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ABSTRACT: We consider the existence of transcendental meromorphic solutions of g-difference equation

S i PG f()
;cj(z)f(qz) FE

where P(z, f(2)) and Q(z, f(z)) are polynomials in f having rational coefficients and no common roots, c;(z) are
rational functions, ¢ € C and 0 < |g| < 1. We obtain that such equation has no transcendental meromorphic solutions

for the case m = deg; P —deg; Q = 2.
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INTRODUCTION AND RESULTS

A function f (z) is called meromorphic if it is analytic in
the complex plane C except at isolated poles. In what
follows, we use standard notations in the Nevanlinna’s
value distribution theory, see [1,2]. Let f(z) be a
meromorphic function. We also use notations o (f),
w(f) for the order and the lower order, respectively.

Recently, there are some papers focusing on the
existence and the growth of meromorphic solutions of
g-difference equations, see [3-6].

Zhang and Korhonen [7] studied the existence
of zero-order transcendental meromorphic solutions
of the certain g-difference equation, and showed the
following theorem.

Theorem 1 ([7]) Let q,..

ao(2), ..., a,(2), bo(2),...,
If the q-difference equation

., 4, € C\{0}, and let
by(2) be rational functions.

_ P(.f(2)
Zf R IO
_ a@®)+a@)f @)+ +a,G)f @) W
T bo(2) + by (2)f (2) + -+ ba(2)f ()4

where P(z, f (2)) and Q(z, f (2)) do not have any com-
mon factors in f(z), admits a transcendental meromor-
phic solution of zero order; then max{p,d} < n.

Zheng and Chen [8] considered the growth prob-
lem for transcendental meromorphic solutions of com-
plex g-difference equation, and obtained the following
result.

Theorem 2 ([8]) Suppose that f is a transcendental
meromorphic solution of equation

¢j(2)f(¢'2) =R(z, f(2)) = =——,
; , QG ()

where q € C, |q| > 1, the coefficients c;(z) are rational
functions and P,Q are relatively prime polynomials in f
over the field of rational functions satisfying p = deg; P
d =deg; Q m=p—d > 2. I f has infinitely many poles,
then for sufficiently large r, n(r, f) = Km'°¢"/m1oglal polds
for some constant K > 0. Thus, the lower order of f,

which has infinitely many poles, satisfies u(f) = nlﬁ)ggrﬁll.

)

In Theorem 2, condition |q| > 1 is necessary. It
is natural to ask if 0 < |q| < 1, what do we get? In
the following, we will answer the above question, and
obtain Theorem 3 as show below.

Theorem 3 Let cj(z),j=1,...,n, a;(2),i=0,1,...,p
and bi(z),k = 0,1,...,d be rational functions with
a,(z)by(z) # 0. Consider g-difference equation

C . P(z,f()
¢;(@)f(¢'2) = ——F—=
; ! Qz, f(2))
_ag(z2)+a;(2)f (2) +- - +a,(2)f (2) @)
" bo(2)+ by (2)f (2)+ -+ ba(2)f ()

where P(z, f (2)) and Q(z, f (2)) do not have any com-
mon factors in f(z), qge Cand m=p—d = 2. If
0 < |q| <1, then equation (3) has no transcendental
meromorphic solution.
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From Theorem 1 and Theorem 3, we can get the
following Corollary 1.

Corollary 1 Suppose that the g-difference equation (1)
satisfies the hypothesis of Theorem 1. If p—d = 2
and 0 <|q;| <1 (j =1,...,n), then equation (1) does
not possess transcendental meromorphic solution with
finitely many poles.

Remark 1 ([9]) We shall also use the observation that

M(r, f (q2)) = M(lqIr, ),
N(r,f(g2)) =N(lqlr, f) +O(1),
and T(r, f(qz)) = T(lqlr, f)+O(1)

hold for any meromorphic function f and any non-zero
constant g.

PROOF OF Theorem 3

Without loss of generality, suppose that the coefficients
¢j(2), a;(2) (i=0,1,...,p) and by(z) (k=0,1,...,d)
in (3) are polynomials.

On the contrary, suppose that equation (3)
has a transcendental meromorphic solution f. Our
conclusion holds for the cases.

Case 1: Suppose that f, the solution of (3), is tran-
scendental entire.

Denote p; = degc;, I = degby, t = dega,.
Note that M(r, f(qz)) = M(|q|r,f) for z satisfying
|z| = r. Set h =1+ max{p;,...,p,} and v =1+
max{ly,l;,...,;}. It follows that

j=1

<nr'M(r, f (), @
when r is large enough and 0 < |q| < 1. Furthermore
p

> a(@)f 2

i=0

> la,(2)f (2| = (lap1 ()f P+ + lag(2)])

> la,()f Y] = 5rIf @1+ 0(1),

when r is sufficiently large. And

d d
D b @) <D Ibi()f ()
k=0 k=0
d
<@ =@+ DI,
k=0
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when r is large enough. Hence

‘ P(z,f(2)) 0 a(2)f (2)
QzfEN] |2 b(2)f (2)k
_ lay@)f @)1= (g, 1 (2)f )1+ - +1ao(2)])
bg(2)f @)+ + b1 (2)f (2)] + | bo(2)]
_ 2 EPA+0(1)
(d+Dr|f )]
rF ()PP (1 +0(2)),

T 2(d+1)
when r is sufficiently large. Thus
P(z, f(2)) o r M f ()"
M(noeron)” sy

when r is sufficiently large. We have by (4) and (5)
that

)

logM(r, f(2)) = mlogM(r, f (2)) +8(r),  (6)

where |g(r)| < Klogr for some K > 0, when r is large
enough, and (6) is a contradiction since m = 2.

Case 2: Suppose that f, the solution of (3), is
transcendental meromorphic with finitely many poles.
Then there exists a polynomial H(z) such that F(z) =
H(z)f () is transcendental entire. Substituting f (z) =
F(2)/H(z) into (3) and multiplying away the denom-
inators, we will obtain an equation similar to (3).
Applying the same reasoning above to F(z), we obtain
that for sufficiently large r

logM(r, f)=logM(r,F)+0(1) = mlogM(r,F)+g(r).

It is a contradiction since m = 2.

Case 3: Suppose that f, the solution of (3), is
meromorphic with infinitely many poles. Since q;(z)
(i=0,1,...,p), bi(z) (k=0,1,...,d) and c;(z) are
polynomials, there are two constants R >0 and M > 0
such that all nonzero zeros of a;(z) (i =0,1,...,p),
bi(z) (k=0,1,...,d) and c;j(z) are in D; = {z : M <
|z| <R}. Set D ={z: |z| > R}.

Since f (z) has infinitely many poles, there exists a
pole z,(€ D) of f(z) having multiplicity T = 1. Then
the right-hand side of (3) has a pole of multiplicity
m7t at z5. Thus, there exists at least one index j; €
{1,2,...,n} such that gz, is a pole of f(z) of multi-
plicity T, = m~.

We need to discuss the following two subcases.
Subcase 1: |g| = 1. Replacing z by ¢/'z, in (3), we
have

Z ¢;(q"20)f (47 20)
=1
ao(q"12) +- -+ + ap(qjlzo)fp(qjlzo)

= - - - . 7
bo(@70) -+ b @) (@m)
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Since |q/1z,| = |z,|, the coefficients of (3) cannot have
a zero at q’'z,, thus the right side of (7) has a pole of
multiplicity mt, at ¢/'z,. Hence, there exists at least
one index j, € {1,2,...,n} such that ¢'*2z is a pole
of f(z) of multiplicity 7, = mt,; = m?t.

We proceed to follow the step above. Since the
coefficients of (3) have no zeros in D and f has
infinitely many poles again, we may construct poles
& =gz (y,... g € {1,2,...,n}) of f(z) of
multiplicity 7, for all | € N, satisfying 7, = m't — oo
as | — 0o, and |&;| = |zy| since |q| = 1. Thus, f(2) is
not a meromorphic function. It is a contradiction.
Subcase 2: 0 < |q| < 1. Set dega, =A (> 0). Since
2z, € D, we know that g’ z, has two possibilities:

(a): If ¢/z, € Dy, this process will be terminated
and we have to choose another pole 2, of f(z) in the
way we did above.

(b): If ¢z, & D,, then ¢z, is a pole of f(z) of
multiplicity T, = m~, since the right-hand side of (3)
has a pole of multiplicity mt at z,.

If g1z ¢ DU D, that is 0 < |q/1z,| < M, then we
choose pole z, of f(z) and substitute q’'z, for z in (3).

If g/'z, € D, that is |q/'z,| > R, then we substitute
qflzo for z in (3) to obtain (7). Similarly as above,
there exists at least one index j, € {1,2,...,n} such
that g/t 2z, is a pole of f () of multiplicity T, = mt, =
m2t.

We proceed to follow the steps (a) and (b) as
above. Since there are infinitely many poles of f(z)
in D, we will find a pole z,(€ D) of f(z) such that
q"*"Imzy(€ D) is a pole of f(z) of multiplicity 7, =
m™ T. And z, satisfies ¢/t "im tin+1g) € D, . By (3) and
m = p—d > 2, we conclude that g/'*"tn g is a
pole of f(z) of multiplicity 7(,, 1) =mT,, = mhtiz,

Substitute £ := ¢/ T Hm+1g, for z in (3) to obtain

@B+ +a,(B)f ()

j=1

®

We see that the right-hand side of (8) has a pole of mul-
tlpllClty at least pT(n1+l) —A— dT(n1+1) = mT(n1+1) —A
at g"*"tmng . Without loss of generality, suppose
that the right-hand side of (8) has a pole of multiplicity
mT(n]+1) _A at qj1+m+j”1+120_

log A—log(m?—1)t 1
logm 4 >

By m = 2, when n; > max{

we have mt(, ;;)—A = m"*27 —A> m™m1. Thus
1
MTp 1) —A> Ty,

We proceed to follow the step as above. We will
find that g/1*"#*/m ™+ g, is a pole of f(z) of multi-
plicity T(y 4n,) = m" ™7 —A(m""2 +---+m+1) such
that 0 < qj1+~~+j,ll+nzZO| <M, that is q]'1+‘.‘+jnl+nzzo ¢
DUD,.

Sets :=T(y 1n,) =M "2T—A(m" 2+ +m+1).
Then
mt—1

m—1

s=mhter—A

51

That is

n,—1 A
m 1 [(m—l)m”lHT—A]—i-—

m—1"
When n, > 2 and n; > max{w—l,l},

we have (m—1)m™*'7 > A+1, thatis (m—1)m™ 11—
A>1. Hences > 1.

Set z; = qjl+~‘~+jn1+nzzo(0 < |qj1+~“+jn1+nzzo| < M).
Then z; is a pole of f(z) of multiplicity s = 1. Specially,
when n; = 1 and n, = 0, then z; = ¢/'z, is a pole of
f () of multiplicity s = 7, = m~.

Using the same reasoning as Subcase 1, we con-
clude that {, = ¢/"*"*vz,(¢ DUD;) is a pole of f(z)
of multiplicity k, = m"s. Thus, there is a sequence
{¢,,v =1,2,...} which are the poles of f(z). Since
0 < |q| <1, we have {, —» 0 as v — oo. Thus, f(z) is
not a meromorphic function. It is a contradiction.

Thus, Theorem 3 is proved.

VALUE DISTRIBUTION OF MEROMORPHIC
SOLUTION OF DIFFERENCE EQUATION

Recently, there are also papers focusing on complex
difference equations, see [10-13]. Ablowitz et al [14]
looked at a difference equation of the type

fz+1)+f(z—1) =R(z,f),

where R is rational in both of its arguments, and
showed the following theorem.

s =

Theorem 4 ([14]) If the second-order difference equa-
tion

fle+1)+f(z—1)
_ag(2)+ay(2)f (2) +- -+ a,(2)f ()
~ bo(z) +by(2)f () + -+ by(2)f (2)¢”
where a; and b; are polynomials, admits a non-

rational meromorphic solution of finite order, then
max{p,d} < 2.

9

In Theorem 4, we see that if equation (9) admits a
transcendental meromorphic solution of finite order ,
then max{p,d} < 2. A natural question is: what is the
result when p—d > 2 in (9)? Corresponding to this
question, we get Theorem 5.

Theorem 5 Let ay(2),...,a,(2), bo(2),...,bq(z) be ra-
tional functions with a,(z)by(2) # 0. Suppose that f is
a transcendental meromorphic solution of equation

_ P(3,f(2)
fe+D)+f(z—-1)= —Q(z,f(z))

(@) +a;(2)f (2) +--- +a,(2)f ()
o)+ by(2)f (3) + -+ + by(2)f (2)¢”

where P(z,f(z)) and Q(z,f(2)) are relatively prime
polynomialsin f. Let m=p—d = 2.

(10)
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(i) If f is entire or has finitely many poles, then there
exist constants K > 0 and ry > 0 such that

logM(r,f)=Km"

holds for all r = ry,.
(i) If f has infinitely many poles, then there exist
constants K > 0 and ry > 0 such that

n(r,f)=Km"
holds for all r = r,.

From Theorem 4 and Theorem 5, we can get the
following Corollary 2.

Corollary 2 Suppose that the second-order difference
equation (9) satisfies the hypothesis of Theorem 4. If
equation (9) admits a non-rational meromorphic solu-
tion of finite order; then max{p,d} <2and p—d < 1.

In fact, many authors studied special forms of
equation (9) when max{p,d} < 2 and p—d < 1. Espe-
cially, they mainly considered three types of equations
as show below.

az+b

fle+D)+f(z—1)= @ +c, an
az+b c
f(Z+1)+f(Z—1)= mﬁ'%, (12)
_(az+b)f(z)+c
f(z+1)+f(z—1)——1_f2(z) s (13)

where a, b and c are constants. These equations are
now known as the Painlevé equations. (11)-(13) are
difference Painlevé equations I and II. Some results
about transcendental meromorphic solutions of finite
order to equations (11)-(13), can be found in [14-16].

From this, we see that the equation (10) is an
important class of difference equations. It will play
an important role for research of difference Painlevé
equations I and I1.

Remark 2 By Theorem 5, we obtain that meromor-
phic solutions of (10) are infinite order when p—d = 2.
Under the conditions of max{p,d} <2 and p—d <1,
equation (9) may have meromorphic solution of infi-
nite order, which can be seen by the following example.

Example 1 The difference equation
fE+1)+f(z—1)=2f(z)
has a solution f(z) = exp{e®*™#}, where o(f) = oo.

PROOF OF Theorem 5

Without loss of generality, suppose that a;(z) (i =
0,1,...,p) and b,(z) (v=0,1,...,d) are polynomials.

www.scienceasia.org
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(i): Suppose that f, the solution of (10), is tran-
scendental entire. Denote |, = degb,, t = dega,. The
maximum modulus principle yields

M(r+1,f(z))= M(r,f(z+1))

for z satisfying |z| = r. Choosing h = 1 +
max{ly,ly,...,14}, it follows that
P(z,f(z))) _ _
M(r, Q. F ) =M(r,f(z+1)+f(z—1))

SCM(r+1,f(2), (14)

when r is large enough, where C is a positive constant.
Using the same methods as the proof of Theorem 3, we
have

PG ) . rPIfE)p
M (r’ Q(z,f(Z))) Z T2+
N f )
o 2(d+1) ’

(15)

when r is sufficiently large. We have by (14) and (15)
that

logM(r+1,f(2)) = mlogM(r, f(2))+g(r), (16)

where |g(r)| < Klogr for some K > 0 and r is large
enough. Iterating (16), we have

log M(r +j, f(2)) = m’ log M(r, f (2)) +E;(r), (17)

where

|E;(r) = |m/ T g(r)+m g (r4+1)+- -+ (r+(j—1))|
j—1

< Km/-! log(r +k) < Kmi-1 Z log(r + k)'
mk

k=0 = m
Since log(r + k) < (logr)(log k) for sufficiently large r
and k, we have

— log(r +k) _ < (logr)(logk) — logk

= M =0

oo logk
k=0 mk

Obviously, the series I =
Hence

is convergent.

|E;(r)| <K'm’logr. (18)

Since, by the hypothesis, f is transcendental entire,
we get the inequality log M(r, f) = 2K’logr for suffi-
ciently large r. Thus, (17) and (18) imply

logM(r+j,f(2)) = K'm’logr, 19
which holds for r sufficiently large, say r = r,. By
choosing r € [ry, ro + 1) arbitrarily and letting j — oo
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for each choice of r, and sets =r+j,then j=s—r =
s—(rp+1). We have by (19) that

log M(s, f (2)) =log M(r +j, f (2))

>K'm*™ " logr, =K'm’

holds for all s = s, = ry + 1, where K’ =
K'm™o*Dlogr,.  We have proved the assertion
in the case of f being entire.

Suppose now that f, the solution of (10), is mero-
morphic with finitely many poles. Then there exists a
polynomial H(z) such that F(z) = H(z)f () is entire.
Substituting f(z) = F(z)/H(z) into (10) and again
multiplying away the denominators, we will obtain an
equation similar to (10). Applying the same reasoning
above to F(z), we obtain that for sufficiently large r,
logM(r, f)=logM(r,F)+0(1) = (K"—&)m" =K"'m",
where K”/(> 0) is some constant.

Thus, part (i) is proved.

(i1): Suppose that f () is a meromorphic function
with infinitely many poles. Since a;(2) (i =0,1,...,p),
b,(z) (v=0,1,...,d) are polynomials, there is a con-
stant M > O such that all zeros of q;(z) (i =0,1,...,p)
and b,(2) (v=0,1,...,d) are in D = {z : |Re(2)| <
M, |Im(z)| < M}. Set

D; = {z : Re(z) > M},
Dy ={z :Im(z) > M};

Dy, ={z:Re(z) < —M};
D, ={z:Im(z) < —M}.

Since f(z) has infinitely many poles, there exists
at least one of D, (s = 1,2,3,4) such that f(z) has
infinitely many poles in it. Suppose that z, is in one of
D, (s =1,2,3,4) such that D, has infinitely many poles
of f(z), and g, is a pole of f(z) having multiplicity
ko = 1. Then the right-hand side of (10) has a pole of
multiplicity mk, at z,. Thus, there is [; € {1,—1} such
that z, + 1, is a pole of f(z) of multiplicity k; = mk,.

Our conclusion holds for the following cases.

Case 1: [; = 1. Then 2, + 1 is a pole of f(z) of
multiplicity k;.

Suppose that f(z) has infinitely many poles in D,
and z, € D;. Then z,+1 € D; since 2, € D,. Substitute
2o+ 1 for z in (10) to obtain

fzo+2)+ f(z0)

B ag(zo + 1)+ +ay(z0+1)fP(z0+1) 00
b2+ 1)+ -+ by(zo+1)f (29 + 1) (20)

By (20) and m = p —d = 2, we conclude that z, + 2
is a pole of f(z) of multiplicity k, = mk; = mZ2k,.
Obviously 2, +2 € D;.

Similarly, z,+n € D; is a pole of f (z) of multiplicity
k, = mk,_, = m"k,. Thus, there is a sequence {z,+j €
D;, j =1,2,...} which are the poles of f(z). Since
m/ky, — 00, as j — 00, and since f(z) does not have
essential singularities in the finite plane, we must have

53

|z + j| = o0, as j — oo. It is clear that, for j large
enough, say j > jj,

miky <ko(1+m+---+m’) <n(|zo+jl,f)
< Tl(lZo|+],f) < n(t+_]7f)’

where t € [|z], |29 + 1] can be chosen arbitrarily. Let-
ting j — oo for each choice of t, and set r =t +j, then
j=r—t=r—(lz|+1). Thus, the above inequality
implies

n(r,f) = mfko > komr—(\zol+1) —Km’,

which holds for all r = ry := j,+ 1 + |2,|, where K =
kom~(PoI*1)_ The fact that r, and K both depend on |z,|
is not a problem, since z is fixed.

Suppose that f(z) has infinitely many poles in Ds
(or D,). Then we may use the same method as above.

Suppose that f () has infinitely many poles in D,
and z, € D,. Set dega, = A(> 0). Since z, € D,, we
know that z, + 1 has two possibilities:

(a): If zy+ 1 & D,, this process will be terminated
and we have to choose another pole z, of f(z) in the
way we did above.

(b): If 25+ 1 € D,, then 25+ 1 is a pole of f(z) of
multiplicity k; = mky, since the right-hand side of (10)
has a pole of multiplicity mk, at z,.

Substitute z, + 1 for z in (10) to obtain (20). And
we conclude that z,+ 2 is a pole of f(z) of multiplicity
ky = mk;.

We proceed to follow the steps (a) and (b) as
above. Since there are infinitely many poles of f(z)
in Dy, we will find a pole zy(€ D,) of f(2) such that
2o + n1(€ D,) is a pole of f(z) of multiplicity k, =
mk,, _1y = m"ko. And z, satisfies z,+n; +1 & D,, that
isRe(zp+n;+1)=—M. By (10) and m =p—d = 2, we
conclude that z,+n; +1 is a pole of f (z) of multiplicity
Kn,+1) = mhtik,.

Substitute z, +n; + 1 for z in (10) to obtain

fzo+n;+2)+f (zp+ny)
ao(zg+mny+1)+--+a,(zo+n; +1)fP(zg+m;,+1)
" by(zg+n, +1)++ by (zg+1,+1)f 4 (241, +1)

We see that the right-hand side of (21) has a
pole of multiplicity at least pke,, 1) —A—dkey, 1) =
mk,, +1) —A at 2y + n; + 1. Without loss of generality,
suppose that the right-hand side of (21) has a pole of
multiplicity mk, 1y —Aatzy+n; +1.

In the left-hand side of (21), f(z—1) has a pole of
multiplicity k, =m" kg at 2o+n; +1. By m = 2, when
log(A+1)—log[(m?—1)k,]

logm

=mh 2k, —A>mhky+1.

Hence, by (21), we conclude that z, +n; +2 is
a pole of f(z) of multiplicity k¢, 4oy = mk(,, 11)—A=
mht2k, —A.

We proceed to follow the step as above. We will
find 2y+n,+n, is a pole of f (z) of multiplicity k¢, 4+n,) =

21

n; > max { ,1 }, we have mk, .1)—A
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mM 2 ko —Alm™ "2+ - -+m+1] such that Re(zy+n;+n,)
> M, that is zy +n, +n, € D;.
Setk := k(p +n,) = M "2kg—Alm" 2+ - -+ m+1].
Then
m2~1 A

— — n;+1 — _
k_m—l[(m 1)m™ k, A]+m_1.

When n, 2 2 and n, >max{%—l,l},

we have (m—1)m™ 1k, > A+1, thatis (m—1)m™ 1 k,—
A>1. Hence k = 1.

Set 2z, := 2y + ny + ny(€ D;). Then 2, is a pole
of f(z) of multiplicity at least k = 1. Specially, when
n, =1 and n, =0, then z; =z, + 1 is a pole of f(z) of
multiplicity k = k; = mk,.

Applying the same reasoning that f(z) has in-
finitely many poles in D;, we obtain that

n(r,f)=Km"

holds for all r 2 ry. The fact that ry and K both depend
on |z, | is not a problem, since z; € D; is fixed by z, € D,.
Case 2: [, =—1. Then g, —1 is a pole of f(z) of
multiplicity k; = mk.
Suppose that f(z) has infinitely many poles in D,
and z, € D,. Then z,—1 € D, since g, € D,. Substitute
20— 1 for z in (10) to obtain

flzo) +f(z0—2)

_ ao(zo— 1)+ +a,(z0—1)fP(z0—1) 22)
a bo(zo—1)+--+by(zo —1)f (2o — 1)

By (22) and m = p —d = 2, we conclude that z, —2
is a pole of f(z) of multiplicity k, = m2k,. Obviously
29— 2 € D,.

Similarly, zy—n (€ D,) is a pole of f (z) of multiplic-
ity k, = m"k,y. Thus, there is a sequence {z,—j € D,,
j=1,2,...} which are the poles of f(z) of multiplicity
k;j = m'k,. Since k; = m'ky — 00, as j — 0o, and
since f does not have essential singularities in the finite
plane, we must have |z,—j| = 00, as j — oo. Itis clear
that, for j large enough, say j > jo,

miky <ko(1+m+---+ml)
< nlzo—=Jjl, £) < nlzol +j, ) < nt +j, £),

where t € [|2y], |20/ + 1] can be chosen arbitrarily. By
the same method as Case 1, we have

n(r,f)=Km'.

Suppose that f(z) has infinitely many poles in D
(or D,). Then we may use the same method as above.

Suppose that f(z) has infinitely many poles in D,
and z, € D;. Set dega, = A(> 0). Since 2, € D, we
know that 2z, — 1 has two possibilities:

(a): If 3y—1 ¢ D, this process will be terminated
and we have to choose another pole 2, of f(z) in the
way we did above.
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(b): If 2p—1 € Dy, then 25— 1 is a pole of f(z) of
multiplicity k; = mk,, since the right-hand side of (10)
has a pole of multiplicity mk, at 2.

Substitute 2z, — 1 for z in (10) to obtain (22). And
we conclude that z,—2 is a pole of f(z) of multiplicity
ky = mk;.

We proceed to follow the steps (a) and (b) as
above. Since there are infinitely many poles of f(z)
in D;, we will find a pole zy(€ D;) of f(z) such
that z, —n;(€ D;) is a pole of f(z) of multiplicity
k,, = m"ky. And 2, satisfies 2o —n; —1 & D;, that is
Re(zp—n;—1)< M. By (10) and m=p—d = 2, we
conclude that z,—n;—1 is a pole of f (z) of multiplicity
k(n1+1) = m”lHkO.

Substitute z, —n; — 1 for z in (10) to obtain

flego—n)+ f(zo—n;—2)
_ ag(zg—n;—1)+-- ~+ap(zo—n1—1)fp(zo—n1—1)
 bo(zg—ny—1)++++by(z9—n, —1)f 4(zp—n;—1)

(23)

We see that the right-hand side of (23) has a
pole of multiplicity at least pk, 1) —A— dkg, 1) =
mk,, +1) — A at zo —n; — 1. Without loss of generality,
suppose that the right-hand side of (23) has a pole of
multiplicity mk,, 1) —Aatzg—n; — 1.

We proceed to follow the step as above. We will
find 2,—n,—n, is a pole of f () of multiplicity k¢, 4+n,) =
mu ko —Alm™ ™2+ .-+ m+1] such that Re(zy—n; —
n,) < —M, that is 2y —n; —n, € D,.

Using the same reasoning as Case 1, we obtain that

n(r,f)=Km"

holds for all r = ry,.
Thus, Theorem 5 is proved.
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