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ABSTRACT: In this paper, a family of truncated hypersingular integrals depending on a parameter ¢ and generated by
the generalized Poisson semigroup is introduced. Then the convergence rate of these families of truncated hypersingular
integrals, which converge to L, ,-function ¢ as € — 0, is obtained.
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INTRODUCTION

In the Fourier harmonic analysis, the clasical Flett
potentials are defined in terms of the Fourier transform
F by

F(Zf)(x) = (1 + x|} *F(f)(x),

x€R", a>0,

where the equality is understood in the sense of distri-
bution theory [1]. This potentials are interpreted as a
negative fractional powers of the operator (E +(—A)% ).
Here E is the identity operator and A is the Laplacian.

Finding inversion formulas for potentials such as
Riesz, Bessel, Flett, parabolic potentials, etc., and
examining their approximation properties have been
interesting topics in harmonic analysis.

The hypersingular integral technique, a very pow-
erful tool for inversion of potentials, was introduced
and studied by [2-6] and others.

In [7](see also [2, pp 217-222]), Rubin intro-
duced some families of “truncated” hypersingular in-
tegrals generated by the classical Gauss-Weierstrass
semigroup, and obtained new inversion formulas for
classical Riesz and Bessel potentials, reducing the mul-
tivariate problem to the univariate problem. Recently,
using this technique the explicit inversion formulas for
the classical Riesz, Bessel, Flett potentilas and their
approximation properties were studied by [8-13].

In the framework of the Fourier-Bessel harmonic
analysis associated with the Laplace-Bessel differential
operator, the similar studies have been investigated by
[14-16].

The aim of this article is to define a new “trun-
cated” hypersingular operator family, associated with
the generalized singular Bessel differential operator

defined by
582 2 a

A= T2 9y v, >0, (1)
P axlf X 0X

for the generalized Flett potentials and obtain the
“rate of convergence” of this family to ¢(x,) as €
tends to zero for the function ¢ € L, , with the some
smoothness property at x, € R". The generalized Flett
potentials, associated with A, are formally defined in
terms of Fourier-Bessel transform F, by

F(Z7F)00)=1+x)7*F,(f)(x), x € R}, a> 0. (2)

These potentials are interpreted as negative fractional
powers of the operator (E + (—A,)"?).

In this article, we firstly introduce “a new family of
the generalized truncated hypersingular integral oper-
ators DY f, (e > 0)” generated by generalized Poisson
semigroup associated with A,. Secondly, using this
we obtain some relationship between the “order of
smoothness” of function ¢ and for the generalized
Flett potential & ¢, the “rate of convergence” of the
families D7 Z ¢ (x,) to p(x,) as € tends to zero, where
¢ € L, , has some smoothness properties at x, € R}.

PRELIMINARIES
Let R} = {x | x = (x1,X,...,%,) ER", x; >0, i =1,
...,n}and

Lp,v = Lp,v(Ri)

_ {f : ||f||p,v=(JR

where 1 < p < 00, v=(v1,...,v,), v; >0 for i =
2
1,...,nand x?"dx = x;"" -+ x2"ndx; dxy - -+ dx,. In

1/p
|f(x)|px2"dx) < oo}

n
+
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the case p = 0o we identify Lo, , with C; = Co(R'}),
the corresponding space of continuous functions van-
ishing at infinity.

Fourier-Bessel transform F, of a function f are
defined by

(B, F)(x) = f FO[ T G0 o>y
R} k=1

where j,(7) = 2*T(A + DJ,(t)t™; (t > 0,A > —%),
J,(7) is the Bessel function of the first kind (see for
detail [17]).

For x € R, y € R} the generalized translation
operator of a function f : R} — C is defined by [15],

TY f(x)= n_”/zﬁF(vk + %)F_l(vk)x
k=1

T m n
ff l_[sinz"k_1 akf(\/xf—ZJclyl cosa, +y2,
0 0 k=1

...,\/xg—anyncosan+y§)da1--- da,.

It is note that TY is closely connected with the Bessel
differential operator

d2
T ae

2y d

B ——, O0<t<oo.
t t de

Here, we deal with the Bessel translation with in x =
(x1,%5,...,x,), which is defined by

r(v+3) (7
Bsf(t)=(—21)ff(\/ t2—2ts cos 9+52) sin?*70 d6.
r(r(3)Jo
It is well known that for 1 < p < oo (see [18])
NTY fllpy < NN, 3

IT7f =fll,y—0 as |y[—0. @

The generalized Poisson kernel is defined as

1
py(y,t) = +/c(n, v)ﬁzvl+~-~+vnr(”7+1 + v+ Yy)

t
X , (8
(y)2+ tz)"T“+v1+--~+vn

where c(n, v) = (szl 22%2(y, + %))_1, Note also
that (see [19])
llp, ¢ Ol =1, Vt>0. 6)

Given a function f, we introduce the generalized
v-maximal function

(M, f)(x)= sup TYf()|y>’dy, ()

pt2vi 2, w(n’ V)JB*'
N
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where B =
Jsey?dy.
Note that for f € L, , (see [15,20])

{ye]Ri:|y|<r} and w(n,v) =

M, fllp,y <cllfllpy, 1<p<oo. ©))

We define the generalized Poisson integral (semi-
group) Z.f, (t > 0) generated by the generalized
translation operator as follows.

(Z.f)(x) = f

Py, (T F())y>"dy.  (9)
-

+

The following lemma gives some properties of the
generalized Poisson integral &, f, which will be used
later.

Lemma 1 ([19]) Let f € L, , and P, f is defined as in
(9). Then,

®
1Zcfllp,y < fllps 1< p <00, ¥Ve>0; (10)

(iD)
sup |2, f ()| < ct™(rH2mrs2mlp| £ (1)

where 1 < p < 00 and c is independent of t;

" Stliglg”tf (Gl < (M, f)(x); (12)

(@iv)
PP f)x) = (P f)x), t,5>0;  (13)

)
lim 2, f(x) = f(x), (14

where the limit is in the L,, (1 < p < 00) sense or
pointwise forj almost all x e RL. If f € Cy, then the
convergence is uniform on R

Using the generalized Poisson integral &, f, we
define modified generalized Poisson integral as

0<t<oo.

(P f)x, ) =e (P f)x), (15)

For t = 0 we set
(Zof)x) = (27" f)(x,0) = f(x).
The generalized Flett potentials & initially de-

fined by (2), can be represented as an integral operator
(see [16, p 120,

(%’f)(ﬂ=ﬁf e (@) de,  (16)
0
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and by making use of the notion " f defined as (15),
Eq. (16) can be write as follows.

(ﬂi‘f)(X)=ﬁ J @MY, ) de. (17)
0

Eq. (17) shows that there is a relation between the
generalized Flett potentials and the modified general-
ized Poisson integral.

In addition, it is not difficult to show that

175 fllp,w < 11 llp,vs

The finite difference with order [ € N and step 7 €
R of the function g(t), (t € R) is defined by

1<ps<oo,Ya>0. (18)

l

AlLel0 =, Jevrste+ke. a9)

k=0

By making use of this finite difference and modi-
fied generalized Poisson semigroup (" f ), we can de-
fine the following “Balakrishnan-Rubin type truncated
integral” (see [2, p 220]).

Definition 1 letf €L,,,1<p<oo,a>0andl>a,
(I € N). Then the construction

o 1 « . m dr
(@J)(x)——xl(a)ﬁ A" HE ]
1 (1 k =kt d7
-5 g[kz_o(k)(_l) @) @0

will be called a “generalized truncated integrals” with
parameter € > 0. Here the normalized coefficient
X, (a) is defined by

R (a)= f (1—e Dt 2dt.
0

The following lemma, gives us that there is a
close connection between the construction (20) and
the generalized Flett potential (Z f).

Lemma 2 ([15]) Let p €L, ,, (1 <p <o00) and 0 <

n+2(vy+-+v,

a< ), Then for any € > 0 and for a.e. x € R}

(DLFL)(x) = J AP MNPLe)(x,en)dn, (21)
0

where the function %{f”(n) is defined by

o _;ll D\ ivkro
5 (n)—r(lwm(a)n;(k)( 14—k,
(n—k)*%, n>k,

s s
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The next lemma gives some properties of the func-
tion J{Ofl)(n) that will be used later.

Lemma 3 ([2,6])
@) #D(n) € L,(0,00) and [;° #D(n)dn =1;

0 a—1
@ 0= {90

n—0"
7 — OQ.

Definition 2 Let p € (0,1) be a fixed parameter and
the function u(r), (0 < r < p) be continuous and
strictly increasing on [0, p] and u(0) = 0. We say that
a function ¢ € L%(Ri) has u-smoothness property at
a point x, € RY if

(%9)xo) = sup !

<r<p r+2( v1+~~+vn)‘u(r)

xf IT* 0 (x0) — p(xo)x*" dx < 00.  (22)
B+

From now on, we will assume u(t) = st, (0 <t < p),
for some s > 0 and u(t) = u(p) for p <t < oo.

Lemma 4 ([8, 21, 22]) Let a function ¢ € L, ,, (1 <
p < 00) has the u-smoothness property at a point x, €
R%, the function (r), (0 < r < p) be decreasing,
nonnegative and continuously differentiable on [0, p].
Then

J IT% 0 (xo) — 0 Ceo)lp ()" dx
5;
< (%<P)(XO)[;O””(“'"”")M(p)d)(p)

P
. f I ()] 2)
0

Proof: Let us take k(x) = |T*p(xq) — ¢(xg)| and x =
r0, where r = |x|. Then

J EJ k(G (|x])x” dx
B

P
:J rn—1+2(v1+~~~+vn)¢(r)(J k(re)do'(e)) dr
o 10]=1

If we call

u(r) :j k(r6)do(6),
|9r|:1 (24)
Q(I”) — J u(t)tn—1+2(vl+~~~+v,,) dt,
0
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then we get
P P

J EJ P(r)u(r)rn 2O g :J P(r)dQ(r)
0 0

=(r)Q(r)

o P
—J Q@' (r)dr
o Jo

p
=v9(p)Up) +f Q(r)(—y'(r)dr.

0

It follows from (22) that

Q(r) — J u(t)tn71+2(v1+u.+vn) dt = J k(x)x2v dx
0

|x|<r

:J |7 ¢ (x0) — ¢ (x0)|x>” dx
[x|<r
< RO ) k).

Hence,
I < () P o))

P
[y ]
0

O

Lemma 5 Let p,(x, €) be the generalized Poisson kernel
defined as in (5), i.e. for x € R,

p,(x,8)=+/c(n, v %ZVH--#%F(”ZE + v et Yy)
€

n+1

X .
(|X|2 + 82)T+v1+-~-+vn

Then there exist ¢ > 0 such that

f IT* 0 (x0) — ¢ (o), (x, £)x>” dx
|x|<r

[e)

de
1+1t2

< c(m)(xo)[m f u(et)

0

]. (25)

Proof: Let a,, = +/c(n, ) 722" " T(2 + v+ o+
v,). If we take Y (|x|) = p,(x, €) in (23).

J 1T ¢ (x0) — ¢ (xo)Ipy(x, £)x?” dx
[x|<p

ap €

< n+2(vy+-4vy,)
(‘Spuﬂo)(xo)[p ! U(p)(p2+€2)"7“+vl+u.+vn

: +2(vy++vy) In,vE /
+ T () (— — Y dr|.
0 (r2 4 g2) 5 +7t+7
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Since
a &
’ n,vy /
— r)Y=(—
w ( ) ( (r2+82)n;1+v1+...+v")
Er
=_C

1 n+3 )
(r2 + 82)T+v1+~-~+vn

c;=2a,,(n+1)+v;+---+v, and

an,vé‘ <
H(P) (p2 N 62)%+v1+_“+vn S €,

n+2(vy+-4v,)

Ie}

#p)

€y =dp,~,, for p <1and c = max{c, c,} we have

f IT ¢ (x0) — ¢ (x0)|p,(x, €)x?” dx
[xl<p

P A2+t )
< c(SHgo)(xO)[s+L£(r2+£2)n53+v1+"+vn u(r)dr]
-(r=et, dr=edt)---
r %8(8t)n+1+2(v1+~-~+vn)
= C(Suw)(xo)_SJrL(Ez RS r— u(et)sdt]
r ¢ L2 tetyy)
= C(5u<P)(Xo)_8 + L PpTre— H(Et)dt]
r oo (20 )

< c(Sucp)(xO)_s +L ?5:62 dt],

using the following statement we obtained last in-
equality:

+142(v] ++vp)
FFLH2(v ) B e

(*)
n+3 = n+3
(1+t2) 5tV Y, (1+t2) 5 vty

2 n+1+2(1/%+v-~+v,l)
< 1+t )T
(1 + t2)7+v1+m+vn

1

142

O

Corollary 1 Let the function u(r), (0 <r < p <1) be
continuous on [0, p], positive on (0, p] and u(0) = 0.
Let also, u(t) =st, 0 < t < p for somes >0 and u(t) =
u(p) for p <t < oo. If there exists a locally bounded
function w(t) > 0 such that for0 < e <p, 0 <t < 0,

“ w(t)
1+1t2

u(et) < u(e)w(t) and j dt < o0, (26)
0

then there exist A> 0 not depending on ¢ € (0, p), such

that

IT* ¢ (x0) — 9 (xo)Ip,(x, £)x*" dx < Au(e).  (27)

lx|<p
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Proof: By taking into account (26) in (25) and using

the condition
u(e)=se, 0<e<p,

we obtain desired inequality (27). O
Now, we will give the examples of the functions
that satisfy all conditions of Corollary 1.

Example 1 Let 0 <y <1 and 0 < 8 < co. Then the
function

0, r=0,

rfllnr®, O0<r<p,

p'llnplf, r=>p.

u(r) =

satisfies all conditions of Corollary 1 for

|lnt|)ﬁ‘
[Inpl

Indeed, for 0 < ¢ < p and 0 < t < oo we have

w(t)=t"(1+

0, t=0,
- e
u(et) =1 e’t"|Ine +1Int|?, o<t<?t,
p’|Inpl?, t>E2
0, t=0,
1
<{ple)r @+ P, 0<r<Z,
p'nplP, t>%

< p(e)o(t),

where w(t) = t"(1+|Int|/|Inp|)P.

O0<e<p,t>0,

Example 2 Let 0 < y < 1. Then the function
r, osr<p<l,
p(r) = {py’ r>p
satisfies all conditions of Corollary 1 with w(t) =t".
MAIN RESULTS

Theorem 1 Let the function u(r),(0 < r < o0) satisfy
all conditions of Corollary 1. Further, let the function
¢ €Ly, (1<p<o00)has the u-smoothness property
(22) at a point x, € R}. If the operator DY is defined
by (20) and the parameter | € N satisfies the condition
[>a/2+1, then

(D27 %) (x0) — ¢(x0)| = O(u(e)) as € — 0T, (28)

where Z 2, (a > 0) is the generalized Flett potentials
associated with the Bessel differential operator A,

Proof: By making use of Lemma 2 and Lemma 3(i) we
have

(D77 ¢)(x0) — @ (xo)l

fxé”(n)(%”;w)(xc,sn)dn—f%f”(”)%"(xo)d”‘
0 0

<J | A L)@ 0)(x0, 6m) = p(xo)l dn.  (29)
0

105

Let us estimate k, = I(Q’T)ap)(xo, en)—(xy)|. We have

&€

ko < (1 =€ NP p)(x0)| +1(Pe ) (30) — 0 (x0)I
=k, +ky.

Since

(1—e™")<en and Sulgl(%sﬁ)(xo)l<(MV<P)(X0),
T>

we have k; < ksemn, where (M, ) is the generalized
y-maximal function.

Now let us estimate k,. Using (6), we can write
the following.

k2 = |(98n¢)(x0)_ SO(XO)|

fpv(y,en)[Ty<p(xO)—<p(xO)]y2”dy
o

+

< J Py (3, eI TY (x0) — o (x)ly*’ dy
lyl<p

+ J Py (Y, eI TV 0 (x0) — 0 (xo)|y*” dy
lyl>p
=i, +i,. (30)
Using (27) we have
i <Ap(en)

where A does not depend on ¢ and 7. Now let’s
estimate i,. If we use Holder’s inequality, we get

iy < | (xo)l p.(y,en)y*"dy

lyl>p

# el f

, 1/p’
Ip,(y,en)lf y”dy) = jp + o
y|>p

From (5), we have

' A, y€TM ),
J1= le(xo)l i V' dy
1 yi=p (P2 + Iy )T ore s

! 2y
= C&'T)f _ y dy
i (M4 [y[2) 5 et

(y=r0,p<r<oo,0eS! dy=r"1drdo(6))

oo -1
r 2(vy+-tvy)
= cy6m T dr
ntl gy
p ((em)2+r2)z 0t

0 _n—1
r
< CyEM v dr =c3en,
Ie)

where ¢3 = c3(p,n) is independent of ¢ and 7).

www.scienceasia.org
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Similarly,

= ||so||p,v( f
|

yI>p

’

’ 1/p
12y em)P y“dy)

= llell ( () szdy)l/p’
" IyI>p((€77)2+|y|2)(%1+v1+...+,,n)p,

1 ) 1/p’
=Cy€ " )
) n( \y|>p((£n)2+|y|2)(%1+v1+~~+vn)p'y Y

(y=rf,p<r<oo,0esS! dy=r"tdrdo(0))

Rl P21ty o=l 1/p’
S

o ((em)2+ r2)(T+v1+-»-+vn)p

S 14200+ 4v,) 1/p’
<C487]( , mdr) <Cs€’)’),

where c; is independent of ¢ and 7).
As a result, we get the following estimate for (30).

[(Per, 0)(x0) — 0 (x0)]
< J Py (¥, eI TY ¢(x0) —o(x)ly*” dy
R!

< co(pulen) +en). (31)

We use the last estimation (31) in (29) using the
conditions u(en) < u(e)w(n) and u(e) = se for € €
0,p),

|(@?93(P)(Xo)_ ©(xo)l

<C7f LD (ulen) +en) dn
0
<C7J LoD () (ule)w(n) +en)dn
0
<58N(8)f | AP MI(w(n)+n)dn.  (32)
0

By making use of Lemma 3(ii) and the formula (26)
we can write

f | D(m)lew(n)dn
0

1
= f |0 ()l (n) dn + f
0

1

o

O ()leo(n) dy

= w(n) 2 0)
<co+ —(1+n9)|%,"(n)ldn
? L 14+n2

<cg+c10foo w(n) dn=c¢y; < 00,
1 1+7?

when #(n) =0(n* ") asn— oo and I > a+1.
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We also have

f |4 (n)|n dn
0
1 [e3e]
=J I%f”(n)lndn+J loO(n)Indn
0 1

[ee)
< Cpp +J I%f)(n)ln dn < 3.
1

Finally, using the summation of these estimations
in (32) we obtain

(DL o) (xo) — @ (x0)l < cule)

as ¢ — 07, where ¢ being independent of . The proof
is completed. a

Corollary 2 Let u(t)=t", 0 <y <1, t €[0,p) and
Xo € RY be a u-smoothness point of p € L, ,,. Then

|(DFZ 5 p)(xo) — p(x0)| = O(e)
as e — 0%,
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