [0, 1], we
obtain

κ

ν1

�

m(2− s)2m

2m(2m− s(m+1))+ sm+1

�

φ
�℘1+℘2

2

�

¶
∫ 1

0

%
ν1
κ −1φ(%℘2+(1−%)℘1)

eη(%℘2+(1−%)℘1)
d%

+

∫ 1

0

%
ν1
κ −1φ(%℘1+(1−%)℘2)

eη(%℘1+(1−%)℘2)
d%

=
1

(℘2−℘1)
ν1
κ

�

∫ ℘2

℘1

(℘2− x)
ν1
κ −1φ(x)

eηx
dx

+

∫ ℘2

℘1

(x −℘1)
ν1
κ −1φ(x)

eηx
dx
�

=
1

(℘2−℘1)
ν1
κ

�

Aν1,κ
φ,1 (η;℘1,℘2)+Aν1,κ

φ,2 (η;℘1,℘2)
�

,

which gives the first half inequality of (7). In order
to prove the second half inequality of (7), we use
the definition of m-polynomial exponentially s-type
convexity of φ to get

φ(%℘2 +(1−%)℘1)
eη(%℘2+(1−%)℘1)

¶
1

eη(%℘2+(1−%)℘1)
×

§

1
m

m
∑

`=1

�

1−(s%)`
� φ(℘1)

eη℘1
+

1
m

m
∑

`=1

�

1−(s(1−%))`
� φ(℘2)

eη℘2

ª

,

and

φ(%℘1 +(1−%)℘2)
eη(%℘1+(1−%)℘2)

¶
1

eη(%℘1+(1−%)℘2)
×

§

1
m

m
∑

`=1

�

1−(s%)`
� φ(℘2)

eη℘2
+

1
m

m
∑

`=1

�

1−(s(1−%))`
� φ(℘1)

eη℘1

ª

,

where % ∈ [0,1]. Then, by adding the above inequali-
ties, we have

φ(%℘2+(1−%)℘1)
eη(%℘2+(1−%)℘1)

+
φ(%℘1+(1−%)℘2)

eη(%℘1+(1−%)℘2)

¶
1

eη(%℘2+(1−%)℘1)

§

1
m

m
∑

`=1

�

1− (s%)`
� φ(℘1)

eη℘1

+
1
m

m
∑

`=1

�

1− (s(1−%))`
� φ(℘2)

eη℘2

ª

+
1

eη(%℘1+(1−%)℘2)

§

1
m

m
∑

`=1

�

1− (s%)`
� φ(℘2)

eη℘2

+
1
m

m
∑

`=1

�

1− (s(1−%))`
� φ(℘1)

eη℘1

ª

. (10)

Multiplying both sides of (10) by%
ν1
κ −1 and integrating

the obtained inequality with respect to % from 0 to 1

and then making the change of the variable, we get

∫ 1

0
%
ν1
κ −1
φ(%℘2+(1−%)℘1)

eη(%℘2+(1−%)℘1)
d%+

∫ 1

0
%
ν1
κ −1
φ(%℘2+(1−%)℘1)

eη(%℘1+(1−%)℘2)
d%

¶
∫ 1

0
%
ν1
κ −1 1

eη(%℘2+(1−%)℘1)

�

1
m

m
∑

`=1

�

1− (s%)`
� φ(℘1)

eη℘1

+
1
m

m
∑

`=1

�

1− (s(1−%))`
� φ(℘2)

eη℘2

�

d%

+

∫ 1

0
%
ν1
κ −1 1

eη(%℘1+(1−%)℘2)

�

1
m

m
∑

`=1

�

1− (s%)`
� φ(℘2)

eη℘2

+
1
m

m
∑

`=1

�

1− (s(1−%))`
� φ(℘1)

eη℘1

�

d%.

By simplifying it, we get

1

(℘2 −℘1)
ν1
κ

�

Aν1 ,κ
φ,1 (η;℘1,℘2)+Aν1 ,κ

φ,2 (η;℘1,℘2)
�

¶
1

(℘2−℘1)
ν1
κ

§

�

Bν1 ,κ
1,m (η; s,℘1,℘2)+Bν1 ,κ

4,m (η; s,℘1,℘2)
�φ(℘1)

eη℘1

+
�

Bν1 ,κ
2,m (η; s,℘1,℘2)+ Bν1 ,κ

3,m (η; s,℘1,℘2)
� φ(℘2)

eη℘2

ª

.

The proof of Theorem 4 is thus completed. 2

Corollary 1 Theorem 4 with η= 0 becomes [10, Theo-
rem 2.1].

Corollary 2 Theorem 4 with s = 0 leads to

φ
�℘1+℘2

2

�

¶
ν1

κ (℘2−℘1)
ν1
κ

�

Aν1,κ
φ,1 (η;℘1,℘2)+Aν1,κ

φ,2 (η;℘1,℘2)
�

¶
ν1

κ (℘2−℘1)
ν1
κ

�

Bν1,κ
1 (η;℘1,℘2)

+ Bν1,κ
2 (η;℘1,℘2)

�

�

φ(℘1)
eη℘1

+
φ(℘2)
eη℘2

�

, (11)

where Aν1,κ
φ,1 (η;℘1,℘2) and Aν1,κ

φ,2 (η;℘1,℘2) are as given
in Theorem 4, and

Bν1,κ
1 (η;℘1,℘2) =

∫ ℘2

℘1

(x −℘1)
ν1
κ −1

eηx
dx ,

Bν1,κ
2 (η;℘1,℘2) =

∫ ℘2

℘1

(℘2− x)
ν1
κ −1

eηx
dx .
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Corollary 3 Theorem 4 with s = 1 leads to

κ

ν1

�

m2m

2m(m−1)+1

�

φ
�℘1 +℘2

2

�

¶
1

(℘2 −℘1)
ν1
κ

�

Aν1 ,κ
φ,1 (η;℘1,℘2)+Aν1 ,κ

φ,2 (η;℘1,℘2)
�

¶
1

(℘2−℘1)
ν1
κ

�

�

Bν1 ,κ
1,m (η;℘1,℘2)+Bν1 ,κ

4,m (η;℘1,℘2)
�φ(℘1)

eη℘1

+
�

Bν1 ,κ
2,m (η;℘1,℘2)+ Bν1 ,κ

3,m (η;℘1,℘2)
� φ(℘2)

eη℘2

�

, (12)

where Aν1,κ
φ,1 (η;℘1,℘2), Aν1,κ

φ,2 (η;℘1,℘2) and

Bν1,κ
`,m (η;℘1,℘2) = Bν1,κ

`,m (η; 1,℘1,℘2) for all `= 1,2, 3,4
are as given in Theorem 4.

Corollary 4 Theorem 4 with s = κ= ν1 = 1 leads to

�

m2m−1

2m(m−1)+1

�

φ
�℘1 +℘2

2

�

¶
1

℘2 −℘1
Aφ(η;℘1,℘2)

¶
1

℘2 −℘1

§

B1,m(η;℘1,℘2)
φ(℘1)
eη℘1

+ B2,m(η;℘1,℘2)
φ(℘2)
eη℘2

ª

, (13)

where

Aφ(η;℘1,℘2) :=

∫ ℘2

℘1

φ(x)
eηx

dx ,

and

B1,m(η;℘1,℘2) :=
1
m

m
∑

`=1

∫ ℘2

℘1

1
eηx

�

℘2− x
℘2−℘1

�`

dx;

B2,m(η;℘1,℘2) :=
1
m

m
∑

`=1

∫ ℘2

℘1

1
eηx

�

x −℘1

℘2−℘1

�`

dx .

Corollary 5 Theorem 4 with η= 0 and s = κ= ν1 = 1
becomes [9, Theorem 4].

FURTHER CONSEQUENCES

We need the following lemma in order to proceed.

Lemma 1 Let φ : Se ⊆ R→ R be a differentiable func-
tion on Se with ℘1,℘2 ∈ Se and ℘1 < ℘2. Also, let
ν1,κ1 > 0 and m be an arbitrary positive integer number.
If φ′ ∈ L [℘1,℘2], then we have

Sν1 ,κ1
m (φ;℘1,℘2) :=

�℘2 −℘1

4m

�

Γκ1
(ν1 +κ1)×

m−1
∑

=0

�

�

2m
℘2−℘1

�

ν1
κ1
+1

J ν1 ,κ1
�

(2(m−)−1)℘1+(2 +1)℘2
2m

�−φ

�

(m− )℘1 + ℘2

m

�

−
� 2m
℘1−℘2

�

ν1
κ1
+1
J ν1 ,κ1
�

(2(m− )−1)℘1+(2 +1)℘2
2m

�−φ

�

(m− −1)℘1+( +1)℘2

m

�

�

−
m−1
∑

=0

φ

�

(2(m− )−1)℘1 +(2 +1)℘2

2m

�

=
�℘2 −℘1

4m

�
m−1
∑

=0

�∫ 1

0

%
ν1
κ1 φ′

�

%

2
(m− )℘1 + ℘2

m

+
(2−%)

2
(m− −1)℘1 +( +1)℘2

m

�

d%

−
∫ 1

0

%
ν1
κ1 φ′

�

%

2
(m− −1)℘1 +( +1)℘2

m

+
(2−%)

2
(m− )℘1 + ℘2

m

�

d%

�

. (14)

Proof : Setting

J1 :=

∫ 1

0

%
ν1
κ1 φ′

�

%

2
(m− )℘1+ ℘2

m

+
(2−%)

2
(m− −1)℘1+( +1)℘2

m

�

d%, (15)

and

J2 :=

∫ 1

0

%
ν1
κ1 φ′

�

%

2
(m− −1)℘1+( +1)℘2

m

+
(2−%)

2
(m− )℘1+ ℘2

m

�

d%. (16)

By applying integration by parts on equality (15), we
have

J1 =
�

2m
℘1−℘2

�

�

%
ν1
κ1 φ

�

%

2
(m− )℘1+ ℘2

m

+
(2−%)

2
(m− −1)℘1+( +1)℘2

m

�

�

�

�

�

1

0

−
ν1

κ1

∫ 1

0

%
ν1
κ1
−1φ

�

%

2
(m− )℘1+ ℘2

m

+
(2−%)

2
(m− −1)℘1+( +1)℘2

m

�

d%

�

=
�

2m
℘1−℘2

�

�

φ

�

(2(m− )−1)℘1+(2 +1)℘2

2m

�

−
�

2m
℘1−℘2

�

ν1
κ1

Γκ1
(ν1+κ1)J

ν1,κ1
�

(2(m− )−1)℘1+(2 +1)℘2
2m

�−

×φ
�

(m− −1)℘1+( +1)℘2

m

�

�

. (17)

Similarly, from equality (16), we obtain

J2 =
�

2m
℘2−℘1

�

�

φ

�

(2(m− )−1)℘1+(2 +1)℘2

2m

�

−
�

2m
℘2−℘1

�

ν1
κ1

Γκ1
(ν1+κ1)J

ν1,κ1
�

(2(m− )−1)℘1+(2 +1)℘2
2m

�−

×φ
�

(m− )℘1+ ℘2

m

�

�

, (18)
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for all  = 0, 1,2, . . . , m − 1. Then, by subtracting
equality (18) from (17), multiplying by the factor
�℘2−℘1

4m

�

and summing over  from 0 to m− 1, we can
easily attain the desired identity (14). 2

Remark 3 Lemma 1 with m= κ1 = 1 leads to

2ν1−1Γ (ν1 +1)
(℘2 −℘1)ν1

�

J ν1
�

℘1+℘2
2

�+φ(℘2)+J
ν1
�

℘1+℘2
2

�−φ(℘1)

�

−φ
�℘1+℘2

2

�

=
(℘2−℘1)

4

�∫ 1

0

%ν1φ′
�

%

2
℘1+

(2−%)
2

℘2

�

d%

−
∫ 1

0

%ν1φ′
�

%

2
℘2+

(2−%)
2

℘1

�

d%

�

, (19)

which is established in [29, Lemma 3].

Throughout the rest of this study, we consider

um,  :=
(m− )℘1+ ℘2

m
and

um, +1 :=
(m− −1)℘1+( +1)℘2

m
.

Theorem 5 Let s ∈ [0,1], ν1, κ1 > 0, m ∈ N and
φ : [℘1,℘2]→R be a differentiable function on (℘1,℘2)
such that φ′ ∈L [℘1,℘2]. If |φ′| is m-polynomial expo-
nentially s-type convex function on [℘1,℘2] and η ∈ R,
then we have

�

�Sν1,κ1
m (φ;℘1,℘2)

�

�¶
�℘2−℘1

4m

�

�

Cν1,κ1
m (s)+ Dν1,κ1

m (s)
�

×
m−1
∑

=0

�

|φ′(um, )|
eηum, 

+
|φ′(um, +1)|

eηum, +1

�

, (20)

where

Cν1,κ1
m (s) :=

1
m

m
∑

`=1

∫ 1

0

%
ν1
κ1

�

1−
�

s
�

1−
%

2

��`
�

d%,

Dν1,κ1
m (s) :=

1
m

m
∑

`=1

∫ 1

0

%
ν1
κ1

�

1−
�

s
%

2

�`
�

d%.

Proof : By making use of Lemma 1 and properties of
modulus, we can deduce

�

�Sν1,κ1
m (φ;℘1,℘2)

�

�¶
�℘2−℘1

4m

�

×
m−1
∑

=0

�∫ 1

0

%
ν1
κ1

�

�

�

�

φ′
�

%

2
um, +

(2−%)
2

um, +1

�

�

�

�

�

d%

+

∫ 1

0

%
ν1
κ1

�

�

�

�

φ′
�

(2−%)
2

um, +
%

2
um, +1

�

�

�

�

�

d%

�

.

Then, by making use of m-polynomial exponentially
s-type convexity of |φ′|, we get

�

�Sν1,κ1
m (φ;℘1,℘2)

�

�¶
�℘2−℘1

4m

�

×
m−1
∑

=0

�∫ 1

0

%
ν1
κ1

�

1
m

m
∑

`=1

�

1−
�

s
�

1−
%

2

��`
� |φ′(um, )|

eηum, 

+
1
m

m
∑

`=1

�

1−
�

s
%

2

�`
� |φ′(um, +1)|

eηum, +1

�

d%

+

∫ 1

0

%
ν1
κ1

�

1
m

m
∑

`=1

�

1−
�

s
�

1−
%

2

��`
� |φ′(um, +1)|

eηum, +1

+
1
m

m
∑

`=1

�

1−
�

s
%

2

�`
� |φ′(um, )|

eηum, 

�

d%

�

=
�℘2−℘1

4m

�

�

Cν1,κ1
m (s)+ Dν1,κ1

m (s)
�

×
m−1
∑

=0

�

|φ′(um, )|
eηum, 

+
|φ′(um, +1)|

eηum, +1

�

,

which completes the proof. 2

Corollary 6 Theorem 5 with η= 0 leads to

�

�Sν1,κ1
m (φ;℘1,℘2)

�

�¶
�℘2−℘1

4m

�

�

Cν1,κ1
m (s)+Dν1,κ1

m (s)
�

×
m−1
∑

=0

�

|φ′(um, )|+ |φ′(um, +1)|
�

. (21)

Corollary 7 Theorem 5 with s = 0 leads to

�

�Sν1,κ1
m (φ;℘1,℘2)

�

�¶
�℘2−℘1

2m

�

�

κ1

ν1+κ1

�

×
m−1
∑

=0

�

|φ′(um, )|
eηum, 

+
|φ′(um, +1)|

eηum, +1

�

. (22)

Corollary 8 Theorem 5 with s = 1 leads to

�

�Sν1,κ1
m (φ;℘1,℘2)

�

�¶
�℘2−℘1

4m

�

�

Cν1,κ1
m +Dν1,κ1

m

�

×
m−1
∑

=0

�

|φ′(um, )|
eηum, 

+
|φ′(um, +1)|

eηum, +1

�

, (23)

where

Cν1,κ1
m :=

κ1

ν1+κ1
−

2
ν1
κ1
+1

m

m
∑

`=0

�

β

�

ν1

κ1
+1,`+1

�

−β 1
2

�

ν1

κ1
+1,`+1

��

,

Dν1,κ1
m :=

κ1

ν1+κ1
−

1
m

m
∑

`=0

κ1

2` [ν1+κ1(`+1)]
,

www.scienceasia.org

http://www.scienceasia.org/
www.scienceasia.org


218 ScienceAsia 49 (2023)

where β(·, ·) and β1/2(·, ·) are the beta function and
incomplete beta function, respectively, i.e.,

β(x , y) =

∫ 1

0

%x−1(1−%)y−1 d%;

βa(x , y) =

∫ a

0

%x−1(1−%)y−1 d%, 0< a ¶ 1.

Corollary 9 Theorem 5 with m= κ1 = 1 leads to
�

�

�

�

2ν1−1Γ (ν1+1)
(℘2−℘1)ν1

§

J ν1

( ℘1+℘2
2 )

+φ(℘2)+J
ν1

( ℘1+℘2
2 )

−φ(℘1)
ª

−φ
�℘1+℘2

2

�

�

�

�

�

¶
(2− s)(℘2−℘1)

4(ν1+1)

×
� |φ′(℘1)|

eη℘1
+
|φ′(℘2)|

eη℘2

�

. (24)

Moreover, if η= 0 and s = 1, we get
�

�

�

�

2ν1−1Γ (ν1+1)
(℘2−℘1)ν1

§

J ν1

( ℘1+℘2
2 )

+φ(℘2)+J
ν1

( ℘1+℘2
2 )

−φ(℘1)
ª

−φ
�℘1+℘2

2

�

�

�

�

�

¶
℘2−℘1

4(ν1+1)

�

|φ′(℘1)|+ |φ′(℘2)|
�

,

which is established in the first step of proof of [29,
Theorem 5].

Theorem 6 Let s ∈ [0,1], ν1, κ1 > 0, m ∈ N and
φ : [℘1,℘2]→R be a differentiable function on (℘1,℘2)
such that φ′ ∈ L [℘1,℘2]. If |φ′|ρ2 is m-polynomial
exponentially s-type convex function on [℘1,℘2] and
η ∈ R, then we have for 1

ρ1
+ 1
ρ2
= 1, ρ2 > 1:

�

�Sν1,κ1
m (φ;℘1,℘2)

�

�¶
�℘2−℘1

4m

�

�

κ1

ρ1ν1+κ1

�
1
ρ1

×
m−1
∑

=0

��

Em(s)
|φ′(um, )|ρ2

eηum, 
+ Fm(s)

|φ′(um, +1)|ρ2

eηum, +1

�
1
ρ2

+

�

Em(s)
|φ′(um, +1)|ρ2

eηum, +1
+Fm(s)

|φ′(um, )|ρ2

eηum, 

�
1
ρ2
�

, (25)

where

Em(s) =
1
m

m
∑

`=1

∫ 1

0

�

1−
�

s
�

1−
%

2

��`
�

d%

= 1−
2
m

m
∑

`=1

s`

`+1

�

1−
1

2`+1

�

,

and

Fm(s) =
1
m

m
∑

`=1

∫ 1

0

�

1−
�

s
%

2

�`
�

d%

= 1−
1
m

m
∑

`=1

s`

2`(`+1)
.

Proof : By making use of Lemma 1, Hölder’s inequality
and properties of modulus, we can deduce

�

�Sν1,κ1
m (φ;℘1,℘2)

�

�¶
�℘2−℘1

4m

�

×
m−1
∑

=0

�∫ 1

0

%
ν1
κ1

�

�

�

�

φ′
�

%

2
um, +

(2−%)
2

um, +1

�

�

�

�

�

d%

+

∫ 1

0

%
ν1
κ1

�

�

�

�

φ′
�

(2−%)
2

um, +
%

2
um, +1

�

�

�

�

�

d%

�

¶
�℘2−℘1

4m

�

�

∫ 1

0

%
ρ1ν1
κ1 d%

�
1
ρ1

×
m−1
∑

=0

�

�

∫ 1

0

�

�

�

�

φ′
�

%

2
um, +

(2−%)
2

um, +1

�

�

�

�

�

ρ2

d%

�
1
ρ2

+

�

∫ 1

0

�

�

�

�

φ′
�

(2−%)
2

um, +
%

2
um, +1

�

�

�

�

�

ρ2

d%

�
1
ρ2
�

.

Then, by making use of m-polynomial exponentially
s-type convexity of |φ′|ρ2 , we get

�

�Sν1,κ1
m (φ;℘1,℘2)

�

�¶
�℘2−℘1

4m

�

�

κ1

ρ1ν1+κ1

�
1
ρ1

×
m−1
∑

=0

�

�

∫ 1

0

�

1
m

m
∑

`=1

�

1−
�

s
�

1−
%

2

��`
� |φ′(um, )|ρ2

eηum, 

+
1
m

m
∑

`=1

�

1−
�

s
%

2

�`
� |φ′(um, +1)|ρ2

eηum, +1

�

d%
�

1
ρ2

+
�

∫ 1

0

�

1
m

m
∑

`=1

�

1−
�

s
�

1−
%

2

��`
� |φ′(um, +1)|ρ2

eηum, +1

+
1
m

m
∑

`=1

�

1−
�

s
%

2

�`
� |φ′(um, )|ρ2

eηum, 

�

d%
�

1
ρ2

�

=
�℘2−℘1

4m

�

�

κ1

ρ1ν1+κ1

�
1
ρ1

×
m−1
∑

=0

��

Em(s)
|φ′(um, )|ρ2

eηum, 
+Fm(s)

|φ′(um, +1)|ρ2

eηum, +1

�
1
ρ2

+

�

Em(s)
|φ′(um, +1)|ρ2

eηum, +1
+Fm(s)

|φ′(um, )|ρ2

eηum, 

�
1
ρ2
�

.

This ends our proof. 2

Corollary 10 Theorem 6 with η= 0 leads to

�

�Sν1,κ1
m (φ;℘1,℘2)

�

�¶
�℘2−℘1

4m

�

�

κ1

ρ1ν1+κ1

�
1
ρ1

×
m−1
∑

=0

¦

�

Em(s)|φ′(um, )|ρ2 + Fm(s)|φ′(um, +1)|ρ2
�

1
ρ2

+
�

Em(s)|φ′(um, +1)|ρ2+Fm(s)|φ′(um, )|ρ2
�

1
ρ2

©

. (26)
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Corollary 11 Theorem 6 with s = 0 leads to

�

�Sν1,κ1
m (φ;℘1,℘2)

�

�¶
�℘2−℘1

2m

�

�

κ1

ρ1ν1+κ1

�
1
ρ1

×
m−1
∑

=0

�

|φ′(um, )|ρ2

eηum, 
+
|φ′(um, +1)|ρ2

eηum, +1

�
1
ρ2

. (27)

Corollary 12 Theorem 6 with s = 1 leads to

�

�Sν1,κ1
m (φ;℘1,℘2)

�

�¶
�℘2−℘1

4m

�

�

κ1

ρ1ν1+κ1

�
1
ρ1

×
m−1
∑

=0

��

Em

|φ′(um, )|ρ2

eηum, 
+ Fm

|φ′(um, +1)|ρ2

eηum, +1

�
1
ρ2

+

�

Em

|φ′(um, +1)|ρ2

eηum, +1
+ Fm

|φ′(um, )|ρ2

eηum, 

�
1
ρ2
�

, (28)

where

Em =
1
m

m
∑

`=1

∫ 1

0

�

1−
�

1−
%

2

�`
�

d%

= 1−
2
m

m
∑

`=1

1
`+1

�

1−
1

2`+1

�

,

and

Fm =
1
m

m
∑

`=1

∫ 1

0

�

1−
�%

2

�`
�

d% = 1−
1
m

m
∑

`=1

1
2`(`+1)

.

Corollary 13 Theorem 6 with m= κ1 = 1 leads to
�

�

�

�

2ν1−1Γ (ν1+1)
(℘2−℘1)ν1

§

J ν1

( ℘1+℘2
2 )

+φ(℘2)+J
ν1

( ℘1+℘2
2 )

−φ(℘1)
ª

−φ
�℘1+℘2

2

�

�

�

�

�

¶
�℘2−℘1

4

�

�

1
ρ1ν1+1

�
1
ρ1
�

1
4

�
1
ρ2

×
�

�

(4−3s)
|φ′(℘1)|ρ2

eη℘1
+(4− s)

|φ′(℘2)|ρ2

eη℘2

�

1
ρ2

+
�

(4−3s)
|φ′(℘2)|ρ2

eη℘2
+(4−s)

|φ′(℘1)|ρ2

eη℘1

�

1
ρ2
�

. (29)

Moreover, if η= 0 and s = 1, we get
�

�

�

�

2ν1−1Γ (ν1+1)
(℘2−℘1)ν1

§

J ν1

( ℘1+℘2
2 )

+φ(℘2)+J
ν1

( ℘1+℘2
2 )

−φ(℘1)
ª

−φ
�℘1+℘2

2

�

�

�

�

�

¶
�℘2−℘1

4

�

�

1
ρ1ν1+1

�
1
ρ1

×
�

� |φ′(℘1)|ρ2 +3|φ′(℘2)|ρ2

4

�

1
ρ2

+
�

3|φ′(℘1)|ρ2 + |φ′(℘2)|ρ2

4

�

1
ρ2
�

,

which is established in [29, Theorem 6].

Theorem 7 Let s ∈ [0, 1], ν1, κ1 > 0, m ∈ N and
φ : [℘1,℘2]→R be a differentiable function on (℘1,℘2)
such that φ′ ∈ L [℘1,℘2]. If |φ′|ρ2 is m-polynomial
exponentially s-type convex function on [℘1,℘2] and
η ∈ R, then we have for ρ2 > 1:

�

�Sν1 ,κ1
m (φ;℘1,℘2)

�

�¶
�℘2 −℘1

4m

�

�

κ1

ν1 +κ1

�1− 1
ρ2

×
m−1
∑

=0

��

Cν1 ,κ1
m (s)

|φ′(um, )|ρ2

eηum, 
+ Dν1 ,κ1

m (s)
|φ′(um, +1)|ρ2

eηum, +1

�
1
ρ2

+

�

Cν1 ,κ1
m (s)

|φ′(um, +1)|ρ2

eηum, +1
+Dν1 ,κ1

m (s)
|φ′(um, )|ρ2

eηum, 

�
1
ρ2
�

, (30)

where Cν1,κ1
m (s) and Dν1,κ1

m (s) are as given in Theorem 5.

Proof : By making use of Lemma 1, the power mean
inequality and properties of modulus, we have

�

�Sν1,κ1
m (φ;℘1,℘2)

�

�¶
�℘2−℘1

4m

�

×
m−1
∑

=0

�∫ 1

0

%
ν1
κ1

�

�

�

�

φ′
�

%

2
um, +

(2−%)
2

um, +1

�

�

�

�

�

d%

+

∫ 1

0

%
ν1
κ1

�

�

�

�

φ′
�

(2−%)
2

um, +
%

2
um, +1

�

�

�

�

�

d%

�

¶
�℘2−℘1

4m

�

�

∫ 1

0

%
ν1
κ1 d%

�1− 1
ρ2

×
m−1
∑

=0

�

�

∫ 1

0

%
ν1
κ1

�

�

�

�

φ′
�

%

2
um, +

(2−%)
2

um, +1

�

�

�

�

�

ρ2

d%

�
1
ρ2

+

�

∫ 1

0

%
ν1
κ1

�

�

�

�

φ′
�

(2−%)
2

um, +
%

2
um, +1

�

�

�

�

�

ρ2

d%

�
1
ρ2
�

.

Then, by making use of m-polynomial exponentially
s-type convexity of |φ′|ρ2 , we have

�

�Sν1,κ1
m (φ;℘1,℘2)

�

�¶
�℘2−℘1

4m

�

�

κ1

ν1+κ1

�1− 1
ρ2

×
m−1
∑

=0

��∫ 1

0

%
ν1
κ1

�

1
m

m
∑

`=1

�

1−
�

s
�

1−
%

2

��`
� |φ′(um, )|ρ2

eηum, 

+
1
m

m
∑

`=1

�

1−
�

s
%

2

�`
� |φ′(um, +1)|ρ2

eηum, +1

�

d%

�

1
ρ2

+

�∫ 1

0

%
ν1
κ1

�

1
m

m
∑

`=1

�

1−
�

s
�

1−
%

2

��`
� |φ′(um, +1)|ρ2

eηum, +1

+
1
m

m
∑

`=1

�

1−
�

s
%

2

�`
� |φ′(um, )|ρ2

eηum, 

�

d%

�

1
ρ2
�
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=
�℘2 −℘1

4m

�

�

κ1

ν1 +κ1

�1− 1
ρ2

×
m−1
∑

=0

��

Cν1 ,κ1
m (s)

|φ′(um, )|ρ2

eηum, 
+ Dν1 ,κ1

m (s)
|φ′(um, +1)|ρ2

eηum, +1

�
1
ρ2

+

�

Cν1 ,κ1
m (s)

|φ′(um, +1)|ρ2

eηum, +1
+Dν1 ,κ1

m (s)
|φ′(um, )|ρ2

eηum, 

�
1
ρ2
�

,

which completes the proof. 2

Corollary 14 Theorem 7 with η= 0 leads to

�

�Sν1 ,κ1
m (φ;℘1,℘2)

�

�¶
�℘2 −℘1

4m

�

�

κ1

ν1 +κ1

�1− 1
ρ2

×
m−1
∑

=0

�

�

Cν1 ,κ1
m (s)|φ′(um, )|ρ2 + Dν1 ,κ1

m (s)|φ′(um, +1)|ρ2
�

1
ρ2

+
�

Cν1 ,κ1
m (s)|φ′(um, +1)|ρ2+Dν1 ,κ1

m (s)|φ′(um, )|ρ2
�

1
ρ2

�

. (31)

Corollary 15 Theorem 7 with s = 0 leads to

�

�Sν1,κ1
m (φ;℘1,℘2)

�

�¶
�℘2−℘1

2m

�

�

κ1

ν1+κ1

�

×
m−1
∑

=0

�

|φ′(um, )|ρ2

eηum, 
+
|φ′(um, +1)|ρ2

eηum, +1

�
1
ρ2

. (32)

Corollary 16 Theorem 7 with s = 1 leads to

�

�Sν1,κ1
m (φ;℘1,℘2)

�

�¶
�℘2−℘1

4m

�

�

κ1

ν1+κ1

�1− 1
ρ2

×
m−1
∑

=0

��

Cν1,κ1
m

|φ′(um, )|ρ2

eηum, 
+ Dν1,κ1

m

|φ′(um, +1)|ρ2

eηum, +1

�
1
ρ2

+

�

Cν1,κ1
m

|φ′(um, +1)|ρ2

eηum, +1
+Dν1,κ1

m

|φ′(um, )|ρ2

eηum, 

�
1
ρ2
�

, (33)

where Cν1,κ1
m and Dν1,κ1

m are as given in Corollary 8.

Corollary 17 Theorem 7 with m= κ1 = 1 leads to
�

�

�

�

2ν1−1Γ (ν1+1)
(℘2−℘1)ν1

§

J ν1

( ℘1+℘2
2 )

+φ(℘2)+J
ν1

( ℘1+℘2
2 )

−φ(℘1)
ª

−φ
�℘1+℘2

2

�

�

�

�

�

¶
�℘2−℘1

4

�

�

1
ν1+1

�1− 1
ρ2

×
�

��

1− s
ν1+1

+
1

2(ν1+2)

� |φ′(℘1)|ρ2

eη℘1

+
�

1
ν1+1

−
1

2(ν1+2)

� |φ′(℘2)|ρ2

eη℘2

�
1
ρ2

+
��

1− s
ν1+1

+
1

2(ν1+2)

� |φ′(℘2)|ρ2

eη℘2

+
�

1
ν1+1

−
1

2(ν1+2)

� |φ′(℘1)|ρ2

eη℘1

�
1
ρ2

�

. (34)

Moreover, if η= 0 and s = 1, we get

�

�

�

�

2ν1−1Γ (ν1+1)
(℘2−℘1)ν1

§

J ν1

( ℘1+℘2
2 )

+φ(℘2)+J
ν1

( ℘1+℘2
2 )

−φ(℘1)
ª

−φ
�℘1+℘2

2

�

�

�

�

�

¶
�

℘2−℘1

4(ν1+1)

�

×
�

�

ν1+1
2(ν1+2)

|φ′(℘1)|ρ2 +
ν1+3

2(ν1+2)
|φ′(℘2)|ρ2

�
1
ρ2

+
�

ν1+3
2(ν1+2)

|φ′(℘1)|ρ2 +
ν1+1

2(ν1+2)
|φ′(℘2)|ρ2

�
1
ρ2

�

,

which is established in [29, Theorem 5].

EXAMPLES AND APPLICATIONS

Bessel functions

Consider the function Bτ : (0,∞)→ [1,∞) given by

Bτ(x) = 2τΓ (τ+1)x−τNτ(x),

where Nτ is the modified Bessel function of the first
kind defined by (see [30, Eq. (2), pp 77]):

Nτ(x) =
∞
∑

m=0

�

x
2

�τ+2m

m!Γ (τ+1+m)
, x ∈ R.

Following [30], we have

B′τ(x) =
x

2(τ+1)
Bτ+1(x), (35)

B′′τ(x) =
x2Bτ+2(x)

4(τ+1)(τ+2)
+

Bτ+1(x)
2(τ+1)

. (36)

Assume that all assumptions of the used corollaries in
the following examples are satisfied.

Example 1 Let 0 < ℘1 < ℘2 and τ > −1. Then, by
applying Corollary 9 with ν1 = 1 and the identities (35)
and (36), we obtain

�

�

�

�

Bτ(℘2)−Bτ(℘1)
℘2 −℘1

−
(℘1 +℘2)
4(τ+1)

Bτ+1

�℘1 +℘2

2

�

�

�

�

�

¶
(2−s)(℘2−℘1)

8

�

1
eη℘1

�

℘2
1Bτ+2(℘1)

4(τ+1)(τ+2)
+
Bτ+1(℘1)
2(τ+1)

�

+
1

eη℘2

�

℘2
2Bτ+2(℘2)

4(τ+1)(τ+2)
+

Bτ+1(℘2)
2(τ+1)

��

.

Example 2 Let 0 < ℘1 < ℘2 and τ > −1. Then, by
applying Corollary 13 with ν1 = 1 and the identities
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(35) and (36), we obtain

�

�

�

�

Bτ(℘2)−Bτ(℘1)
℘2−℘1

−
(℘1+℘2)
4(τ+1)

Bτ+1

�℘1+℘2

2

�

�

�

�

�

¶ (℘2−℘1)
�

1
4

�1+ 1
ρ2
�

1
ρ1+1

�
1
ρ1

×
��

(4−3s)
eη℘1

�

℘2
1Bτ+2(℘1)

4(τ+1)(τ+2)
+

Bτ+1(℘1)
2(τ+1)

�ρ2

+
(4− s)
eη℘2

�

℘2
2Bτ+2(℘2)

4(τ+1)(τ+2)
+

Bτ+1(℘2)
2(τ+1)

�ρ2
�

1
ρ2

+

�

(4− s)
eη℘1

�

℘2
1Bτ+2(℘1)

4(τ+1)(τ+2)
+

Bτ+1(℘1)
2(τ+1)

�ρ2

+
(4−3s)

eη℘2

�

℘2
2Bτ+2(℘2)

4(τ+1)(τ+2)
+

Bτ+1(℘2)
2(τ+1)

�ρ2
�

1
ρ2
�

.

Example 3 Let 0 < ℘1 < ℘2 and τ > −1. Then, by
applying Corollary 17 with ν1 = 1 and the identities
(35) and (36), we obtain

�

�

�

�

Bτ(℘2)−Bτ(℘1)
℘2−℘1

−
(℘1+℘2)
4(τ+1)

Bτ+1

�℘1+℘2

2

�

�

�

�

�

¶ (℘2−℘1)
�

1
2

�3− 1
ρ2

×
��

(4−3s)
6 eη℘1

�

℘2
1Bτ+2(℘1)

4(τ+1)(τ+2)
+

Bτ+1(℘1)
2(τ+1)

�ρ2

+
1

3eη℘2

�

℘2
2Bτ+2(℘2)

4(τ+1)(τ+2)
+

Bτ+1(℘2)
2(τ+1)

�ρ2
�

1
ρ2

+

�

1
3eη℘1

�

℘2
1Bτ+2(℘1)

4(τ+1)(τ+2)
+

Bτ+1(℘1)
2(τ+1)

�ρ2

+
(4−3s)
6eη℘2

�

℘2
2Bτ+2(℘2)

4(τ+1)(τ+2)
+

Bτ+1(℘2)
2(τ+1)

�ρ2
�

1
ρ2
�

.

Special means

Let ℘1,℘2 ∈ R with ℘1 6= ℘2.

• The arithmetic mean:

A (℘1,℘2) =
℘1+℘2

2
.

• The generalized logarithmic mean:

Lr(℘1,℘2) =

�

℘r+1
2 −℘r+1

1

(r+1)(℘2−℘1)

�1/r

, r ∈R\{−1, 0}.

Proposition 2 Let s ∈ (0,1], m ∈ N and 0 < ℘1 < ℘2.
Then, we have for η¶ 0:

�

�

�

�

mL s
s (℘1,℘2)−

m−1
∑

=0

1
ms
A s ((2(m− )−1)℘1, (2 +1)℘2)

�

�

�

�

¶
2s−3(℘2 −℘1)s

m
[Cm(s)+ Dm(s)]

×
m−1
∑

=0

�

1
eη((m− )℘1+ ℘2)

A s−1 ((m− )℘1, ℘2)

+
1

eη((m−−1)℘1+( +1)℘2)
A s−1((m− −1)℘1, ( +1)℘2)

�

, (37)

where

Cm(s) =
1
2
−

4
m

m
∑

`=1

s`
�

1
`+1

�

1−
1

2`+1

�

−
1
`+2

�

1−
1

2`+2

��

;

Dm(s) =
1
2
−

1
m

m
∑

`=1

s`

2`(`+2)
.

Proof : By making use of Proposition 1 and Theorem 5
with φ(x) = x s, x ∈ [℘1,℘2], s ∈ (0,1] and ν1 = κ1 =
1, we can obtain the desired result (37). 2

Proposition 3 Let s ∈ (0,1], m ∈ N and 0 < ℘1 < ℘2.
Then, we have for η¶ 0:

�

�

�

�

mL s
s (℘1,℘2)−

m−1
∑

=0

1
ms
A s ((2(m− )−1)℘1, (2 +1)℘2)

�

�

�

�

¶
2s−3(℘2 −℘1)s

m

�

1
ρ1 +1

�
1
ρ1

×
m−1
∑

=0

��

Em(s)
eη((m− )℘1+ ℘2)

A ρ2(s−1) ((m− )℘1, ℘2)

+
Fm(s)

eη((m−−1)℘1+( +1)℘2)
A ρ2(s−1)((m− −1)℘1, ( +1)℘2)

�

1
ρ2

+

�

Fm(s)
eη((m− )℘1+ ℘2)

A ρ2(s−1) ((m− )℘1, ℘2)

+
Em(s)

eη((m− −1)℘1+( +1)℘2)

×A ρ2(s−1) ((m− −1)℘1, ( +1)℘2)

�

1
ρ2
�

, (38)

where 1
ρ1
+ 1
ρ2
= 1, ρ2 > 1, and Em(s) and Fm(s) are as

given in Theorem 6.

Proof : By making use of Proposition 1 and Theorem 6
with φ(x) = x s, x ∈ [℘1,℘2], s ∈ (0,1] and ν1 = κ1 =
1, we can obtain the desired result (38). 2
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Proposition 4 Let s ∈ (0,1], m ∈ N and 0 < ℘1 < ℘2.
Then, we have for η¶ 0:

�

�

�

�

mL s
s (℘1,℘2)−

m−1
∑

=0

1
ms
A s ((2(m− )−1)℘1, (2 +1)℘2)

�

�

�

�

¶
2s−3(℘2 −℘1)s

m

�

1
2

�3− 1
ρ2

×
m−1
∑

=0

��

Cm(s)
eη((m− )℘1+ ℘2)

A ρ2(s−1) ((m− )℘1, ℘2)

+
Dm(s)

eη((m−−1)℘1+( +1)℘2)
A ρ2(s−1)((m− −1)℘1, ( +1)℘2)

�

1
ρ2

+

�

Dm(s)
eη((m− )℘1+ ℘2)

A ρ2(s−1) ((m− )℘1, ℘2)

+
Cm(s)

eη((m− −1)℘1+( +1)℘2)

×A ρ2(s−1) ((m− −1)℘1, ( +1)℘2)

�

1
ρ2
�

, (39)

where ρ2 > 1, and Cm(s) and Dm(s) are as given in
Proposition 2.

Proof : By making use of Proposition 1 and Theorem 7
with φ(x) = x s, x ∈ [℘1,℘2], s ∈ (0,1] and ν1 = κ1 =
1, we can obtain the desired result (39). 2

CONCLUSION

In this paper we introduced a new class of convex
functions namely the m-polynomial exponentially s-
type convex functions. Also, we studied some of
their algebraic properties. We have established new
inequality of H-H type for the new defined convex
function. In addition, we proved a new midpoint
identity and some related integral inequalities for the
new defined convex function. In Corollaries 6–17, we
discussed many special cases which are obtained from
the main results and we pointed out those are exist in
the literature. Finally, we presented some applications
of Bessel functions and special means by applying our
results on specific values and functions. In any case,
we hope that these results continue to sharpen our
understanding of the nature of fractional calculus and
their applications in different fields.

For future developments, we will derive several
new interesting inequalities via Hölder-̇I̧scan, Cheby-
shev, Markov, Young and Minkowski inequalities using
fractional calculus for m-polynomial exponentially s-
type convex functions. Moreover, interested reader can
consider the mathematical equivalence (see e.g., [31])
among these proposed results.
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