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ABSTRACT: Let # be a 2-torsion free unital prime *-ring containing a nontrivial symmetric idempotent. We prove that
ifamap 6 : Z — % satisfies 6([[A,B],,C]) =[[6(A),B],,C]1+[[A, 6(B)],,C]l+[[A B],,6(C)] for allA,B,C € #, then

& is an additive x-derivation.
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INTRODUCTION

Let ./ be an algebra. For A,B € .«/, denote by AcB =
AB + BA and [A,B] = AB — BA the Jordan product
and Lie product of A and B, respectively. In some
sense, the Jordan product and Lie product are used to
characterize the algebraic structure. There are many
papers in the literature related to the Jordan product
and Lie product, see for example [1-7]. A map & :
o — of (without the linearity assumption) is called a
nonlinear Lie triple derivation if

6([[A,B],Cc]) =[[6(A),B],C]
+[[A,6(B)],C1+[[A,B],56(C)]

for all A,B,C € ./. Ji, Liu and Zhao [8] obtained
the structure of nonlinear Lie triple derivations on
triangular algebras. Chen and Xiao [9] characterized
nonlinear Lie triple derivations on parabolic subalge-
bras of finite-dimensional simple Lie algebras.

Let .o be a x-algebra. For A,B € .&/, denote by
[A,B], = AB — BA* the skew Lie product of A and B.
In the last decade, the study related to the skew Lie
product has attracted several authors’ attention, see
for example [10-13]. A map & : & — .& (without
the linearity assumption) is called a nonlinear skew Lie
triple derivation if

5([[A,B].,Cl.) =[[6(A),BL,, Cl.
+[[4,6(B)]..Cl. +[[AB]., 6(C)].

for all A\B,C € .&/. A map 6§ : .o — . is called
an additive x-derivation if it is an additive derivation
and satisfies §(A*) = §(A)* for all A € ./. Li, Zhao
and Chen [14] proved that every nonlinear skew Lie
triple derivation on factor von Neumann algebras is an
additive x-derivation. Taghavi, Nouri and Darvish [15]
proved that every nonlinear skew Lie triple derivation
on prime x-algebras is additive. A map ¢ : & — .&
(without the linearity assumption) is called a nonlinear

mixed Lie triple derivation if

6([[A,B].,C]) =[[6(A),B].,C]
+[[A,6(B)].. C1+[[A,B].,5(C)]

for all A,B,C € ./. Liang and Zhang [16] gave con-
crete examples showing that nonlinear mixed Lie triple
derivations are different from both nonlinear Lie triple
derivations and nonlinear skew Lie triple derivations
in general. They proved that every nonlinear mixed
Lie triple derivation on factor von Neumann algebras
is an additive *-derivation. Zhou, Yang and Zhang [17]
generalized the above result to the case of prime
x-algebras.

Let Z be a ring. Z is called a *-ring if there is
amap x : Z — % satisfying (AB)* = B*A*, (A+B)* =
A*+B* and (A*)* =AforallA,B € %Z. Z is called prime
when, for A,B € Z, AZB = {0} impliesA=0 or B =
0. Z is called 2-torsion free when, forAe #,2A=0
implies A= 0. An element A € £ is called symmetric if
A* = A. Note that the imaginary number unit i played
an important role in [16, 17]. However, *-rings do not
contain the imaginary number unit i. Motivated by the
above mentioned works, we will study nonlinear mixed
Lie triple derivations on prime *-rings.

MAIN RESULT
The main result is the following theorem.

Theorem 1 Let # be a 2-torsion free unital prime
*-ring containing a nontrivial symmetric idempotent. If
amap 6 : Z — Z satisfies
5([[A,B].,C]) =[[6(A),B],,C]
+[[4,6(B)]1,, C1+[[A,B1,, 6(C)]

forall A,B,C € &, then § is an additive *-derivation.

Let P € # be a nontrivial symmetric idempotent.
Write P, = P, P, = — Py, &; = P,&P; (i,j = 1,2).
Then Z=R11+R 19+ R+Ro,. Forevery A€ Z, A=
A+ A+ Ay +Ay, A € R (1, =1,2).
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Lemma 1
(@ o(P) =6(P), i=1,2;

Proof: (a): Let 1 <i# j<2. Itis clear that §(0) =0.
Since [[P;, P;].,P;] = 0, we have

0= 5([[Pj,Pi:|*,Pj:|)

=[[6(P)), P, P;1+[[P;, 6(P)]., P;1+[[P}, P;1,, 6(P;)]

= —P,5(P;)"P,—P;5(P;)P,+2P,5(P,)P;
—&(P;)P;—P;5(P). (@)}

Multiplying (1) by P; from the left and by P; from the
right, we have

P,6(P;) P; = —P;6(P;)P), 2
which yields that

Multiplying (1) by P; from the left and by P; from the
right, we have

P;6(P;)P; = —P;6(P;)P;. 4
Comparing (3) and (4), we get

P;5(P;)"P; = P;5(P)P;. )
Since [[P;, P;],,P;] =0, we have
0=26([[P;, P 1., P;])

=[[6(P), P, P, ]+[[P;, 6(P)],, P, ]+[[P;, P, 6(P;)]
= _Pi5(Pi)*Pi + PiS(Pi)* + Pia(Pi)pi _Pia(Pi)- 6)

Multiplying (6) by P; from the left and by P; from the
right, we have

For every X;; € %,
that

it follows from [[X;;,P;],,P;] =0

Jj> Jj>

0= 5([[X1]’Pl]*’Pl])

=[[6(X;;), P, PIH[X;, 6(P)]., P, H[Xy5, P, 6(P;)]
+Xi15(Pi)Pi—5(Pl-)le"j—Xij5(Pi)+Pi6(Pi)ij. 8)

Multiplying (8) by P; from the left and by P; from the

right, we have

Multiplying (8) by P; from the left and by P; from the
right, we have
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It follows from (10) that

P,5(X;;)"P; = X,;;6(P,)"P;. (11D
Comparing (9) and (11), we get
X;;(P;5(P)P;—P;5(P,)*P;) =0
for all X;; € #;;. By & is prime, we have
P;6(P;)"P; = P;5(P,)P;. 12)

Since [[P;, P;],,X;;] =0, we have

0=25([[P;, Pi]., X;;])

=[[6(Py), P, XiiH{[P;, 6(P) ], X+ [Py, P, 6(X;5)]

=6(P)X;;—P;6(P;)"X;;—X;;6(P;)P;+P;6(P)X;;
— 8(P)X,; +X;5(PP;. (13)

Multiplying (13) by P; from the left and by P; from the
right, we have

(P;6(P)P;—P;6(P;)*P;)X;; = 0.
This gives that
(14)

From (5), (7), (12) and (14), we get that (a) holds.
(b): It follows from (2) and (a) that (b) holds. O

P;5(P;)"P; = P;6(P;)P;.

Lemma 2 For every X;; € Z;; (1 <i# j <2), we have
Proof: It follows from [[P;,X;;],,X;;] = 0 and
Lemma 1(a) that

0=06([[P;,X;;].,X;;])

=[[6(P), X1 X+ [Py 6 (X)), X1+ [Py X1, 6(X7)]
=—2X;;6(P)X;; + P60 (X;;)X;; — 26 (X)X

Multiplying (15) by P; from both sides and by £ is 2-
torsion free, we have X;;6(X;;)P; = 0 for all X;; € %;;.
Hence P]6(Xl])Pl =0. O

Lemma 3 ForeveryA;; € #;;,B;; € Z;; (1<i#j<2),

we have

ji

5(Ay;+B;) = 6(Ay;)+5(B;).
Proof: Let T = 6(A;; + Bj;) — 6(A;;) — 6(Bj;). We show
that T = 0. Since [[A;}, P;],, P;] = 0, we have
[[6(A;; +Bj), P;1., P;1+ [[A;; + By, 6(P)],, P;]
+[[Aj; + Bj;, P 1., 6(P;)]
= 6([[A;; +Bj;, P 1., P;])
= o([[A;j, P; 1., P;1) + 6([[Bji, P; 1., P;])
= [[0(A;j)+0(Bj;), P; 1., P1+[[A;; + Bj;, 6(P)],, P;]
+[[A;j +Bji, P 1., 6(P))],
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which implies that [[T,P;],,P;] =0, and so T;; = 0.
Similarly, T;; = 0.

For everyX ER;;
follows that

we have [[X;;,A;;],,P;]=0. It

]l’

[[6(X;), A +Bji 1o, P ]+ [[Xj5,
+[[Xi,A;

=o([[X;;,A;; +Bjil. ;D

= 6([[Xji,Aij ) P 1) + 6([[X i, Bji 1o, Pi )

= [[6(X}),Aij+Bjil,, P 1+[[Xi, 6(A;)+6(Bj) ], Pl

+[|:X]1: +B]l]*76(P1):|

6(Ai; +Bji)l,, Pl
i+ Bjil, 6(P;)]

This gives that [[X;;,T],,P;] =0, and so T; = 0.

Similarly, T;; = 0. m]
Proof: From (9) and Lemma 2, we have

X;;6(P;)P; = P;6(X;)"P; = (P;6(X;;)P;)" =0

for all X;; € Z;; Hence P;6(P;)P; =0.
For everyX Rj;, it follows from [[X;;

jis
Xji +X* i Lemma 1(a) and Lemma 3 that

P]*’Pi]:

6(X;)+60x;) = 6([[X;i, P 1, Pi])

=[[5(in), P, Pl+ [[in"S(Pi)]*’ P+ [D(]llpl]*)é(Pi)]

=6(X;{)P,—P;0(X;;)"P;—P;0(X;;)P; +P;6(X ;)
+X;;6(P)P; +Pi6(P)X;, + (X, —X,)6(Pr)

—5(P)(X;i —X3,). (16)

Multiplying (16) by P; from the left and by P; from the
right, we have

Pi6(X )P = 2X;;6(P)P; — P;6(P)X;i.

By Lemma 2, P;5(P;)P; = 0 and £ is 2-torsion free, we
get that X;;6(P;)P; = 0. Hence P;6(P;)P; = 0. O

Let T = P;6(P;)P, — P,6(P;)P;. It follows from
Lemma 1(a) that T* =—T. Let A : Z — % be a map
defined by

AX)=6(X)—(XT —TX).

Remark 1 By Lemmas 1-4, it is easy to verify that
A is also a nonlinear mixed Lie triple derivation and
satisfies:

(a) for every A;; € %;;,Bj; € Zj; (1 <i#j<2),we
have
A(A; +B;) = AlA;) + AB;);
(b) for every X;; € #;; (1 <i# j<2), wehave

P,A(X;;)P; = 0;
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(© AP)=0,i=1,2.
Lemma 5 A(%U) g %ij!iij = 1,2.

Proof: For every A; € &;; (i = 1,2), it follows from
[[P;,A;;],,P;]=0and A(P;) =0 that

0 =A([[P;,A;i].. Pi])

=[[P;, A(A;)]., Pi]

=2P;A(A;;)P; — A(Ay)P; — P A(Ay). 17)
Multiplying (17) by P; from the left and by P; from the
right, we have

P,A(A;;)P; =0. (18)

Multiplying (17) by P; from the left and by P; from the
right, we have
P]A(All)Pl - O.

i #j < 2), it follows from
A;;1,,P;]1=0and A(P;) =0 that

(19)
For every X;; € #;; (1 <

(LX)

0= A([[Xij’Aii]w ])
:[[A(XU) Au]*: J]+[[X1]7A(Aii):]*’ ]]
=—A; AX ) P — P AX A + X A(A;)P;

+ P AADX]- (20)

Multiplying (20) by P; from the left and by P; from the
right, and by Remark 1(b), we have

XijA(Aii)Pj =AiiA(Xij)*Pj =Aii(PjA(Xij)Pi)* =0.
Hence
From (18), (19) and (21), we have A(%;;) € &;; for

i=1,2.
For every A;; € #;; (1 <i# j < 2), since A;;

[[Pl’Al]]*’P]] and A(Pl) = A(P ) = 0 we have

A(A;) = A([[P, A1, P D) = [P, AAj)]., Py
Multiplying (22) by P; from both sides, we have
Multiplying (22) by P; from both sides, we have

P;A(A;;)P; = 0. (24)
By Remark 1(b), we have

It follows from (23), (24) and (25), we have A(%; j) c
R for1<i#j<2. |
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Lemma 6 For every A; € Ry, Bij € Rij, Cj; € Ry;,
DjeR; (1<i#j <2) wehave

Proof:: Let
T=A(AB 4G +D,JH(AHH(BUM( JAD;).
From [[P;,A;; + B;j + Cj; + Dj;1,, P ] = — Bjj, Re-

mark 1(a), A(P;)=0 and Lemma 5, we have

[[P;, A(A;; + By + Cj; + D)1, P;]
= A([[P;,A;; +B;; +Cj; + Dj;1,, P, 1)
= A(=Cj; —By)
ZA(—C-)—i—A(—BU)
= A([[P;, B;j L., P D+ A([[P;, Cji ., ;D)
= [[PI,A(BU)]*,P 1+1[P;, A(C) ., P]
=[[P;, A(Ay) + A(B;j) + A(Cj) + A(Dj) 1., P 1.
This implies that [[P;, T],, P;] = 0. Then T;; = Tj; = 0.
For every X;; € &;;, from [[X;;,A; + B;; + Cj; +
Dj;1.,P;]= [[Xu’ Dj;1,,P;], A(P;) = 0 and LemmaS
we have
[[AQX;;), Djj 1., P ]+[[X1]’A(Aii+B i+Cji+D;)].. Pjl
=[[AX;j),A; +B;; +Cj;
+[[X;j, A(A;; + By + Cji + D)), Pi]
= A([[Xy5,Ai; + Bij + Cj; + Djj1,, P 1)
= A([[X, Dj; 1., ;D)
= [[AXj), Djj Lo, Py 1+ [[Xi5, ADj;)];, P
= [[AX})), Dj; 1., P;]
+ [[Xi5, A(A;) + A(B;;) + A(

+Dj;]., P

0. That is,

ij>
This implies that [[X,;, T],,P;]=
X;;TP;+P;TX}; = 0. (26)

Multiplying (26) by P; from the right, we have
X;;TP; =0, and so Tj; = 0 Similarly, T;; = 0. a

L# ]

ij) = A(A;) + A(Bj;).

Lemma 7 For every A;;
have

ij»Bij € Bi; (1< < 2), we

A(A;+B
Proof: From Lemmas5 and 6, A(P;) = A(P;) =0 and

[[P; +A;j, P; +Byjl,, P;]1=A;; + By +A};, we have
A(AU )+A(A* )_ A([[P +A1]:P} +Bl]]*’ J])

=A(A;) + A(Bij) + A(Aij)*- 27

Multiplying (27) by P; from the left and by P; from
the right, and by Lemma 5, we have A(A;; + Bu) =
A(A;j) + A(B;). ]
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Lemma 8 For every A;;,B;; € Z;; (i =1,2), we have
A(A; +By;) = A(Ay) + A(By).

i#j<2),byLemma5,

=A;;iX;;, we have

Proof: Forevery X;; € %;; (1<
A(P]) = 0; and [[Aii:X ]*: ]]

A(A; X)) = A([[A, X1 P 1D
= [[A(A;), Xi; ], P 1+ [[Ai, AXG) 1, Py
= A(A)X;; +A; AX)). (28)

It follows from Lemma 7 and (28) that

A(A; + BH)X +(A; + Bu)A(XU)
= A((A; +B;)X5)
= A(A;X;;) + A(BX ;)
= A(AU)X +AHA(X )+ A(BH)X +B11A(X11)

which implies that (A(A; +B;;)—A(A;)—A(B)X;; =
0. Hence A(A;;+B;;) = A(A;;))+A(B;;) byLemma5. O

Lemma 9 For every A;;, B;; € Ryj, Aij>Bij € Zij, Bji €
Rji, Bjj € Zj; (1 <i# j<2), wehave

(@ A(AiiBij) = A(A;)B;; + A A(B;;);

() A(A;B;;) = A(Ay;)B;; +A; A(By);

(© AA;B;) = A(A;Bj; +A; AB;);

(d) A(A;B;;) = A(A)B;; +A;A(B;).

Proof: (a): It follows from (28) that (a) holds.
(b): For every X;; € #;; (1 <i# j <2), we have
from (a) that

A(AuBu)X +AuBuA(X1])
= A(A;;B;iXj5)
_A(Au)BuX +A11A(BHX1])
= A(A;)BiX; + A AB X, + Ay By AX).

It follows that (A(A;;B;; )—A(A;)B;—A; A(B;))X;; =0,
and so (b) holds.
(c): For every X;; € %;; (1 < i #j<2), from (a),

Lemma 5, and [[A;;, Bj;],,X;;] = A;;B;;X;;, we have

A(A; ;B )X +Al]B]1A(XU)

= A(AjB;i X))

= A([[Ai}, Bji 1. X3;])

= [[A(A;), Bji 1., Xi5] + [[Aj, ABji) ], X5
+[[Aij, Bji]., AX;;)]

= A(A;)B;iX,; +A; AB;X;; +AyB i AX)).

ijPji

Hence (A(A;;Bj;) — A(A;j)Bj; —A
so (c) holds.

iiA(Bj;))X;; =0, and
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(d): For every X;; € #;; (1 <i# j < 2), it follows
from (a), (c), and Lemma 5 that
A(AU J])X +Al]B”A(Xﬁ)
= A4 )BJJ ji HAGABX ;)
:A(A )B.U ]l UA(B.U)X +Al]B]]A(X]l)
This implies that (A(A;;B;;)—A(A;;)Bj;—A;; A(Bj;))X
= 0. Hence (d) holds. O

Proof of Theorem 1

It is easy to verify that A is additive on # by Lemmas
6-8 and that A is an additive derivation on £ by
Lemmas 5 and 9. For every A;; € %;; (1 <i# j<2),

from Lemma 5, A(P;) =0, and [[A;j, Pl P = Ay +
Au’ we have
A(A) + AA) = A([[A;, Pl P D)
= [[A(A;), P; 1., P11 = A(A;) + A(A;),
which yields that
AMT) =A@, 29)

For every A; € Z; (i =1,2) and X;; € #;; (1 <i#
j < 2), from Lemmas 5 and 9(a), A(P;) = 0, and

[[Ai, P )., X1 = AuX;; — A} X, we have

A(AH)X +A“A(X )—A(A’f.)X A* A(XU)
= AAi X)) — AALX,)
:A([[Aii’Pi]*:Xij])
=[[A@), P L., X1+ [[Ai, Pl AXG5)]
:A(Aii)X A(Au)*X +AUA(X) A* A(XU)

This implies that (A(A};) — A(A;)")X;; = 0, and so
A(A* )=A(A;). (30)

For every A € #, we have A = ZU 14ij- Tt follows

from (29), (30), and the additivity of A that

2 2
A= DT AU = Y A4 = AM)

i,j=1 i,j=1

Hence A is an additive x-derivation. By the definition
of A, 6 is an additive x-derivation.

From Theorem 1, we have the following corollar-
ies.

Corollary 1 ([16], Theorem 2.1) Let .« be a factor
von Neumann algebra on a complex Hilbert space H
with dim(.«) > 1. If a map & : & — & satis-
fies 6([[A,B],,CD) =[[6(A),B],,C]1+[[A 6(B)],,C]+
[[A,B],,6(C)] forall A,B,C € .o/, then 6 is an additive
x-derivation.
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Corollary 2 ([17], Theorem 2.1) Let .# be a unite
prime x-algebra containing a nontrivial projection.
If a map 6 : M — M satisfies 5([[AB],,C]) =
[[6(A),B],,C]+[[A 6(B)],,C]+[[A B],,6(C)] for all
A,B,C € #, then 6 is an additive *-derivation.
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