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INTRODUCTION

In this paper, we denote a nonempty and open interval
byI CR. LetH : I € R — R be a convex function on I.
Then the Hermite-Hadamard integral inequality reads
that

H(ﬂ) < LJ H(x)dx < Iw’
r r

rtel.
2 t— 2

If the inequality
H(tu+(1—t)v) < tHW)+(1—t) HW)—ct(1—t)(u—v)?

is valid for u,v € I and t € [0, 1], then the function
H:I CR — R is called in [1] strongly convex with
modulus ¢ > 0. In [2,3], the kind of strongly convex
functions was generalized as follows.

Definition 1 ([2,3]) Let F : R — R be a given func-
tion. A function H : I € R — R is called F-convex if the
inequality

H(tu+(1—t)v) < tHw)+(1—t)H(v)—t(1—t)F (u—v) (1)
isvalid forallu,v €I and t €[0,1].

In [3], the following inequalities for strongly con-
vex functions were established.

Theorem 1 ([3, Theorem 5]) Let F : R — R be a given
function which is integrable on each compact subinterval
of (—a,a), where a = (supI —infI) /2. If an F-convex
function H : I € R — R is one-sided differentiable and

H_<H,, then
rt 1 (f rt
H + — Flu— du
2 t—r J, 2
(r)+H(t) 1

t
1 H
<— | H < ZF(r—
f—rJr (W) du 5 5 (r—1)

forall r,t €I with r # t.
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Theorem 2 ([3, Theorem 6]) Let F : R — R be a given
function which is integrable on each compact subinterval
of (—a,a), where a =supl—infl. fH:ICR—->Ris
an F-convex function, then

r+t 1 ‘
H( 5 )+4(t_r)ﬁF(2u—r—t)du

1 [ H(r)+H 1
< — H(u)dugw__
t—r 2 6

r

F(r—t)

forall r,t €I withr # t.

For more information on this topic, please refer to
the papers [4-9] and references therein.

DEFINITION OF s-(f3, F)-CONVEX FUNCTIONS

In [10,11], the concept of s-convex functions was
innovated as follows.

Definition 2 ([10,11]) Let s € (0,1]. A function H :
I CRy, =[0,00) — R is said to be s-convex (in the
second sense) if the inequality

H(tu+(1—-t)v)<ttHw)+ (1 —t)’HW) (2)
holds for all u,v €I and t € [0, 1].

In [12], the extended s-convex functions were
defined as follows.

Definition 3 ([12]) For some s € [—1,1], a function
H:ICR — R is said to be extended s-convex if the
inequality (2) is valid for allu,v €1 and t € (0, 1).

We are now in a position to introduce the following
new concept of convex functions, s-(f3, F)-convex func-
tions, which generalize the F-convex functions and the
extended s-convex functions.
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Definition 4 Letse[—1,1],0<f <1,andF:R—>R
be a given function. A function H : I CR — R is called
s-(B, F)-convex if

H(tuH(1-t)v) < CHH It H )t (1P )F (uv) (3)
forallu,v eI and t € (0,1).

Remark1 Let F: R >R and H: I C R — R be
nonnegative functions and let s € [—1,1). If H is F-
convex on I, then H is s-(1,F)-convex on I for s €
[—1,1). If H is an s-(f, F)-convex function on I, then
H is not necessarily an F-convex function on I.

Proposition 1 For s € [—1,0] and 0 < 8 < 1, let
H(u) =u € Rt = (0,00) and F(u) = |u| for u € R.
Then H(u) = u is an s-(f8, F)-convex function on R* for
s € [—1,0], but H(u) = u is not an F-convex function on
R™.

Proof: For u,v € R* with u < v and t € (0, 1), letting
w =7 €(0,1] and using (3) result in

tHW +(1—tfHE)—tP(1—P)Fu—v)
—H(tx+(1—1t)v)
=v{[t:+P(1—tF)—t]w
+[a-er—tP(1-tP)—a-0]} =o.

For u,v € R" with u < v and t € (0,1), by (1), we
obtain

tHw)+(1—t)Hv)—t(1—t)F(u—v)—H(tx+(1—t)v)
=—t(1—t)(v—u)<O.

Then H(u) = uis an s-(3, F)-convex function on R* for
s € [—1,0], but H(u) = u is not an F-convex function
on R*. O

LEMMAS

In order to establish some integral inequalities of the
Hermite-Hadamard type for s-(f3, F)-convex functions,
we recite the following two lemmas.

Lemma 1l ([13, Lemma 4]) Let I CRand H:I —> R
be a twice differentiable function on I°. If H” € L,([u, v])
foru,v €I withu <v, then

f H(w)dw

1
:—(V_zu)z f t(1—O)H" (tu+(1—t)v)dt.
0

Hu)+H(v) 1
2 v—u

Lemma 2 ([14, Lemma2.1])Let]I CRandH:I >R
be differentiable on I°. If H' € L,([u,v]) for u,v € I with

201

u <v, then

H(?)_ viu JHVH(W)dW

1/2
=(v —u)[f tH (tu+ (1 —t)v)dt
0

1
+f (t—1DH (tu+(1— t)v)dt].
1/2

SEVERAL INTEGRAL INEQUALITIES OF
HERMITE-HADAMARD TYPE

We now start out to establish several integral inequali-
ties of the Hermite-Hadamard type for s-(f3, F)-convex
functions.

Theorem 3 Suppose s € [—1,1], B < (0,1], and

u,veR withu<v. Let F:[u—v,v—u] — R be a

given function. If H : [u,v] — R is s-(f3, F)-convex with
H e Li([u,v]) and F € L ([u—v,v—u]), then

2HH(u+v)+ 27 12f —1) [T

2 (v—u)22h+1 |

F(x)dx
y

<LJ H(x)dx.
—u ),

Proof: Using the s-(, F)-convexity of H, for all
t €[0,1], we obtain

H(%):H(tu+(1_t)v+(1—t)u+tv)

2
< %[H(tu+(1—t)v)+H((1—t)u+ tv)]

28 —1
226

F((1—26)(u—v)).

Integrating on both sides with respect to t € [0, 1] and
changing variables lead to

A(5)

< %f [H(tu+(1— ) + H((1— Ou + tv)] dt

2 —1
228

1
f F((1—2t)(u—v))dt
0

1 v 2[5_1 1
= m J; H(X) dx _WLF((l_Zt)(u_V))df

1 ! 26 —1 v
=m£ H(X)dx—mf ) F(x)dx.

U—

Theorem 3 is thus proved. O
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Theorem 4 Suppose s € (—1,1], f €(0,1], and u,v €
Rwithu<v. Let F: [u—v,0) > Rand H : [u,v] > R.
IfH is s-(p, F)-convex on [u,v] and H € L,([u,v]), then

! fH(x)dx
vV—u u
H(u)+H(v) B
R _(/5+1)(2/5+1)F(u_v)'

Proof: Changing the variable x = tu+(1—t)v fort €
(0,1) and using the s-(f3, F)-convexity of H yield

LJ H(x)dx
v—u J,

1
:J H(tu+(1—t)v)dt
0

1
< J [HW+(1—t)HW)—tP(1—tP)F(u—v)]dt
0

:H(u)+H(v)_ B Flu—v)
s+1 (B+1)(2B+1) '
Theorem 4 is thus proved. ]

Theorem 5 Suppose s € [—1,1] and B € (0,1], and

u,v € Rwith u <v. Let function F : [u—v,0) —» R and

a twice differentiable function H : [u,v] — R. If [H"|? is

s-(B, F)-convex on [u,v] for ¢ = 1 and H” € L,([u,v]),
Hw)+H() 1

then
5 V—UL H(x)dx

(v—u)? [ |H”(w)|?+|H"(v)|?
S 2x6l-1/4 (s+2)(s+3)

_ PBBHSFu—)
2(p+1)(B+2)(B+3)(26+3)

1/q
I w

Proof: By Lemma 1 and the Holder integral inequality
(see the monograph [15, Theorem 7, p. 54]), we have
'H(u)+H(v) 1

5 V—UL H(x)dx
(v_u)z 1 1-1/q
< T[L t(l—t)dt]

1 1/q
><(ft(l—t)IH”(tu+(1—t)v)|qdt). (5)

0
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Using the s-(3, F)-convexity of |H” |7 gives

1
f t(1—0)|H (tu+ (1 —t)v)|9dt
0

1
< J t(1— t)[tSIH”(u)Iq +(1 =t |H" W)
0

—tP(1—tP)F(u— v)] dt
[H"()|? + |H"(v)|*
(s+2)(s+3)
_ BB +5) F
2(B+1)(B+2)(B+3)(2B+3)

By inequalities (5) and (6), we deduce (4). The proof
of Theorem 5 is thus complete. a

(u—v). (6)

Theorem 6 Supposes €[—1,1], B €(0,1], and u,v €
Rwithu<v. Let F : [u—v,0) > RandletH : [u,v]—R
be a twice differentiable function. If |H”|? is s-(f8, F)-
convex on [u,v] forq>1and q=( > 0and if H' €
Ly([u, v]), then

‘H(u)+H(v)_ 1 fH(x)dx
2 v—u J,
N2 _ _p_ 1-1/
< (v—u) [B(Zq L 1’2q L 1)] a
2 qg—1 qg—1

X (B(s—i—é + 1,0+ D[H"I+|H" ()]

1/
—[B(B+£+1,¢+1)-B(2B +€+1,E+1)]F(u—v)) , ! @

where

1
B(a,ﬂ)=f t*1(1—¢t)P"1dt, Re(a), Re(f)>0
0

denotes the classical Beta function.

Proof: By Lemma 1 and the Hélder integral inequality,
it follows that

HWw+H() 1 ”H(x) e
2 v—u J,

(v —u)> 1 ot 1-1/q
< 2 (L[t(l_t)]q dt)

1 1/q
x(f [t(l—t)]‘f|H”(tu+(1—t)v)|qdt) . (8)
0

/

where

1
f [t(1— t)];l;i dt =B(2q—€—1’ 2q—[_]) ©
0 q—1 q—1
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and, by utilizing the s-(, F)-convexity of |[H”|4, ity, we obtain

1 u+v 1 !
f [6(1— O [ (tu+ (1= W) de 'H( 2 )_v—uL H(x)dx

0 1 1/2 1-1/q 1/2 1/q
<f [t(l—t)]e[tslH//(qu+(1—t)s|H//(V)|q Q(V—u)[(J; tdt) (J; t|H' (tu+(1—t)v)|? dt)

0 1 1-1/ 1 1/
—tP(1=tP)F(u—v)]dt +(f(1—t)dt) U(1—t)|H’(tu+(1—t)v)|th) q]. 12)
1/2 1/2

=B(s+L+1,L+D[|H"@W)?+|H"(v)|?]
—[B(B+{+1,£+1)—B(2f+{+1,L+1)]F(u—v). (10)  From the s-(B, F)-convexity of |[H’|%, we deduce

Substituting inequalities (9) and (10) into the inequal- 1/2
ity (8) yields (7). The proof of Theorem 6 is thus f tlH (tu+(1—t)v)|?dt
complete. O 0

1/2
< Jt[tSIH’(u)|q+(1—t)5IH’(V)Iq—tﬂ(l—tﬁ)F(u—v)]dt

Corollary 1 Suppose s € (—1,1], p €(0,1], and u,v € 0

Rwithu<v. LetF : [u—v,0) > Randlet H : [u,v] > R _ GHDIH @)+ (22 —s=3)|H'(v)|
be a twice differentiable function. If |H”| is s-(,F)- 25¥2(s +1)(s +2)
convex on [u,v] for ¢ > 1 and H” € L,([u, v]), then 2841(B +1)— (B +2)
- Flu—v) @13)

2263(f +1)(B +2)

'H(u)+H(v) _ f H(x)dx and
2 v—u J,
<(v—u)zBl_l/q(Zq—l 2q—1) 1 /
2 q—1’" q—1 (A=0H (tu+ (A=)l de
1/2
y [|H”(u)|q +HIH' M BFu—v) ]l/q 1
s+1 B+DEB+1] < |Q-0[EH WHI—) |H (V)|—tP (1—tP )F (u—)] de
1/2
Proof:: This is the special case £ = 0 in Theorem 6. The  _— (272 —s = 3)|H' ()|’ + (s + DIH' (V)
proof of Corollary 1 is thus complete. ] 2*+2(s+1)(s +2)

3-4M1B+(2B+3)(B+2)—2" (B+3)(26+1)

F(u—v).
Theorem 7 Suppose s € (—1,1], B €(0,1], and u,v € 2205(B+1)(B+2)(2p+1) 14)
Rwithu<v. LetF : [u—v,0) > RandletH : [u,v] > R
be a differentiable function. If |H'|? is s-(3, F)-convex on o o . .
[w,v] for g=>1and H' € Ly([u,v]), then Subst?tutlng 1n§qua11t1es (13) and (14) into the 1r}-
equality (12) yields (11). The proof of Theorem 7 is
thus complete. a

(E22)- 2

< V—u [((s + 1)|H (w)|?+ (25t —s —3)|H'(v)|9
81-1/q

Theorem 8 Supposes € (—1,1,0<p <1, andu,v e

Rwithu <v. Let F : [u—v,0) — R and a differentiable

> function H : [u,v] — R. If |H'|? is s-(B, F)-convex on

2P (s +1)(s +2) [u,v]for q>1and H € L,([u,v]), then

2P (B+1)—(B+2) Ha

— F(u—v)
2263(B +1)(B +2)

+ ((25+2 —s=3)H' W)+ (+1DH W)/ ‘H(%)—ﬁjé(x)dx

2+ 1 +2) |H'( )|q+(25“u1)|H’( e 2P 2p+1)—p-1 @
u bl v — 0 — q
_3'4ﬂ+1/3’+(2/5+3)(ﬁ+2)_2ﬁﬂ(ﬂ+3)(2ﬂ+1)F( V))l/q]' [( 2+ (s+ 1) _22/3+1(/5+1)(2/5+1)F(u_v)) +

22643(B+1)(B+2)(26 +1)

_ _ -1
] P Gt SR A
4 [ 22¢-1/(¢-1)(2¢—1)

@M-1)|H W)|+|H ()| 22PB—2P (2p+11p+1 7
an ( 2715 +1) TT2P(B+ )2+ 1) F(H)) ]

Proof: Using Lemma 2 and the Holder integral inequal-  Proof: By Lemma 2 and the Holder integral inequality,

www.scienceasia.org
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it follows that

‘H(u—gv)—ﬁJ:H(x)dx
1/2

< (v—u)[(ftq/(ql) dt)H/qU|11/;'(tu+(1—t)v)|q dt)l/q
0 0

1

1 1-1/q 1/q
+( (1—t)q/(q*1)dt) ( |H’(tu+(1—t)v)|th) ]
1/2 1/2

It is easy to see that

q—1

1/2 1
@ Vgr = |(1—t)e Vg = —— L~
L ( ) 2(2q*1)/(q*1)(2q -1)

1/2

Using the s-(f3, F)-convexity of |H’|?, we acquire
1/2
f |H (tu+(1—c)v)|?de
0

1/2
<f ['[H' @)+ A=) |H' (W] — P (1—tP )F (u—v) ] dt
0

_H@I+@M-DIH'W* 2P2+1)—p—1
B 2%1(s +1) 2261 (p+1)(2+1)

F(u—v)

and

f |H' (tu+ (1—t)v)|?dt

/2

< J[tS|H’(u)|q+(1—t)5|H’(v)|q—t’5(1—tﬁ)F(u—v)]dt

1/2
_ @ =D W+ |H ()l
B 25+1(s 4+ 1)
226418 _2F(2B +1)+ B +1
— Flu—v).
228+1(B4+1)(2B +1)
The proof of Theorem 8 is thus complete. ]
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