QESEARCH ARTICLE ScienceAsia 48 (2022): 759-763

doi: 10.2306/scienceasial513-1874.2022.097

The periodicity on a transcendental entire function with its
differential-difference polynomials

Yong Liu®>*, Shuai Jiang?

# Department of Mathematics, Shaoxing University, Shaoxing, Zhejiang 312000 China
b College of Science, Ningbo University of Technology, Ningbo, Zhejiang 315211 China

*Corresponding author, e-mail: liuyongsdu@aliyun.com
Received 8 Sep 2021, Accepted 13 Apr 2022
Available online 15 Jul 2022

ABSTRACT: According to a conjecture by C. C. Yang [Houston J Math 45 (2019):431-437], if w(z)w®(z) is a periodic
function, where w(z) is a transcendental entire function and k is a positive integer, then w(z) is also a periodic function.
We consider the related questions, which can be viewed as differential-difference versions of Yang’s conjecture. We
discuss the periodicity of a transcendental entire function w(z) when differential-difference polynomials in w(z) are

periodic.
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INTRODUCTION AND MAIN RESULTS

Periodicity is important and easy to recognise property
for meromorphic functions. Rényi and Rényi [1] have
proved that if w is a nonconstant entire function and
P(z) is a polynomial with deg(P(z)) = 3, then the
entire function w(P(z)) cannot be a periodic function.
If deg(P(z)) = 2, then there exists a transcendental
entire function w such that w(P(2)) is periodic.
Titchmarsh [2, p. 267] considered the real tran-
scendental entire solutions of the differential equation

w(@)w®(z) = p(z)sin?z,

where p(z) is a non-zero polynomial and obtained the
following theorem.

Theorem A The differential equation w(z)w”(z) =
—sin®z has non real entire function of finite order other
than w(z) = £sing.

Li et al [3] generalized Theorem A, and obtained
the following theorem.

Theorem B If w(z) is an entire function satisfying
w(z)w”(2) = p(z) sin® z, where p(z) is a non-zero poly-
nomial with real coefficients and real zeros, then p(z)
must be a non-gero constant p, and w(z) = a sing, where
a is a constant satisfying a?> = —p.

They also raised an interesting question on the pe-
riodicity of transcendental entire functions, also men-
tioned in [4]. We formulate the question as follows.

Yang’s Conjecture Let w(z) be a transcendental entire
function and k be a positive integer. If w(z)w®(2) is a
periodic function, then w(z) is also a periodic function.

Wang and Hu [4] showed that Yang’s conjecture
holds for k = 1, while Liu and Yu [5] proved that Yang’s
conjecture also holds for an arbitrary k if w(z) has a
non-zero Picard exceptional value.

Some results on the periodicity of transcendental
meromoprhic functions can be found in [3-8]. In this
article, we use the basic notations of Nevanlinna theory
[9,10]. In the following, we will use o(w) to denote
the order of w(z), and A(w) and A(1/w) to denote,
respectively, the exponent of convergence of zeros and
poles of w(z).

More recently, Lii and Zhang [8] regarded Yang’s
conjecture, and they obtained the following theorems.

Theorem C Let w(z) be a transcendental entire func-
tion of hyper-order strictly less than 1, and n,k be
positive integers. Suppose that w(z) has a finite Borel
exceptional value 1, and w"(z)w™ () is a periodic func-
tion, then w(z) is also a periodic function.

Theorem D Let w(z) be a transcendental entire func-
tion of hyper-order strictly less than 1, and n(= 2),
k(> 1) be integers. If w"(z) + bi(w(z)) +--- +
b,,((2))™ is a periodic function, where by, ..., b,, are
constants, then w(z) is also a periodic function.

A natural question would arise: what will happen
if we replace the derivative of w(z) with A.w =
w(z +c¢)— w(z), where c is a non-zero constant. We
obtain the following results.

Theorem 1 Let w(z) be a transcendental entire func-
tion with p,(w) < 1, and n,k be positive integers.
Suppose that w(z) has a finite non-zero Borel exceptional
value |, and " (z)(w(z + ¢) — w(2))® is a periodic
function with period c, then w(z) is also a periodic
function.
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Theorem 2 Let w(z) be a transcendental entire func-

tion with p,(w) < 1, and n,m (= 1) be integers.

() Ifn=2o0orn=4and w"(2)+bi(w(z+c)—w(z)) +
4 by (w(z + ) — w(2))™ is a periodic function
with period c, where bq,...,b,, are constants, then
w(2) is also a periodic function.

(i) If w3(2)+by(w(z+c)—w(z)) +--+b,(w(z+c)—
w(2))™ is a periodic function with period c, then
(w(z)—6w(z+c))(w(z)—6%w(z+c)) is a periodic
function, where 6 (# 1) is a cube-root of the unity.

Remark 1 Theorem 2 is not true for n = 1. We know
w(z) =ze7* is not a periodic function, but

w@)te[w(z+1)—w(@)] +e[w(z+1)—w(z)]”
1—e—e?

+ 1i_e[w(z 0@ = ]

is a periodic function.

We give two examples to illustrate the preceding theo-
rems.

Example 1 (¢ + 1)"(e +1—¢* — 1) = (e + 1)"
(e°—1)e® is a periodic function, here €* + 1 is a also
periodic function.

Example 2 (€?)"+b;(e*"—e?)'+ - -+b,, (e —e*)M is
a periodic function, here €* is a also periodic function.
PRELIMINARY LEMMAS

Lemma 1 ([10]) Suppose that w;(j = 1,2,...,n)
(n = 3) are meromorphic functions which are not con-
stants except for w,. Furthermore, let

ij =1.

j=1
If w, Z0and
DNG D)+ (=1 NG @) < ([ +0(T(r wp),
j=1 j=1

where r € I, I is a set whose linear measure is infinite,
ke{l,2,...,n—1}and l < 1, then w, = 1.

Lemma 2 ([11]) Let w be a non-constant meromorphic
function with p,(w) < 1 and let ¢ be a non-zero complex
number. Then

m( ’w(z+c)

" w(z)

)=s0.0),

outside of a possible exceptional set with finite logarith-
mic measure.
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Lemma 3 ([12]) Let w be a non-constant meromorphic
function with p(w) < oo and let ¢ be a non-zero complex
number. Then for each €, we have

w(z+c)) (0)—1+e
m(r’ o(2) )_O(r” )

outside of a possible exceptional set with finite logarith-
mic measure.

By applying Lemma 2 and the logarithmic deriva-
tive Lemma, we can obtain the following result.

Lemma 4 Let w be a non-constant meromorphic func-
tion with p,(w) < 1 and let ¢ be a non-zero complex
number and k be a positive integer. Then

( wB(z+¢)
"M ek

) =S(r, w),

outside of a possible exceptional set with finite logarith-
mic measure.

Lemma 5 ([10], Lemma 5.1) Let «w denote a non-
constant periodic function. Then o(w) = 1.

PROOF OF Theorem 1

Suppose w(z) has a finite non-zero Borel exceptional
value [. Then by the Hadamard factorization theorem,
it follows that

w(@)—1=U(z)e"®, (D

where U(z) is canonical product (U(z) may be a
polynomial) formed by zeros of w, V(z) is non-
constant entire function such that o(U) = A(U) =
Mo—1)<o(w—1)=oc(w)=oc(e"®). Assume that
(w(2))"(A,w)® is a periodic function with period c.
Thus

(0(2))(A ) P=(w(z+c)) (w(z+2cw(z+)®. (2)
Together (1) with (2), we have

(U(z)e"™ + l)"(eV(Z“)Gl (z+c)— eV(Z)Gl (2)
=(U(z +¢)e"Cr) £ (e E2IG, (2 + 2¢)
—e"E*IG, (z+ ), 3)

where G,(z) = U®(2) + kUK D(2)V'(2) + By(2)
UK (2)V"(2)+- - -+B(2)U(z), when Bi(j=2,...,k)
are polynomials formed by V(z) and its derivatives. By
the expression of G;(z), we have

0(G41(2)) < max{o(U(2)),c(V(2))} < o(w(2)).
Eq. (3) implies that
(U(Z)n V(@) _{_CT}ZU(Z)n—l =1V 4y l”)
(e"E)G, (2 + ) —e" D6, (2))
=(U(z+c)"e”V(M)+CilU(z+c)”71e('ﬂ)v(m)+---+l”)
(eV(“zC)Gl(z +26)—eV(Z+C)G1(z+c)), 4
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Obviously,

"(e"E*IG, (24 ¢)—eV®G,(2)) Z 0.
Otherwise, if

"(e"E*9IG, (24 ¢)—e"®G,(2)) = 0,

then

ev(z+c) _ Gl (z)

'@ T Gi(z+c)

and Lemma 3 implies that

m (r’ GlG(lz(?c)) =0 (roGiE-1re))

a contradiction with o(w(z)) > o(G,(2)). Hence
["(e"C)G, (2 4 ¢)—e"® G, (2)) Z 0.

Dividing both sides of (4) by I"(e"**9)G,(z +c)—
e"®)G, (2)),

eVE+2)G (24 2¢) —e"*+IG, (2 +¢)
[n(eVE+IGy (2 +c)—eVBG,(2))
N C; ev(i+26)G1 (z+2c)—e"H)G (2 +¢) Uz + 0y
[n=1(eVE+IG, (2 + ¢) — eV G (2))
eVE+2)G (24 2¢) —e"*+IG, (2 +¢)
eVEt+IG, (2 +¢c)—eVBG,(2)
U)" V(@ C; U(z)”_l e(n=1)v(z)
In [n—1
CrlU(z)e"® 3
l

U(Z +C)n enV(z+c)

e(n—l)V(z+c) 4ot

(5)
By Lemma 1 and (5), we have

eVC+2)G (24 2¢) —e"*HIG, (2 +¢)
eVE+AIG, (2 +¢)—eVEG,(2)

=1.
That is
e"E+2)G (24 2¢) —e"*HIG, (2 +¢)
=e'C*IG (2 + ) —e"PG,(2).  (6)

By (3) and (6), we have

UE)e"D+D)"=(Uz+c)e"E+D)" (D)
Egs. (1) and (7) imply that

(w(2))" = (w(z+))".

By this, we know w is a periodic function with period
¢ or nc. Hence Theorem 1 holds.
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PROOF OF Theorem 2

Since w"(z)+ by (w(z+c)—w(z)) +- -+ b, (w(z+c)—
w(2))™ is a periodic function with period ¢, then we
have

w"(2)+b;(w(z+c)—w(@)) + - +b,,(w(z+c)—w(z))™
= w"(z+c)+ by(w(z +2c)— w(z +c))
4o+ by (w(z+20)— w(z +c))™. (€))]

We next consider the following three cases separately.
Case 1: If n = 2, then (8) can be written as follows:

(w(z)—w(z+c))(w(z)+ w(z+c))
=by(w(z+2c)—w(z+c)—(w(z+c)—w(z))) +--
+bm(w(z+2c)—w(z+c)—(w(z+c)—w(z)))(m). 9
If w(z)— w(z+c)=0, then w is a periodic function
with period c.
We next consider the case that w(z)—w(z+c) ZO.

Dividing both sides of (9) by w(z)— w(z + ), then we
have

w(z)+w(z+c)
_, ((w(z+2c)—w(z+c))’_(w(2+c)—w(z))’)+...
1 w(z)—w(z+c) w(z)—w(z+c)
+b ((w(z+26)—w(2+0))(m)_(w(erc)_w(Z))(m))

w(z)—w(z+c) w(z)—w(z+c)

_ (Gt ') _
= bl( @) n(Z))
~ n(m)(2+c)_n(m)(2))
b’“( @ @ ) 0
where
Nn(z) = w(z) — w(z +c). an
Let
_ (x|
7(2) = bl( o) n(z))
- n(m)(z+c)_n<m)(z))
b’“( @ @ ) P

By Lemma 4, we have

T (r,x(2)) =m(r, x(2))

NGO, (@Y,
<’”(r’ @) )“”(r’ n(Z))+
+m (r, M) +m (r, n(m)(z)) +0(1)

n(z) n(z)
< S(r,n(2)). (13)
Together (10) with (12), we obtain
w(@)+w(z+c) = yx(2). (14)
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Combining (11) and (14), we have
o(@) = 3(x (=) +n(=)),
and
w(z+0)=3(x(2)—n(2)) = 3(x(z +c) +n(z+c)).

By this, hence we have

n)+n(z+c)=y(=)—x(z+c). (15)
Eq. (15) implies that
V@) +n(z+0) = V(@) - Pz +c).  16)

Together (12) with (16), we have

2@+ 1@+ Iz +0)
==by(n'(z+c)—n'(2)+n'(z+2c)—n'(z+c))—
b (0™ 3+ )= ()1 +20) 1™ (z+))
=—b;(1'(z+2c)+1'(z+c)—(n'(z+c)+n'(2)))— -
—b,(n™(z+¢)+n"™ (z+2c)—(n™ (z+c)+1n™(2)))
=—b,(x'(z+c)—x (z+2c)—(x'(2)—x ' (z+c)))— -

—b(x ™z+0)— y Mz420)—(x "A2)—x M ztc))). (A7)
By (17) and (15), we have

x@n(z)+ x(z+c)(x(2)— x(z +c)—n(z))
=—b(y(z+c)—x'(z+2)—(x'(@)—x'(z+c))—---
—b(x ™zte)— x ™z +20)— (1 " z)—x ™zc))).  (18)

Next we show that y(2) = y(z+c¢). If y(2) Z x(z+c¢),
then by (18), we have

b+ )= (5 + 20~ (D)1 z+0))
x(@)—x(z+c)
b (1 ™z + )= ™z +20)~(r () — £V + )
+
x(@)—x(z+c)
—x(z+c).

By (13), (19) and Lemma 4, we have

T(r,n(2)) < S(r,n(2)),

n(z) =

(19)

a contradiction. Hence, we have y(z) = y(z + c).
Together with (15), we have n(z) = —n(z +¢). So we
know w(z) is a periodic function with period 2c.
Case 2: n = 3. Rewriting (8) as follows

(w(z)—w(z+c))(w(z)—6w(z+c))(w(z)—6%w(z+c))
=by(w(z+2c)—w(z+c)—(w(z+c)—w(2))) +---
+b,(w(z+2c)—w(z+c)—(w(z+c)—w(=))™,  (20)
where 6 (# 1) is a cube-root of the unity. If w(z) =
w(z+c¢), then (w(z)—8w(z+c))(w(z)—62w(z+c) is
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a periodic function with period c. If w(z) # w(z +c),
we can write (20) as follows.

(w(z) =8 w(z+c))(w(z)—8%2w(z +¢))
by(w(z+2c)—w(z+c)—(w(z+c)—w(z)))
— + cee
w(z)—w(z+c)
b,(w(z+2c)—w(z+c)—(w(z+c)—w(z)))™
+ .
w(z)—w(z+c)
If y(z) =0, (12), (13) and (21) imply that w(z) —
Sw(z+c)=0 or w(z)—86%w(z+c) =0, hence w(z)
is a periodic function with period 3c. If y(z) # 0, by
the Hadamard factorization theorem, we have

w(z)—8w(z+c)=P,(z)ed®,

(21)

(22)

and

w(z)—6%w(z +c) = P,(z)e ), (23)
where Q(z) is a non-constant entire function with
o(Q) <1, T(r,P;) =S(r,w(z)),i=1,2. Egs. (22) and
(23) imply that

5P,(2)e?® —p,(z) e )

w(z) = 5.1 , (24)
Py (2) %) — p,(z) e )
w(z+c)= = 5(5_21)
5P (z +c) e — p,(z +¢) e Q)
_0P(z+¢) 5_12( ) 25)

Eq. (25) implies that

52P,(z +¢) e+ _ 5P, (z +¢) e ) _p (z) 2@

+Py(2)e ) =0. (26)
That is
_52P1EH ) gerorem | sP2EE) oeroram
Py(2) Py(2)
P
LA e g (g7
Py(2)

We assume that Q(z) + Q(z + ¢) is not a constant.
Otherwise, if Q(2)+Q(z+c) is a constant, then Q’(z) is
a periodic function with periodic 2¢, Lemma 5 implies
that 0(Q(z)) = o(Q’(z)) = 1, a contradiction. So
Q(2) + Q(z +¢) is not a constant. By Lemma 1 and
(27), we have

Py(z+¢) .
Py(z)

On the other hand, dividing (26) by P;(z) e we
have

—Qz+c)+Q(z) = (28)

52 P,(z+¢) Q) _ g Py(z+c) e—Q)-Qz+<)
Py(z) Py(2)
P.
" 2(Z) e_zQ(z) =1

29
Py (2) (29)
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By Lemma 1 and (29), we have

52P1ETA) aeroaew

30
X6 30

Egs. (28) and (30) imply that
63P1 (24 c)Py(z +c) = Pi(2)Py(2).

By this, (22) and (23), we have (w(z) — dw(z + ¢))
(ew(2)—8%w(z +0)).
If n = 4, then we can write (8) as follows.

(w(2)—w(z+ )W H2) + 0" 2(2)w(z+c)+---
+ "z +¢))
=by(w(z+2c)—w(z+c)—(w(z+c)—w(2))) +---
+b,(w(z4+2¢)—w(z+c)—(w(z+c)—w(z)))™.  (31)
If w(z)—w(z+c) =0, then w(z) is a periodic function

with period c. If w(z)—w(z+c) Z 0, we can write (31)
as follows.

0" @)+ 0" (2)w(z 4 )+ -+ 0z +0)
_ bi(w(z+2c)—w(z+c)—(w(z+c)—w(2)) e
w(z)—w(z+c)
N b, (w(z+2c)—w(z+c)—(w(z+c)—w(z)))™

w(z)—w(z+c) (32)
Set
by(w(z+2c)—w(z+c)—(w(z+c)—w(z)))
5= oD —(+c) e
. b(w(z+2c)—w(z+c)—(w(z+c)—w(z)))™ 33

w(z)—w(z+c)
Let L(z) = % If % =1, then w(2) is a periodic
function with periodic c. If % %1, and L(z) is not
a constant. Eq. (13) implies that

() =0— 21Dy 00, (34)
w(z)
Egs. (32) and (33) imply that
1(2) = w"‘l(z)(l + M 4+
w(z)
0" 2(z+c) W z+c)
w2(z) w™1(z) ) (35)
Together (34) with (35), we have
_ n—1 n—1
(1—-L(2)) n""(z) 36)

L@+ L@+ + L@+ 2@
By (36), we have

(n—DT(r, w(z)) = (n— 1T (r,n(2) +S(r, n(2)),
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1 _ 1
N (r, et ) =N (5 75)
< T(r,m(2)) = S(r, n(2)).

Using the second main theorem of Nevanlinna theory,
we obtain

(n—2)T(r,L)

<N(r ) +N (r, L”*l(z)+L”*2(12)+-~-+L(z)+1) +S(r, L)
=N(r,5)+S(r L)< T (r, ) +S(, L),

which is impossible for n = 4. Hence we obtain that L
must be a constant and L(z) #Z 1. By (34), we have

T(r,n(z)) = T(r, w(2))+S(r, w(2)). 37)

Eq. (35) implies that

(n=DT(r, w(2)) =T(r, x(2))+S(r, w(2)) = S(r, w(2)),

which is a contradiction.
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