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INTRODUCTION

The theory of inequalities began its development
from the time when Gauss, Cauchy and Cebysev
established the theoretical foundation for approxi-
mative methods [1]. At present, inequalities play
an crucial important role in all fields of mathematics
and are studied extensively: in some of them clas-
sical inequalities were sharpened or generalized, in
some other works new inequalities were discovered,
and also in some papers the connection of these
famous inequalities are investigated. For instance,
the Cauchy-Schwarz inequality is a useful inequality
encountered in many different settings, such as
linear algebra applied to vectors, in analysis applied
to infinite series and integration of products, for
details we refer to [1,2]. The discrete and contin-
uous Gronwall-Bellman inequalities are often used
in the analysis of existence, boundedness, stability
of numerical solutions of differential equations and
integral equations [3-6]. In 2005, Yang et al [7]
established an extension on Hardy-Hilbert integral
inequality by introducing a power exponent func-
tion, and show the best possible coefficient. In
2014, Gu et al [8] improved the upper and lower
bounds for the I. Schur inequality, and obtained
some new I. Schur inequality. As to the mathemat-
ical equivalence among some famous inequalities,
Li et al [9] presented several generalization of the
Radon inequality, and proved the equivalence re-
lation of the weighted power mean inequality and

Radon inequality. Additionally, in 2018, Liet al [10]
further discussed the mathematical equivalence of
the weighted arithmetic mean-geometric mean in-
equality, Holder inequality and the weighted power-
mean inequality. In this work, we will concern with
the methods of how to construct new inequalities for
definite integral, and investigate the best possible
coefficient for these new inequalities.

MAIN RESULTS

In this section, we will construct some new integral
2
inequalities associated with ( fab(x —&)'f(x) dx)
b 2
and fa (f(k)(x)) dx for £ =0, a,b and (a+b) /2,

respectively.

b 2
The inequalities related to (fa x™f(x) dx) and
f: (f(")(x))2 dx

Theorem 1 Suppose f(x) € C'[a,b] and f(a) =
f(b) =0, then

b 2 b
(J xf(x)dx) <M1f (f’(x))2 dx, (1)

where

(- - (0°—a®) + £(b°—a)
B 4s2

1

and s is a non-gero constant. Furthermore,
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(i) the constant factor M, is optimal if and only if
s=3(b—a)/ (b3 —a3), and this value is

_aS i(bB_a?:)Z‘

=
36 b—a ’

1 20

(i) when s #3(b—a)/(b®—a®), the equality holds
in (1) if and only if f(x) =0;

(iii) when s =3(b—a)/(b®—a®), the equality holds
in (1) if and only if f(x) = u(x —a) —
ub’;:gs (x3—a®), where u is an arbitrary con-

stant.

Proof: Using the integration by parts formula, to-
gether with the given conditions f(a) = f(b) =0,
one may get

b 1
f xf(x)dxz—if x2f'(x)dx.

Thus, for any s # 0, s € R, it holds
b b
ZSJ xf(x)dxz—sf x2f'(x)dx
a ) a
=J (1—sx?)f’(x)dx.

Applying the Cauchy-Schwarz inequality leads to

([ xpeoa) - (fj’(l—sxﬂf'(x)dxy

2s

b
(1_ 2)2d b
<f‘143%f (f’(x))z dx

b
=le (£'(x))* dx,

where M, is defined in Theorem 1.

Recalling that in the above process of adopting
the Cauchy-Schwarz inequality, the equality holds in
(1) if and only if the functions f’(x) and (1—sx?) are
linear dependent, i.e., f'(x) = u(1—sx?). Therefore
f(x)=px—%5sx>+C. Substituting f(a) = f(b) =0
in above expression of f(x) we may obtain

Ma—%sa3+C=0, ub—gsb3+c=0- @)

The determinant of the coefficient matrix of (2) is

_ 5,3
a—s3a 1

D= 3
—ib® 1

—a——b+pd
3 3

Therefore,
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() when D #0, ie, s # 3(b—a)/ (b°—a®), (2)
possesses a unique solution y = C =0, and in
this case f(x) =0;

(i) when D =0, ie, s =3(b—a)/(b°—a®), (2)
possesses infinite solutions which are given by
C=—ua+ u,j;:gs a®, and in this case f(x) =

plx —a) — pu = (x® —a®).

Now, we are in a position to discuss the optimal
constant factor for inequality (1). Denote

(b—a)—2s(b® —a®) + 5 (b°—a®)

4s2
15(b%—a®)—(b—a)
253
s= m 2 so. Therefore, g’(s) < 0 when s €
(0,s0), and g’(s) > 0 when s € (—o0,0) | J(sy, ©0).
Observing that lim,_,,g(s) = oo, lim,_, ., g(s) =
5(b°—a®) and

—(b—a)

g(s) =M, =

>

then it follows from g’(s) = =0 that

g(s0) = L psa)< %(bS—aS),

(s ) 20
a?+ab+b?

we can deduce that when s = s, the value of g(s) is
minimum, and thus the optimal constant factor is

bS_as 1 (bS_aB)Z
20 36 b—a
The proof is then completed. ]
For special values a = 0 and b = 1, the optimal

constant factor M; in Theorem 1 can be given ex-
plicitly which is shown in the following remark.

prt =g(so) =

Remark 1 Setting a =0and b =1 in inequality (1),
it follows that when s = 3, M; is optimal and this
inequality reduces to

( 1 f(x) )2 —115 1( ( ))2
d < ! dx,
L XJ X X J;) f X X

with the equality holding if and only if f (x) = ux—
ux?® for u € R.

Theorem 2 Assume f(x) € C%[a,b], f(a)=f(b) =
0, and f’(a) = f'(b) = 0O, then
b 9 b )
(J xf(x) dx) < sz (f”(x)) dx (3

where
_ =)+ 5" —aH+ 5" ~d’)
36s2 ’

and s is a non-gero constant. Furthermore,

2
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(i) the constant factor M, is optimal if and only
if s = —4(b—a)/(b4—a4), and this value is

opt _ b’—d’ 1 (b*—a*)? .
Mz — 7252~ 576 b-a °
(ii) when s # -39 ors=—3"9 and b #5a/3,

the equality holds in (3) if and only if f(x) =0;

when s = —4(b—a)/(b*—a*) and b = 5a/3,
the equality holds in (3) if and only if f(x) =
bx?—£0=0 55 4 C)x + C,, where (1, Cy, Cy)T
solves the following equation (6).

(iii)

Proof: Observing the given conditions f(a) =
f(b)=0and f’'(a) = f'(b) = 0, it follows

b 1 1
fo(x)dx =-3 fxzf’(x)dx =z ngf”(x) dx.

a

Therefore, for s # 0, s € R, it holds
b b
65J xf(x)dx =sf x3f”(x)dx

b
= J (1+sx3)f”(x)dx.

Resorting to the Cauchy-Schwarz integral inequality,
one may obtain

(Lb xf(x)dx)2 _ (fb(l +Sx2)f”(x)dx)2

<f (1 +sx3)2dxf (F(x )

36s2

= sz (Fe) dx,
a
where M, is defined in Theorem 2. Setting

(b—a)+ §(b*—a") + 5 (b7 —d")

A
h(S) = MZ = 3632 >

then from h'(s) = —%4% — - (b* —a*) = 0 we
get s; = —4(b—a)/(b*—a*). Therefore, h'(s) >
0 when s € (s;,0), and h'(s) < 0 when s €
(—00,s1)|J(0,00). Noting that lim,_,yh(s) = oo
and lim,_,., h(s) = (b7 —a’)/252, it follows that
when s = s, h(s) reaches the minimum value

b7_a7 1 (b4 )2
252 576 b—a

M;)pt =h(s;) =

Similarly, the equality holds in (3) if and only if
f7(x) = w(1 +sx?), thus f'(x) = ux + §sx* + C

653

and f(x) = §x®+ £55x> + C;x + C,. Recalling that
f’(a) = f'(b) =0, we have

ua+ %sa“+C1 =0, ub+ %sb4+ C;=0. 4
Substituting f (a) = f (b) = 0 in above expression of
f(x), we get

1 5, U s
—ua“+ —sa’>+Cia+C, =0,
2“ 20 1 2

&)
1

—ub*+
il

Hpsrcbrc,=o.
20

The determinant of the coefficient matrix of (4) is

Therefore,

(i) when D # 0, ie., s # —4(b—a)/(b*—a*),
(4) only possesses trivial solution u = C; = 0.
Together with linear system (5) we get C, =0
and in this case f(x) = 0;

(i) when D=0, ie,s=—4(b—a)/(b*—a*), 4
possesses infinite solutions, and thus the two
equations in system (4) are linear dependent.

Observing that the parameters u, C; and C,
should satisfy both systems (4) and (5), thus we sub-
stitute s = —4(b—a)/ (b*—a*) in these two linear
systems and get

(L1 b
2 5b*—

1

5%

pn 5)u+cla+c2=o,
1
(—bz— b= ab)u+c1b+c2_o ©)
2 b#

b—

(a— b4 —

The determinant of the coefficient matrix of (6) is

4),u+(31=0.

A R O L)
bi=3—%ge b 1= 0 :
b—a _4
a— pi—ga 1 0

(a) when 3b—5a # 0, D; # 0, and (6) only pos-
sesses trivial solution u = C; = C, =0, and in
this case f(x) =0;

(b) when 3b—5a =0, D; =0, and (6) possesses

infinite solutions. In this case, f(x) = sz —

Lt x5+ Cix+ Gy

O
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Remark 2 Leta =0 and b =1 in the inequality (3),
then it follows that when k = —4, M, = 1/448 is
optimal and this inequality is given by

! 1
d < — ” d
(L xf (x) x) - (f ()’ dx.

Following similar lines we can deduce the fol-
2
lowing inequality associated with ( f ab x™f(x) dx)

and fab ( f (k)(x))z dx for any n, k € N, which is made
precise as follows.

Theorem 3 Suppose f(x) € C¥[a,b], k = 1 and
fO@)=fOb)=0(1=0,1,...,k—1), then for any
neN,

b 2 b
(J x"f(x)dx) <Mn,kf (FO@)) dx (7)

with the equality holds if and only if f (x) subjects to
FO0) = p(1+sx™),
fO@) =By =0,

where

1=0,1,...,k—1,

(bn+k+1 n+k+1)

(b a)+ n+k+1
[(n+1)(n+2)---

52 (b2n+2k+1

2n+2k+1
[(n+1)(n+2)---

s #0, and u is an arbitrary constant.

k=
: (n+k)s]?
_ a2n+2k+1)

(n+k)s]?

Remark 3 Forn=2,a=0and b =1 in Theorem 3,
the constant factor M,; = 1/112 is optimal when
s =4, and this inequality assumes the form

1
(L xzf(x)dx "< mf (F0)

The following corollaries are direct results of
Theorem 3, and the sufficient and necessary condi-
tions for which the equality holds can be addressed
precisely for these special cases.

Corollary 1 Suppose f(x) € C[a,b] and f(a) =
f(b) =0, then for any n €N,

b ) b
(J x”f(x)dx) SM"JJ (f’(x))2 dx

with the equality holding if and only if f(x) =0 or

fl)=pulx—a) —u% (X”+2 —a"+2), where
_ (b —Cl)— n+2 (bn+2 n+2) 4S5 2n+3 (b2n+3 a2n+3)
! (n+ 1)2s2 :
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Furthermore, when
, M, 1 is the optimal

and s is a non-gero constant.
s=(n+2)(b—a)/ (b™?—a"*?)
constant factor.

Corollary 2 Suppose f(x) € C%*[a,b], f(a) =
f(b)=0, and f'(a) = f'(b) =0, then for any n €N,

b 2 b
(J x”f(x)dx) <Mn,2f ()" dx,

with the equality holding if and only if f(x) =0 or

flx)=5x*—25 ﬁx”” + Cyx + C,, where
(b a) 4+ 2 n+3 (bn+3 n+3)) m (b2n+5 2n+5)
m2 = (n+1)2(n+ 2)2s2 ’

s is a non-gero constant, and u,Cy,C, satisfy the
equations

(%az—nié}ﬁa”“) u+Cia+Cy,=0,
(a— %a”g)u—k C,=0.
Moreover, M,, , is optimal when s = —%

b 2
The inequalities related to (fa (x—a)'f(x) dx)
and f: (f(k)(x))2 dx

Theorem 4 Suppose f (x) € C'[a,b] and f(b) =0,
then for any n € N,

b 2 b ,
U (x-S ()dx | <, f (F/G0)’ dx,
with the equality holding if and only if f (x) = f (a)—
f(a) (E)I‘H—Z’ (b—a)?+3

(n+1)%2(2n+3)"
Proof: Applying the integration by parts formula,
and observing that f(b) = 0, it then follows

where M, ; =

b b
f (x—a)*f(x)dx = 1 f (x—a)*™ f’(x)dx.
a n+1 J,

Using the Cauchy-Schwarz integral inequality leads
to

( f b(x—a)”f(X)dX)2= —Lfb(x—arﬂf’(x)dx)z

( )2(n+1) d
e f (o) d

(n+1)2
_ (b_a)2n+3
~(n+1)2(2n+3) J,

b
= i1, f (F'(x))* dx

(f’(X))z dx
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where Mn,l is defined in Theorem 4. Furthermore,
the equality holds in above expression if and only if
f/(x)=p(x—a)™*!, thatis, f (x) = 5 (x—a)"**+C.
From f(a) = C and f(b) = 0 one may easily obtain

FO) = f(a)—f(a) (E=2)" 0

More generally, for any n, k € N, the results re-

lated to (fab(x —a)'f(x) dx)2 and fab (f(k)(x))2 dx

can be stated as the following theorem.

Theorem 5 Suppose f(x) € C¥[a,b], k > 1, and
f(b) = f'(b) = --- = f*&(b) = 0, then for any
n €N, it holds

b

b
(J (x—a)*f (x)dx)2 < I\N/[n’,< (f(k)(x))2 dx,

with the equality holding if and only if
FOE) = plx—a)y™*,
f)=f'(b)=---=fEV(b)=0,
where u is an arbitrary constant, and

_ (b _ a)2n+2k+1

Mk = G DR+ 22 - (n+ P+ 2k 4 1)

Corollary 3 Suppose f(x) € C*[a,b] and f(b) =
f/(b) =0, then for any n €N,

b 2 b
(J (X—a)"f(X)dX) < Mn,zf (F7(x))" dx,
with the equality holding if and only if

| e IO (=)

where M, , = (b—a)**>/(n+1)*(n +2)*(2n +5).

b 2
The inequalities related to ( f Jx—Db)" f(x) dx)

and ff(f(")(x))2 dx

Theorem 6 Suppose f(x) € C¥[a,b], k > 1, and
f@=f'(a) == f&Y(a) = 0, then for any
neN,

b 2 b
( f (x—b)"f(x)dx) <Mn,kf (f®x))” dx,

with the equality holding if and only if
FOE) = ple—b),
f@=f@="-=f*Da)=0,
where u is an arbitrary constant, and
(b _ a)2n+2k+1

A

Mn,k = (Tl+ 1)2(n+2)2(n+k)2(2n+2k+ 1)

655

Proof: The main steps of the proof are similar to
the ones of Theorem 4, thus the details is omitted
here. ]

Corollary 4 Suppose f(x) € C'[a,b] and f(a) =0,
then for any n €N,

b 2 b )
( f (x=b)f(x)dx ) <, f (F/(0)? dx,

with the equality holding if and only if f (x) = f(b)—
(b_a)2n+3

—p\nt+2 A _
f(b)(ﬁ—_b) > where My, 1 = Giqptnsay-

Corollary 5 Suppose f(x) € C*[a,b] and f(a) =
f’(a) =0, then for any n €N,

b 2 b
o e 2
(J (x— b)”f(X)dX) < Mn,zf (f"(x)) dx,
with the equality holding if and only if

=155 (S

where M, 5 = (b—a)*"**/(n+1)*(n+2)*(2n +5).

The inequalities related to
2
(f: (x— #)nf(x)dx) and f: (f(")(x))2 dx

Theorem 7 Suppose f(x) € C'[a,b], f(a) = f(b)
and set ¢ = %, then for any odd number n,

b 2 b
(J(X—C)"f(X)dX) <M, | (f'0)) dx, ®

with equality holding if and only if

X—C

n+2
FO=F@-f (=) +f©),

a—c
where Mn,l =(b—a)*"*3/(n+1)%(2n + 3)22"*2,
Proof: Using the integration by parts formula, and

noticing the given condition f(a) = f(b), one may
obtain

b 1 b
J (x—c)”f(x)dxz——f (x—c)"f/(x)dx.
a n+1 |,

According to the Cauchy-Schwarz integral inequal-
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ity, it follows

(Lb(x—c)“f(x)dx)z ~(— J b(x—c)”+1f’(x)dx)2

b
( _ )2(n+1)d b
<f(+—1) f (7)) dx

(b _ a)2n+3

b
T (n+1)2(2n+3)22n2 J (F(0) dx

b
=M,, f (f'(x))" dx,

where ﬁn,l is defined in Theorem 7. Likewise, the
equality holds in (8) if and only if f'(x) = u(x —
o)™, ie., f(x) = £5(x—c)""* + C. Noting that
f(c)=C and f(a) = f(b) one may get f(x) =
FE)+(f(a)—r1(c) (E)mz’ and this completes the
proof. |

Remark 4 The condition f(a) = f(b) and n is an
odd number in Theorem 7 can be replaced by f (a) =
f(b) =0 and n € N, while the result remains the
same.

Remark 5 Setting n =1 and f(a) = f(b) in Theo-
rem 7, it holds

(f(x— = ; ° )nf(x)clx)2 < % ab(f’(x))z dx.

The extension of Theorem 7 is given by the
following result.

Theorem 8 Suppose f(x) € C*[a,b], k > 1, and

a+b
fO@)=fOm)=0(=0,1,...,k—1). Letc = %,
then for any n € N,

b 2 b
(f(x—c)”f(X)dx) <M, f (F®)) dx, 9)

with the equality holding if and only if

FOx) = plx—c)"*,
fO@=fOm)=o,

where W is an arbitrary constant, and

[=0,1,...,k—1,

_ (b _ a)2n+2k+l

M, = .
T (4 1)2(n+2)2 - (n+ k)2(2n + 2k + 1)220+2k
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CONCLUSION

In this work, we investigated the methods of how
to construct new integral inequalities. By using
the Cauchy-Schwarz inequality and the formula of
integration by parts, we obtained several classes of
new inequalities which even contain parameters in
them. Moreover, the optimal constant factors for
the proposed inequalities are discussed and carried
out. Those techniques used in this paper can also
be applied to the construction of new inequalities in
multiple integrals, and this will be the focus of our
further work.
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