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ABSTRACT: Given real numbers a, 3,y such that (a,f,y) # (k,—2k,k) for all k€ R and (B,y) ¢ {(0,a),(a,a),
(a+7v,7)}, we investigate the stability of an alternative Jensen’s functional equation of the form

fay™M=2f()+f(xy)=0 or af(xy™)+pf(x)+rf(xy)=0,

where f is a mapping from an abelian group to a Banach space.
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INTRODUCTION

The problem of alternative Cauchy functional equa-
tions has been studied by various authors (e.g., Kan-
nappan et al [1], Ger [2] and Forti [3]). The Jensen’s
functional equation is a famous equation that is closely
related to the Cauchy functional equation. Nakma-
hachalasint [4] first solved an alternative Jensen’s
functional equation of the form

fOOE2f(xy)+flxy*)=0 1

on a semigroup. His research extended the work of
Ng [5] and the work of Parnami et al [6] on the classical
Jensen’s functional equation

fley™)=2f(x)+f(xy)=0 (2

on a group. The Hyers-Ulam stability (Hyers [7],
Aoki [8], Bourgin [9], Rassias [10] and Gavruta [11])
of the alternative Jensen’s functional equation (1) was
proved by Nakmahachalasint [12].

Kitisin et al [13] establish a criterion for existence
of the general solution to the alternative Jensen’s func-
tional equation of the form

Fly™MH—=2f(x)+f(xy)=0 or
af (xy ™) +Bf(x)+7f(xy)=0,

where f is a mapping from a group to a uniquely
divisible abelian group, but its stability problem has
not yet been investigated.

In this paper, we will prove the Hyers-Ulam stabil-
ity of the alternative Jensen’s functional equation (3)
when a, f and y are real numbers with

©)]

(a,B,r) # (k,—2k,k) forall k e R and @
(B,7) ¢{(0,a),(a,a),(a+7,7)}

and f is a mapping from an abelian group (G,-) to a
Banach space (E, || - ||). In other words, we will prove
that for every € = 0, there exist §,, 65 = 0 such that if
a mapping f : G — E satisfies the inequalities

If Gy ™) —=2f )+ flxy)I <8y or

laf Gy D)+ B +rfayl<s, O

for every x,y € G, where a, and y are fixed real
numbers with (4), then there exists a unique Jensen’s
mapping J : G — E with

IfF ()=l < e

for all x € G.

It should be noted that Kitisin et al [13] proved
that if a, 8 and y are integers satisfying (4), then the
alternative Jensen’s functional equation (3) is equiva-
lent to Jensen’s functional equation (2). On the other
hand, when (3, 7) € {(0, a), (a, @), (a+7,7)}, (3) isnot
necessarily equivalent to (2).

AUXILIARY LEMMAS

Let (G,+) be a group and let E be a Banach space.
Given real numbers a, 3,7 as in (4) and a function
f : G — E. For every pair of x,y € G, we will define

FEPI () = llaf ey ™)+ BF () +1f ey
and

Hy ) =If (xy™)=2f () + F eyl

For 6,6, 2 0, we let

2 5P (x) = (£,(x) < 6 or FEPI(x) < 5,)
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and
6 =max{6,6,}.
The set of solution to the statement & fy(“’ﬁ”)(x) will

(a.y)
be denoted by ,af(G’E) ,l.e.,

P — {f:G—E| Q’fy(“’ﬁ”)(x) for all x,y € G}.

(G,E)

For each real number A, we let

A7t if 0<|Al<1;
AN =1 |2 if A= 1;
1 if A=0.

It should be noted that for every A € R,
D 1<)

(D) Al < A (A);

(i) (ATt <#(Q)if A #£0.

We denote A = {—3,—2,—1,0,1,2,3} and

M= max EA{//t(ala+0'2/5 +o37y+04)}

01,02,03,04
The above notations will be used extensively in the
proofs below, and thus should be kept in mind.
First, we will give the bound of ¢, (x) for a func-

,d(o’ﬁ’o)

tion f € 6.5 -

Lemmal If f € ,,Qf((é):g)’o) and x,y € G, then #,(x) <
12M6é.

Proof: Let f € ‘d((é),,ﬁ),o) and x,y € G. By (4), we must
have 8 # 0. Suppose #,(x) > &,. Hence ?}Eo’ﬁ’o)(x) <
6, and we get ||f (x)|| < M. Next, we will consider
the alternatives in & fy(o’ﬁ’o)(x y~1) as follows.

Case (i). Assume that ¢ (xy™') < §,. By
[If (x)]| < M&, we have

If ey ™) =2f (xy ™I <2M5. (6)

By (6) and the alternatives in & fy(o”j 0)(xy~2), we have

Ilf (xy2)—3f(xy )| <5M6 or -
If ey DIl < 2M56.

By (7) and the alternatives in & f;g’ﬁ Dxy™), we get

If Gey™) + f(xy)ll < 6MS or

If ey ™D < 2M6. ®

If [If (xy™) + f(xy)ll < 6M§, then by [|If (xy™) +
fxy)l| < 6M6 and ||f(x)| < M6, we obtain
Fy(x) < 8M6. It remains to consider the case
when ||f(xy™Y)|| < 2M§. By the alternatives in
ny(o’ﬁ’o)(xy) and ||f (x)|| < M§&, we have

12 (xy) = f eyl <2M6 or [If (xy)ll < M5. (9)
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By the alternatives in & f}fo’ﬁ’o)(x ¥?2) and (9), we get

13f (xy)—f(xy*)I| <5M8& or

If (xy)ll < 2MS. (10)

By |If(xy™1)| < 2M§ and (10), the alternatives in

124 fy(g’ﬁ ’0)(x y) gives

ILf (xy)ll < 8MS. (1)

By [If (xy ™)l <2M8, [If (x)Il < M8 and (11), we get

#,(x) < 12M5. (12)

Case (ii). Assume that ﬂ'y(o’ﬁ’o)(xy’l) < 5,. We

have ||f (xy™)|| < M§. The proof is as in case (i) after
referring the steps (9)-(12). O

Lemma 2 Let f € ,czf((gg” with a # vy and x,y € G. If

Hy(x) > &y, then ||f (xy™) = f (xy)Il < 2M8.

Proof: Assume that #,(x) > 6;. By the alternatives in
(a,B,7) (a,B,7) (a,s7) <
Q’fy,l (x)and Q’fy (x), we get ﬁ'y,l (x)<06,

and & }(,“”5 (x) < 8,, respectively. Therefore,

Ila—7)(f (xy ™) = F eyl
< FEPD )+ FP0(x)
<25.

Since a # v, the proof is completed as desired. a

The above lemma states a necessary property for
a function f € Vef((gf)") with a # v in the case when
F,(x) > &,. Next, we will prove the bound of ¢, (x)
concerning the relation between & fy(”"ﬁ”)(x y~1) and

P f;“’/} (x) with a # y as in the following two lem-
mas.

Lemma 3 Let f € ,czf((gg” with a # vy and x,y € G. If

£, (xy ") > 6, and #,(x) > 6, then #,(x) < 34M>6.

Proof: Assume that jy(xy’l) > 6, and #,(x) > 5.
By Lemma 2, we obtain that

If(xy ) —f()Il <2M§ (13)

and

If Gey™) = f Gex)ll < 2M86. (14)
From ¢,(xy™') > &, and ¢,(x) > §,, the alter-
natives in 9f§“’ﬂ’Y)(xy_1) and =gd’f}fo"ﬁ”’)(x) gives
g'y(“’ﬁ’”(xy’l) <6, and ﬁ}(,“’ﬁ”)(x) < 8,, respectively.
Eliminating f(xy~2) from (13) and gﬁa’ﬁ”)(xy_l) <
6,, we get

1B (xy™) +(a+7)f ()l <3M?5. (15)
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By (14) and (15), we have

llCa+7)f )+ Bf xx)ll

Eliminating f(xy™!) from (14) and 9}(,“”3’”(x) < 8,
we obtain

< 5M?2S. (16)

IBf (x)+ (a+7)f (xy)ll < 3M?6. 17)
We eliminate f(xy) from (16) and (17) to get
(B —a—7)(B +a+7)f (x| <8M°5.
From f3 # a +y, we conclude that
(B +a+7)f ()l < 8M*s. (18)

First, we suppose f3 # —a —y. Hence (18) reduces to
IIf COll < 8M°5. 19

Eliminating f (x) from (16) and (17), we conclude that

IIf Gex)ll < 8M°S. (20)
By (14), (19) and (20), we have

£, (x) <34M°6. @21
Next, we suppose f = —a—7vy. If a+y =0, then

f = 0 which contradicts 3 # a+7v. Hence a+y # 0.
Substituting f = —a—y in (17), we get

lI(a+ 1) ()= f eyl < 3M38.

Thus we conclude that
If ()= f eyl <
By (14) and (22), ¢, (x) <

3M35. (22)

8M35 < 34M°5. O

Lemma 4 Let f € .o/ %7 with a #y and x,y € G. If

(G,E)
£,(xy™) <8, and #,(x)> &, then

Fy(x) <

Proof: Assume that ¢,(xy™")
By Lemma 2, we have

If (xy™) = f Gey)ll < 2M6.
By #,(x) > &, the alternatives in g@f;“’ﬂ”)(x) gives
gﬁa’ﬂ’”(x) < §,. Eliminating f(xy™!) from (23) and
FLP(x) <

< 56M°5.

< 6; and #,(x) > 6.

(23)

6,, we obtain that

IBF () + (a+1)f Cey)ll < 3M?6.

We eliminate f(xy ') from (23) and ¢,(xy™') <6
to get

(24)

Ilf (xy ™)+ f(x)—2f (xy)Il < 5M5. (25)
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Next, we will consider the alternatives in

g»fy(a’ﬁ”)(xy_z) as follows.

Case (i). Assume that jy(x ¥y2)> &,. By Lemma
2, we have

If (ey™)—F(xy DI < 2M6.

57’fjfa’ﬂ’”(x)’_z)
Eliminating f(xy™3) from

(26)

The alternatives  in
g'y(a,ﬁ,r)(xy—Z) < 6,.

gives

(26) and 9;"”5’}’)(3()/_2) < §,, we get
IBf (xy )+ (a+7)f (xy Il < 3M?5. 27)
By (23) and (27), we obtain
IBS (xy™)+(a+7)f (xy)ll < 5M?5. (28)

Eliminating f(xy~2) from (25) and (28), we have

IBf(x)—(a+2B+7)f eyl <10M?5. (29
By (24) and (29), we obtain that
IBCf () —f (xy )l < 13M365. (30)
If B # 0, then (30) reduces to
[1£ ()= £ Gey)ll < 13M°6. (31)
By (23) and (31), we obtain that ¢, (x) < 28M35. If

p =0, then (4) gives a+y # 0. Thus (24) reduces to

IIf Gey)ll < 3M36. (32)
By (25) and (32), we obtain that
If ey ™)+ £ ()l < 11M°5. (33)

Next, we will consider two cases of & fy(“’o’”(xy) as
follows. If #,(xy) < &;, then by (32), we get

If G+ f eyl < 7MP8.

Eliminating f(xy~2) and f(xy?) from (33), (34) and
the alternatives in & fy(f 01 (x), we conclude that

(34)

[If GOl < 19M°6. (35)

If #,(xy)> &, then we have yy(“’o”)(xy) < &,. Since
Fy(xy)> 6,, Lemma 2 gives
I1f ()= f (xy?)Il < 2M6.

By ﬂ'y(“’o”)(xy) < §, and (36), we get (35). By (23),
(32) and (35), we obtain

F,(x) <

(36)

46M°5. 37)
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-2

Case (ii). Assume that ¢, (xy Eliminat-

ing f(xy™") from (23) and ¢, (xy >
If Gey™)=2f ey ™)+ f (xy)ll <
Eliminating f (xy~2) from (25) and (38), we have
£ ey =) +2f (x) = 3f (xy)ll <
Eliminating f (x) from (24) and (39), we obtain

IBf (xy™)—(2a+36 +2y)f (xx)

< 0;.
< 6,, we get

3M6. (38)

13M6. (39)

< 19M325. (40)

Next, we will consider two cases of & f;f P (xy1)
as follows. We first assume that #,.(xy™') < &
Eliminating f (xy ") from (23) and ¢,.(xy™") < &,,
we get

IIf ey ™) = f Gey)ll < 5M6. (41)
By (40) and (41), we get
1208 +a+7)f (xy)Il < 24M?5. (42)
If B #—a—7, then (42) reduces to
If Gey)ll < 12M°5. (43)
By (24) and (43), we have
IBf Go)ll < 15M*s.
Suppose 3 # 0. We get
If GOl < 15M°6. 44
By (23), (43) and (44), we obtain
S, (x) <56M°5 (45)

Suppose 3 = 0. Repeating to the steps (32)-(36), we

get (37). If B =—a—7, then a+y # 0. Thus (24)
reduces to

If (x)—f(xy)ll < 3M35. (46)
By (23) and (46), we conclude that (45). We next

assume that #,.(x y1)> 5,. Lemma 2 gives

If (xy™) = f Gey)ll < 2M8.

Repeating the steps (41)-(46), we obtain (45).
The desired results follows from the consideration
of the above two cases. a
Next, we will prove the bound of f(x) concern-
ing the relation between g’f}fl’ﬁ’l)(xy_l), Q’fy(l’/j’l)(x)
and & fy(l’ﬁ’l)(x ¥) as in the following two lemmas. It
should be noted that 8 ¢ {—2,0,1,2}.

Lemma 5 Let f € ﬂ((é 5)1) and let x,y €G.
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@ If £,y <8, FXPD(0) <
&1, then ||f (x)|| <5M6.

@) If gy“ﬁJ)(xy—l) < 52,yy<1:/5:1>(x) < &,
FIPD(xy) < 85, then ||f ()| < 4M°6.

0y and g,(xy) <

and

Proof: Assume that all assumptions in the lemma hold.
(i) We observe that
If ey ™)+ (2+2B)f () + f (xy?)ll
< 2 (xy )+ 270D + 2, (xy)

< 46. (47)

Consider the alternatives in & f;zl’ﬁ’l)(x). The

inequality #,.(x) < 0, and (47) give
I(4+2B)f (x)Il <56

while the inequality 9‘2’3 D)< 0, and (47) also
give

2+ B)f ()l <56

Hence ||f (x)|| < 5M56.
(ii) We observe that

If ey ™)+ (2= B2 () + £ (xy?)
<SZMPD ey ™)+ 1BIF ()
+9}(,1’/5’1)(xy)

< 3Msé. (48)

Consider the alternatives in & f}le’ﬁ ’1)(x). The

inequality _¢,.(x) < &; and (48) give
[I(4—B2)f (Il < 4M3,

while the inequality ﬁ'}%ﬁ ’1)(x) < 0, and (48) also

give
12— B —B*)f (o)l < 4M8.
Hence ||f (x)|| < 4M35.
O
Lemma 6 Let f € ﬁ(gg)l) and let x,y € G. If
£,0cy™) < 6, F0PD(x) < 6, and FHD(xy) <
5, then ||f (x)|| < 46M76.

Proof: Assume that the assumption in the lemma
holds. By #,(xy ') < &, and ,?y(l’/j’l)(x) < 6,, we get

If ey ™)+ (1 +2B)f (x) +2f (xy)Il < 36

Next, we will consider two possible cases in
g’f)le’ﬁ’l)(x) as follows.

Case (i). Assume that fyz(x) < 6,. Using
g'y(l’ﬂ’l)(xy) < 63, #,2(x) < &, and (49), we obtain

12f (x) + f(xy)|| < 5M&

49

(50)
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and

I(1=2B)f Co) + f Cey )l < 6M?5.

Eliminating f(xy) from (50) and the alternatives in
,@fjfl’ﬁ’l)(xyz), we have

(5D

12f () +2f (xy?)—f (xy®)|| < 6M& or

12f ()= Bf (xy2) — F(xy?)|| < 6M8. (52)
By (51) and (52), we obtain
148 f (x)— f (xy*)|| < 18M35 or 53)

1(2B%— B —2)F (x) + f (xy?)| < 12M35.

Consider the alternatives in & f;zl P ’1)(x ¥).

e If #,.(xy) < 0y, then we use #,.(xy) < 6, and
?ﬁl’ﬁ’l)(x) < 6, to get
IBf(x)+3f(xy)—f(xy>)I<25. (54
By (53) and (54), we obtain
_ 2
I3 (x)—3f (xy)Il < 20M=5 or 55)

1262 —2)f (x)+3f (xy)|| < 14M36.

Eliminating f (xy) from (50) and (55), we have
ILf GOl < 15M56.

o If 9’;1’&1)()@/) < §,, then we use 9;’[3"1)()()/) <
5, and ﬁﬁl’ﬁ’l)(x) < 6, to get

1Bf () +(1—=B)f (xy)—Flxy)I <25. (56)
By (53) and (56), we obtain

138 (x)+(B—1)f (xy)ll <20M?5 or
||(2/52—2)f(X)+(1—ﬁ)f(xy)<14M35(. )
57
Eliminating f(xy) from (50) and (57), we get
IIf (o)l < 25M°6.

Case (ii). Assume that 9y(i’ﬁ’1)(x) < 6,. By
FOPD(xy) < 6,757V (x) < 5, and (49), we ob-

tain

IIf )+ fxy)ll < 5M6 (58)

and

(1= B)f () + f (xy )l < 6M?5. (59

Eliminating f(xy?) from (59) and the alternatives in
2 £, (xy?), we get

(3—2B)f (x) + f (xy™)Il < 13M?5 or

1082 — B+ 1)f () + Fxy Dl < 7ms. OO

627

By (58) and the the alternatives in & f;l’ﬁ’l)(x ¥?), we
have

I1f () +2f (xy®) = f (xy?)I| < 6M5 or 61)
If () =Bf(xy*)—f(xy?) < 6MS.
Consider the alternatives in & f}fl’ﬁ D(xy?) as follows.

* If #,(xy?) < &, then we eliminate f (xy?) from
(61) and ¢, (xy>) < &, to get

12f () +3f (xy2) — f(xy*)|| < 13M6 or

l12f () = (1 +28)f (xy*) — f(xy Il < 13M6.
(62)

By (59) and (62), we obtain
I(1=3B)f (x)+ f (xy®)Il < 31M?8 or
1(2B% =B =3)f (x) + f (xy®)Il < 31M35.
(63)
By (60) and (63), we conclude that

If GO <44M>5 or ||(3—2B)f (x)|| < 44M*5.
In the case when f3 # 2, we get
If GOl < 44M°5.

3
Suppose 3 = 2 Hence (49), (59), (60), (61) and
(63) become

If ey ™) +4f () +2f (xy)II <35, (64)
|- 50+ s <ems,  (69)
If eyl < 13M?6 or 66)
1£ )+ f(xy®Il < 7M38,
and
H—% (x)+f(xy4)‘ < 31M?326§ or 67)
If eyl < 31M°35,
respectively. By (66) and (67), we get
IIf eyl < 31M°5. (68)
Eliminating f(xy*) from Wf;i’%’l)(xy“) and
(68), we obtain
If (xy®) +f(xy©)I < 63M35.  (69)
By g’fﬁ’%’l)(xyz) and (69), we have
I1f (xy™2)=3f (xy)|| < 64M>5 or
“f(xy-2)+ %f(xyz)H < 64M°5. (70)
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By (65) and (70), we get
fley™)=3f(x)
fley™)+3f(x)

Eliminating f (xy~2) from (64) and (71), we have

< 82M365 or
(71)
< 67M35.

L re)+2f(xy)| < 85M35 or
20 +2f (xy)
By (58) and (72), we conclude that

IIf ()|l < 46M35.

(72)
< 70M3s.

o If ?y(l’ﬁ’l)(xy3) < §,, then we eliminate f(xy>)
from (61) and gy(l’ﬁ’l)(xys) < 6, to get
B () +(1+2B)f (xy*) + f (xy M| < 7M?6 or
<

IBF () +(1—B*)f (xy®) + f(xy DIl < 7M?5.
(73)

By (59) and (73), we obtain
1282 =1)f (x) + f(xyHIl < 13M35 or

(B3 —p2—2B+1)f (x)—f(xy™)| < 13M*5.
(74)

By (60) and (74), we conclude that
IIf ()] < 26M76.

The desired bound of f (x) follows from the consider-

ation of all cases above. O
Now we will give the bound of #, (x) for a function
(1,6,1)
fe 427( G -

Lemma7 If f € B

Gr) » then #,(x) < 139M85 for
all x,y €G.

Proof: Let f € d((é,’g)’l) and x, y € G. Suppose ¢, (x) >
5,. From the alternatives in & fy(l’ﬂ’l)(x), we get
ﬂﬁl’ﬁ’l)(x) < §,. The alternatives in yfy(l’ﬁ’l)(xy_l)
will be considered as follows.

Case (i). Assume that ¢,(xy~') < &,. By Lemma
5 and Lemma 6, we conclude that

IIf ()] < 46M76. (75)

By 9‘}(,1”5’1)()() < &8, and (75), we conclude that
#,(x) < 139M°5 as desired.

Case (ii). Assume that gﬁl’ﬁ’l)(xy_l) < 6,.
Consider the alternatives in % f}fl’ﬁ’l)(xy). If
ﬁﬁl’ﬁ’l)(xy) < §,, then Lemma 5 gives ||f(x)| <

4M?35. Thus the desired proof is similar to the above
case. If #,(xy) < &;, then the proof is as in Case (i)
after replacing y by y ! and x by xy . ]
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HYERS-ULAM STABILITY

We will next provide the following lemma which even-
tually be used in the main theorem.

Lemma 8 If f € .o/ *F7)

(GE) * then #,(x) < 139M°5 for
all x,y €G.

Proof: Let f € ﬂ(gf5Y). If a # y, then by Lemma 3

and Lemma 4, we conclude that ¢, (x) < 56M 5§ for
all x,y € G. If a = v, then we consider two cases as
follows:

Case (i). Assume that ¢ = 0. Lemma 1 gives
Fy(x)<12M6 forall x,y €G.

Case (ii) Assume that a # O. Hence f €
1La71p,1 .
,d((Gg) A1) and Lemma 7 gives

£, (x) <139M®max{5,,|al™'6,} < 139M°6

forall x,y €G. |
Now we will prove the Hyers-Ulam stability of the
alternative Jensen’s functional equation (3). For the
stability results of Jensen’s functional equation, it can
be found in, for instance, Kominek [14] or Jung [15].

Theorem 1 Let G be an abelian group. If f € sz((Ga’ﬁ)’Y),

then there exists a unique Jensen’s mapping J : G = E
satisfying (2) with J(0) = f (0) such that

IfG)=J()l < e

for all x € G when ¢ =278M°5. Moreover; the mapping
J is given by

J0) = £(0)+ lim - (F ()= F(O))

forall x €G.

Proof: Assume that f € bqf’((Gaf)Y) By Lemma 8, we

obtain ¢, (x) < 139M°6 for all x,y € G. The Hyers-
Ulam stability of the Jensen’s functional equation can
be proved by the so-called direct method and it can be
seen in Srisawat [16]. Hence the rest of the proof can
be omitted. O
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