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INTRODUCTION

The notion of statistical convergence and some
results related to this type of convergence were
given by Fast, see [1]. The definition of statistical
convergence is given as follows.

Let K be a subset of N={1,2,3,...}. We define
the set K, = {i € K : i < n}. If the limit of the
sequence n!|{i € K : i < n}| = n}|K,| exists, we
call d(K) = lim, n"!|K,,| the asymptotic density, and
by |M| we denote the cardinality of the set M. Using
the definition of asymptotic density, we can define
the statistical convergence of sequence x = (x,,).

A sequence x = (x,,) is statistically convergent
to L if e >0, lim,n ' |{{neN:|x,—L| =¢€} =0,
and we denote it by st-limx = L.

Altay and Basar [2] defined Euler sequences
spaces e; and e ; they studied properties of these
spaces and proved that these spaces are linear
spaces as well as proved some other theorems.
Savas and Gurdal [3] presented brilliant results
regarding statistical convergence in intuitionistic
fuzzy norm and examined various problems that
arise in this area. Also, applications of statistical
convergence in other fields of mathematics can be
seen in [4-6].

Connor [7] introduced the concept of p-
Cesaro convergence of sequences. Later, weighted
Norlund-Euler A-statistical convergence was de-
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fined by Valdete Loku and Ekrem Alimi, see [8]. In
2016, Tuncer and Mohiuddine [9] defined statisti-
cal Cesdro-Euler summability method (C, 1)(E, 1) as
follows.

1 &1k
(C,1)(E 1) —
t = — E — E S,.
n n+1k:02’< v:o(v) Y

If t{&DED — 5 as n — oo, then we say that the
series Z:Z o Xn or sequence {S,} is summable to S
by (C,1)(E, 1) method and it is denoted by S, — S
by (C,1)(E, 1).

Remark 1 If we put S, = 1 then (C,1)(E,1)
summability method is reduced to the (C,1)
method.

Definition 1 ([9]) For sequence x = (x,,), we write
k

CED — 1 §m 1Nk

tCDED = LS > (v)x"' If the se-
quence (t(©DED) converges to any number L, i.e.
st-lim,,_, oo t©CDED = [ then x = (x;) is statisti-
cally summable (C,1)(E,1) and we write that as
L =(CE);(st)-lim x.

Definition 2 ([10]) A family I C 2% of subsets of
non-empty set X is called an ideal in X if I is
hereditary (i.e. A€ I, B C A implies B € I) and
additive (i.e. A,B € I implies AUB € I).

The ideal I of X is proper if I # 2%.
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The proper ideal I C 2% is an admissible ideal in
X if it contains {{y}: y € X}.

A proper ideal I is maximal if there is no proper
ideal J # I containing I as a subset.

Definition 3 ([11,12]) Let I ¢ 2% denote an ideal
on X. The family of sets F(I) € 2% that is not non-
empty is called a filter on X corresponding to I if
@ ¢ €F(D),

(i) A,B € F(I) impliesANB € F(I),

(iii) A€ F(I) and B C A implies B € F(I).

For each ideal I, there is a filter F(I) corresponding
to I. A non-empty family of sets F(I) is called a filter
according to the ideal I that can be written by

F(D={Kc2*:K¢eI}.
Here, K¢ =X\K =X —K.

Definition 4 ([10,13-17]) A sequence x = (x,) €
w is said to be ideally convergent or I-convergent
to a number L if for all e > 0

Ale)={neN:|x,—L|=e}el

and it is represented by I-lim, x,, = L.
The space of all I-convergent sequences to L is
indicated by C! which can be written as

Cl={x=(x,)€w:{neN:|x,—L|>e}el}.

Definition 5 ([10,13,17]) A sequence x = (x,,) €
w is said to be I-null sequence if I-lim, x,, = 0. The
space of all I-null sequences is defined by Cé, where
Co={x=(x,)ew:{neN:|x,|>e}eIl}.

Definition 6 ([10]) The sequence x = (x,) € w is
said to be I-bounded if there exists a real constant
M > 0, such that

Il ={neN:|x,|>M}el

Definition 7 ([11,18,19]) Let X be a linear space.

A function g : X — R is called a paranormed space

if, for all x, y € X, the following axioms are satisfied

@) glx)=0ifx =0,

(i) g(—x)=g(x),

(i) glx+y) <glx)+g),

(iv) If (u,) is sequence of scalars with u, — u as
n— oo and x,,L € X with x, » L asn — 00
then g(u,x, —uL) — 0asn — co.

Definition 8 ([17]) A sequence space X is said to
be solid or normal if x = (x,) € X implies that ax =
(a,x,) € X for all sequence of scalars a = (a,,) with
|a,| <1 forallneN.
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Definition 9 ([18]) Let K = {k; <k, < ...} CN
and E be a sequence space. A K-step space of E
is a sequence space Xf; = {(x¢,) € w: (x,) € E}.
A canonical preimage of a sequence x; € Aﬁ isa
sequence y = (¥,) € w defined as

_ ) x, if neK
In = 0, otherwise.

A canonical preimage of step space AIE is a set of
canonical preimages of all elements in AIE< if and only
if it is a canonical preimage of some x € kf;.

Definition 10 ([11, 18]) A sequence space X is said
to be monotone if it contains the canonical preim-
ages of all its step-spaces.

Lemma 1 ([20,21]) Solidness of sequence space X
implies the monotonicity of X.

MAIN RESULTS
Weighted (C,, 1)(E,, q) ideal convergence

In the following, we will generalize (C,1)(E,1)-
summability method, one can read [9] for more de-
tails. We call this new method generalized Ceséro-
Euler summability method, which is denoted by
(€2 1)(E3, ).

Let A = (A,) be a non-decreasing sequence of

positive numbers tending to oo such that
A‘n+1 < An + 1, Al =1.

The collection such sequences can be designated by
A. The new (C,,1)(E,,q) summability method is
defined as

1 1 k
(CL1)(Exq) — k—v
t = S,,
n n+12(1+q)k§((v)q v

keI,

where I, =[n—2A, +1,n]. If t{DED  Sasn —
00, then we say that the series Z;ZO X, or sequence
{S,} is summable to S by (C,, 1)(E,, q) method and
it is denoted by S, — S by (Cy, 1)(E3, q).

Remark 2 If we put A, = n in (Cy, 1)(E;, q) we get
(C,1)(E, q) summability method.

Remark 3 If we put ¢ = 1 in (C,1)(E,q), then
(C,1)(E,q) summability method is reduced to
(C,1)(E, 1) summability method [9].

Definition 11 A sequence x = (x;) is said to be
(C,,1)(E,,q) summable to L if

lim £CoDED — ],
n—oo N '
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Definition 12 A sequence x = (x;) is said to be
strongly (Cy, 1)(E,,q) summable to L if

. 1 1 kY -y _
B 2 (1+q)k Z(V)q e, ~ L] =0.

kel, VEI

In this case, the sequence x, can be written by
x; = L by [(Cy, 1)(Ex, q)] where [(Cy, 1)(Ej, q)] de-
notes the set of all strongly (C,, 1)(E;, g)-summable
sequences.

Definition 13 A sequence x = (x;) is said to
be statistically summable (C,,1)(E,,q) to L if
st-lim £ (D0 = . In this case, we can write in
the form (CE), (st)-limx = L.

Definition 14 A sequence x = (x;) is called
weighted (C,, 1)(E,, q) statistically convergent to L
if for each € > 0, such that

Jim |{ke< (v ): HZ(W
Z(ﬁ)qkﬂlxv—Ll = e}| =0.
VeI

Definition 15 The (C,, 1)(E,,q) mean is defined by
the matrix (CE) = (a;, ) as

k
11 f—
t _ m(l+q)’<2velk( )q s 0<k<n

a,, 1
0, k> n.

for every k,n € N.

The motivation of this work comes from the
results of Tug [12] and Tug and Basar [22]. In
the current work, we give some new results about
sequence spaces which are related to (CA, 1)(E»,q)
summability method. We denote by: C(c 1(Erg)’
weighted (C,,1)(E,,q) I-convergent sequences
spaces; (CO)‘ECA 1)(E,.q) Weighted (Cy, 1)(E;, q) I-null

. I :
sequences spaces; and (ZOO)(CA,U(EA,Q)’ weighted
(Cl,l)(E,L,q) I-bounded sequences spaces. For

I
spaces Cic, 1y(x, ) (CoX(c, 1z, q 304 (oo )i, 15, 07
we give some topological and geometrical prop-
erties as well as prove some results and relations
related to these spaces.

Definition 16 A sequence x = (x,) is said to be
weighted (C,, 1)(E,, q) ideally convergent if for ev-
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ery € >0,

1 1
N(e)={n€N: n+1Z(1+q)kX

keI,
k
Z (v)qk_lev —L|= e} el.
VeI
Definition 17 The sets of all weighted
(Cy,1)(E,,q) I-convergent sequence —spaces

are defined as

1
I — = . .
Cleoi)Eng = {x =(x,)Ew: {n €EN: 1%

1 (k) k—v
—_— g 7Vx,—Ll=zetely;.
kZIH(Hq)k;Ik v }

Definition 18 The sets of all weighted
(C,,1)(E,, q) I-null sequence spaces are defined as

(Co)ic, 1z, = {x =) €@ =

;(IJFCI)]‘;( ) k_lev|>661}.

Definition 19 The sets of all
(C3,1)(E,,q) I-bounded sequence
defined as

weighted
spaces are

(loo)écbl)(qu) = {X = (Xn) cw: {n eN:3IM > 0,

nj—l 2. (1+1q)k Z(i)qk‘levl >M} el}.

kel, Vel

Theorem 1 The spaces C!
and (1

(Cr,1)(EnqY (CO)(CA D(Er.qY
oo )( B AT€ linear spaces.

Proof: To prove that the space C(c DEn) is linear,

we let x = (x,) € Cig, 135, g1 ¥ = Vn) € Cic, 15,0
and a, 8 € C be as given. For every e > 0 we denote

1 1
A(e)={n€N:n+1Z(1+q)kx

keI,
kY oy €
Z(v)q |xv—L1|>£}€I
Vel
1 1
B(e)={n€N: Z X
k
n+1 ey (1+q)
kY oy €
Z(v)q |XV—L2|>§}€I
Vel
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for some L, L, € C. Now, we write the following
inequalities.

1 2 ()
q "l(ax,+By,)—(al;+BLy)l
n+ 1 kel, (1 +q)k vely v
1 20
S — "(lellx, =Ly [+[B1ly,—Lo1)
n+ 1 kel, (1 +q)k vely ! 2

1 1 k
< k—v —L
||n+1Z(1+q)"V€Z,£(V)q ey =1
1 k k—v
Pl 2 g )¢

VEI

Then, using the above inequality, we obtain

1 1
eN: —X
{n n+12(1+q)’<

kel,

Z (I:) q“I(ax, +By,)—(aL, + BLy)| > e}

VeI

N: X
n+1l§ (1+g)k

Z, (ﬁ)qk‘“la(xv—m—ro’(yv—Lz)l > e}
5 (e mizg]

|l
c .
_{ n+1Z(1+q)’<v€I

ofnen: 5L Z(Hq)kz() > 5

ke[ VEI

CA(e)UB(e) .

This proves that space C(C DEL) is linear. In a com-
pletely analogous way, we can prove that the spaces

I I .
(Codic, 1ye,.q) 304 (Loo )¢, 1)z, o) ar€ also linear. O

Theorem 2 The spaces C!

and (oo (¢, 1)k, o)
paranorm

ey (e, im0
are paranormed spaces with the

T T )T

§(x) =sup
VEI

Proof: We will prove only for the space C(C DEL)
It is trivial that if x = (x;) = 0, then g(x) = 0. For

x = (x;) # 0, then g(x) # 0, we have that
(i) Forall x e C!

(CL1D(E29)
1 1 k\ s
g =sup—= >0 > (F)a il 20
+1k1 (1+q)* =

133

(ii) Forall x € C(c (Enq)

T D

VEI}

_ 1 1 kK oo
“ R Dy )0 =

kel, Vel

g=x)=sup -~

(iii) For every x,y € Cl 1y o)

VEI

k k—v
g(x+y)_su§n+1z(1+q)k (V)q X+l

k—v
X
\neN ”+1Z(1+Q)kvez ( ¢ |

kel

1 1 kY
neNn+1Z(1+q)k;( )q ]

+ sup
kel,

=g(x)+g(y).

Let (u,) be a sequence of scalars with u, — u as

n— oo and x, € C(C DEL) such that

1 1 K\ oo
n+1 Z (1+q)k Z(V)q el = L

keI, VEI

when n — oo in the sense that

g(nil Z (1.:q)k Z(ﬁ)qkﬂ'lxvl —>L)—>o

keI, VEI

when n — oo. Therefore,

(M"nil 1; (1+q) Z( ) k_levl—uL)

VEI,

<¢(5 N Z, (5)aelt—m)
(e )

1
+g(u(n+1 Z (1+q)’< =y

keI,

It is then clear that

Z( ) q"Ix,| - uL

VEI

1
Hn n+lz(1+q)k

keI,

as n — o0o. The proof is complete. The proof for
1 1 . .

spaces (Co)(c DE) and (loc,)(C DEL) S similar to

the proof for the space C(C A)(Erq) m|

'tI‘heorem 3 The space C(c DEn) is solid and mono-
one.

www.scienceasia.org
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Proof: Suppose that x = (x;) € C(c DELY) and (a;)

is a sequence of scalars with |a;| < 1 for all k € N.
We then notice that

1 —y
n+1 Z (1+q)’< Z( )qk /|

kel, vel

1 (k) .
< E E q e, llx, |
n+l keI, (1 +q)k VeI v

1 1 k
< Vx|
n+1z(1+q)’<z(")q bl

kel, =

Furthermore,

1
+1Z(1+q)’<

keI,

{neN

Z( ) =, xvl>e}

VEI

T2 (1+1q)k 3(5)a =<

Vel
€9)

Q{neN:

By using (1), we obtain (a;x;) € C(CA D) The
proof is complete. a

Theorem 4 The space C! is a closed subset of

(CLD(ER)
(i OO)(CA’I)(E)L:q)

Proof: We begin by taking a Cauchy sequence xf{”) €
c! such that x(”) — x as n — oo. We need

(Ca,1)(E;,q) -
I
to show that x € C(c DErg . Since x, ~ € C(CA DE)

then there exists a sequence of complex number a;
such that

{HEN n+1Z(1+q)’<

kel,

Z(ﬁ)qkﬂlx‘(f‘)—akl > e} el. (2

S

To prove we mention that a, — x as n — oo and

(AN €I whenever
Z (k) = x,—al = e}.

VEI

A ={neN:
{” n+1Z(1+q)k

(n) -

Since x,* is a Cauchy sequence in C(C 1)EL)’ then

for a given € > 0, there exists ky € N such that

— €
Z( )qk le‘(’k)_x‘(}l)| < 3

VvEI

=
n+1 (1+q)’<

keI,

for all m,n = k.
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Let us define the following sets for € > 0.

1 1 k €
A1={n€N:— _— ( )qk"'lxsk)—xsl)|<—}
n+1]§(1+q)kg£ v 3
1 1 k €
A, = eN: — o am— k=v x(k)—a <—}
2 {n n+1 Z ! (1+q)F ;(V)q e, ol < 3
A;={neN: Y x®—g | < E}.
’ {n n+l Z (1+q)k ;( ) e, el < 3
For all m,n > ko, whenever A, AS, AS € I, we have
EN: =, —ay| < }
{n n+1Z(1+q)’<;( ) lo —ay| <€

1 1 k €
o} eN: E E k=15 _ (D) « = }
{n n+l (1+q)* (V)q e, =, 3

keI, vely

1 1 kY 4 €
nneN: —> > V150 _ <_}
{n n+1 kel (T+q)k (v)q |XV o 3

VEI

1 1 K\ koo g}
n+1z(1+q)kZ(V)q b, el <5y

kel, vely

ﬂ{neN:

We can see that (a;) is a Cauchy sequence in C and
converge to the scalar a as n — oo. Now, let take
0 < 6 < 1, we need to show that if

A= {neN mz(1+q)kz( ) k_leV—a|<6}

then (A)¢ € I. Since

SOISE

VeI

1
n+1 Z (1+q)k

keI,

as n — o9, then there exists ny € N such that

— k k=v,.(k)__ é}
El—{n eEN: n+1Z(1+q)kZ(v)q | x‘,|<3 .

VeI

Which implies that (E;)¢ €1 for all n >
already have from the first part that

1 1 k 9]
Ezz{neN:— ( )qk_vlav—a|<—}.
n+1 k%; (1+q)x ‘;( v 3

Which gives us (E,)¢ €I for all n > n,. Since the
set A € I defined as in (2) number § instead of e,
then we have a subset E; C N such that (E;)¢ € I

whenever
kY i 13}
E.= V15— _}'
’ { n+12(1+q)’<z[£(v)q e, el < 3
Consequently, we may easily say that (A')° 2 E; N
E, N E5. And by the definition of filter on the ideal,
we can say that C(C DEL) C (loo)(CA 1(E,.0)" The
proof is complete. |

ny. And we
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CONCLUSION

We have generalized (C,1)(E,1) summability
method and we have termed this new generalized
method as Cesaro-Euler A-summability method,
which is symbolically denoted by (C,, 1)(E;,q). We
have given the definition of weighted (C,, 1)(E;,q)
ideal convergent and definition of sequence spaces
Cle,ninay Code, e, @4 Toodic, 1ye,.qr fOF
which we have proved some of their topological
and geometrical properties to make a modest
contribution in the field of I-convergence.
Furthermore, the results in this study could
open a new direction of proving some new results
on the space of (Cy, 1)(E,,q) null and (C,, 1)(E;,q)
convergent sequences, which will be the subject of
future study.

Acknowledgements: The authors would like to ac-
knowledge the University of “Kadri Zeka” and Rajaman-
gala University of Technology Isan Surin Campus for
providing the library and computer facilities necessary for
conducting this research.

REFERENCES

1. Fast H (1951) Sur la convergence statistique. Collog
Math 2, 241-244.

2. Altay B, Basar F (2005) On some Euler sequence
spaces of non-absolute type. Ukr Math J 57, 1-17.

3. Savas E, Gurdal M (2015) A generalized statistical
convergence in intuitionistic fuzzy normed spaces.
ScienceAsia 41, 289-294.

4. Ozger F (2020) Weighted statistical approximation
properties of univariate and bivariate A-Kantorovich
operators. Filomat 33, 3473-3486.

5. Ozger F (2020) Applications of generalized weighted
statistical convergence to approximation theorem for
functions of one and two variables. Numer Funct Anal
Optim 41, 1990-2006.

6. Ozger F (2020) On new Bezier bases with Schurer
polynomials and corresponding results in approxi-
mation theory. Commun Fac Sci Univ Ank Ser A1 Math
Stat 69, 376-393.

7. Connor JS (1998) The statistical and p-Cesaro con-
vergence of sequences. Analysis 8, 47-63.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

. Tuncer A, Mohiuddine

135

. Valdete L, Ekrem A (2018) Weighted Norlund-Euler

A-statistical convergence and application. J Math
Anal 9, 95-105.

SA (2016) Statistical
(C,1)(E,1) summability and Korovkin’s theorem.
Filomat 30, 387-393.

Salat T, Tripathy BC, Ziman M (2004) On some
properties of I-convergence. Tatra Mt Math Publ 28,
274-286.

Khan V, Shafig M (2015) On paranorm [-convergent
sequence spaces defined by a compact operator and
a modulus function. Southeast Asian Bull Math 39,
77-92.

Tug O (2016) On some generalized Norlund ideal
convergent sequence spaces. Zanco J Pure Appl Sci
28, s97-s103.

Kostyrko B Wilczynski W, Salat T (2000) I-
convergence. Real Anal Exch 26, 669-686.

Mears FM (1943) The inverse Norlund mean. Ann
Math 43, 401-410.

Tug O (2012) Some almost lacunary double se-
quence spaces defined by Orlicz functions in 2-
normed spaces. Int Sch Res Notices 2012, ID 378575.
Tug O, Dogan M, Kurudirek A (2012) Some new
double-sequence spaces in 2-normed spaces defined
by ideal convergence and an Orlicz function. Int Sch
Res Notices 2012, ID 524962.

Salat T, Tripathy BC, Ziman M (2005) On I-
convergence field. Ital J Pure Appl Math 17, 1-8.
Hazarika B, Tamang K, Singh BK (2014) On para-
normed Zweier ideal convergent sequence spaces
defined by Orlicz function. J Egypt Math Soc 22,
413-419.

Khan V, Mohd S, Khalid E (2014) On paranormed I-
convergent sequence spaces of interval numbers. J
Nonlinear Anal Optim Theory Appl 5, 103-114.
Kamthan PK, Gupta M (1981) Sequence Spaces and
Series, Vol 65, Marcel Dekker Inc., NY, USA.
Tripathy BC, Hazarika B (2009) Paranorm I-
convergent sequence spaces. Math Slovaca 59,
485-494.

Tug O, Basar F (2016) On the spaces of Norlund null
and Norlund convergent sequences. TWMS J Pure
Appl Math 7, 76-87.

www.scienceasia.org


http://www.scienceasia.org/
http://dx.doi.org/10.4064/cm-2-3-4-241-244
http://dx.doi.org/10.4064/cm-2-3-4-241-244
http://dx.doi.org/10.1007/s11253-005-0168-9
http://dx.doi.org/10.1007/s11253-005-0168-9
http://dx.doi.org/10.2306/scienceasia1513-1874.2015.41.289
http://dx.doi.org/10.2306/scienceasia1513-1874.2015.41.289
http://dx.doi.org/10.2306/scienceasia1513-1874.2015.41.289
http://dx.doi.org/10.2298/FIL1911473O
http://dx.doi.org/10.2298/FIL1911473O
http://dx.doi.org/10.2298/FIL1911473O
http://dx.doi.org/10.1080/01630563.2020.1868503
http://dx.doi.org/10.1080/01630563.2020.1868503
http://dx.doi.org/10.1080/01630563.2020.1868503
http://dx.doi.org/10.1080/01630563.2020.1868503
http://dx.doi.org/10.31801/cfsuasmas.510382
http://dx.doi.org/10.31801/cfsuasmas.510382
http://dx.doi.org/10.31801/cfsuasmas.510382
http://dx.doi.org/10.31801/cfsuasmas.510382
http://dx.doi.org/10.1524/anly.1988.8.12.47
http://dx.doi.org/10.1524/anly.1988.8.12.47
http://dx.doi.org/10.2298/FIL1602387A
http://dx.doi.org/10.2298/FIL1602387A
http://dx.doi.org/10.2298/FIL1602387A
http://dx.doi.org/10.2307/1968971
http://dx.doi.org/10.2307/1968971
http://dx.doi.org/10.5402/2012/378575
http://dx.doi.org/10.5402/2012/378575
http://dx.doi.org/10.5402/2012/378575
http://dx.doi.org/10.5402/2012/524962
http://dx.doi.org/10.5402/2012/524962
http://dx.doi.org/10.5402/2012/524962
http://dx.doi.org/10.5402/2012/524962
http://dx.doi.org/10.1016/j.joems.2013.08.005
http://dx.doi.org/10.1016/j.joems.2013.08.005
http://dx.doi.org/10.1016/j.joems.2013.08.005
http://dx.doi.org/10.1016/j.joems.2013.08.005
http://dx.doi.org/10.2478/s12175-009-0141-4
http://dx.doi.org/10.2478/s12175-009-0141-4
http://dx.doi.org/10.2478/s12175-009-0141-4
www.scienceasia.org

