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ABSTRACT: A collateralized debt obligation (CDO) is a type of structured asset-backed securities. It is one of the
causes of the financial crisis in 2007–2008. Jiao and Karoui [Finance Stoch 13 (2009):151–180] and Neammanee
and Yonghint [Bull Malays Math Sci Soc 43 (2020):1135–1152] approximated the mean of CDO tranche loss by using
Poisson distribution. In this paper, we improve their results by adding a correction term and show that the order of
our bounds is better than those previous results. Our main tools are Stein-Chen’s method and the technique from
Neammanee and Thongtha [Stoch Model Appl 9 (2006):13–23].
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INTRODUCTION

In general, a collateralized debt obligation (CDO)
is a security that repackages assets into a product
that can be chopped into pieces and then sold on
the market. It is called collateralized because the
repackaged assets are mortgages, corporate debts,
auto loans, or credit card debts which serve as
collateral for investors. The CDO is sliced into
tranches based on the credit rating of each asset.
In the standard CDO tranche with n underlying
portfolios, the i-th portfolio is assumed to have a
recovery rate Ri > 0. We recall that the recovery rate
is the proportion of recoverable bad debts. Then, the
percentage loss of a CDO at time T is defined as the
total loss on every portfolio:

L(T ) =
n
∑

i=1

(1−Ri)
n
I{τi¶T},

where τi is the default time of the i-th portfolio and

I{τi¶T}(x) =

¨

1 if τi(x)¶ T,

0 otherwise.

The Hamberger crisis originated in 2007 from
a crisis in the subprime mortgage market in the
United States. The default of CDOs was one cause
of this crisis. A number of subprime mortgages were
packed into CDOs which were traded in the market.

Since each CDO tranche has its own percentage
loss, an investor would want to know the percentage
loss of each tranche. Then, an important value
that we need to calculate is E[(L(T )− z∗)+] where
(x)+ :=max{x , 0} is a call function, z∗ is the attach-
ment point (a limit below which the tranche bears
none of the loss) or the detachment point (a limit
above which the tranche loss does not increase) of
the tranche [1–4]. In this article, we assume that
the recovery rate for each of these credits is constant
and equal to a fixed value R> 0. Then

E[(L(T )−z∗)+] =
1−R

n
E
�� n
∑

i=1

I{τi¶T}−
nz∗

1−R

�+�

.

Thus, our problem is to find the expectation of a call
function of sums of the Bernoulli random variables.

Let Y1, Y2, . . . , Yn be independent Bernoulli ran-
dom variables with P(Yi = 1) = pi = 1− P(Yi = 0)
and Vn =

∑n
i=1 Yi . For small pi ’s, we approximate

E[(Vn−z∗)+] by the expectation of a Poisson random
variable. Let Pλ be a Poisson random variable with
parameter λ= p1+ p2+ · · ·+ pn, i.e.

P(Pλ = m) =
λm e−λ

m!
, m= 0,1, . . . .

In 2009, Jiao and Karoui [3] found a uniform
bound on a Poisson approximation of E[(Vn − z)+]
by the Stein-Chen’s method [5]. They approximated
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E[(Vn − z)+] by E[(Pλ − z)+] − CPhz
where CPhz

=
Var(Vn)−λ

2(z−1)! e−λλz−1 and z ∈ N. The result states as
�

�

�E[(Vn− z)+]−E[(Pλ− z)+]+ CPhz

�

�

�¶ Aλεn, (1)

where εn = 4
∑n

i=1 p2
i + 2

�∑n
i=1 p3

i (1− pi)
�

1
2 +

12
�∑n

i=1 p2
i

�2
and Aλ is a constant which depends

on λ. In 2020, Neammanee and Yonghint [6]
showed that

sup
z¾0

�

�E[(Vn− z)+]−E[(Pλ− z)+]
�

�¶ (2 eλ−1)
n
∑

i=1

p2
i .

(2)
It is easy to see that, the order of

∑n
i=1 p2

i in (2) is

sharper than the order of
�∑n

i=1 p3
i (1− pi)

�
1
2 in (1).

Then the correction term CPhz
is not effective to

reduce the order of the bound in the approximation.
Generally, adding correction terms to an ap-

proximation of E[(Vn−z)+] reduces the order of the
bound. Hence, the correction term CPhz

is not suit-
able for this approximation. In this paper, we choose
new correction terms to improve the result of Jiao
and Karoui [3] and show that the convergence rate
is better than that of Neammanee and Yonghint [6].
We use techniques from Stein[7] and Neammanee
and Thongtha [8]. The following theorem is our
main result.

Theorem 1 Adopting notation defined above, we
have

sup
z¾0

�

�E[(Vn− z)+]−E[(Pλ− z)+]− Ccall

�

�

¶
2(2eλ−1)
|λ−1| ∨1

� n
∑

j=1

p2
j

�2

, and

�

�E[(Vn− z)+]−E[(Pλ− z)+]− Ccall

�

�

¶
2(2eλ−1)(1+λ)

z(|λ−1| ∨1)

� n
∑

j=1

p2
j

�2

for z ¾ 1, where a∨ b =max{a, b} and

Ccall =
n
∑

j=1

�

E[(Pλ−p j
− z)+]−E[(Pλ− z)+]

�

−
n
∑

j=1

p j

�

E[(Pλ−p j
− z)+]−E[(Pλ−p j

+1− z)+]
�

.

Remark 1 (i) From (2), the bound tends to 0,
where

∑n
j=1 p2

j → 0 as n →∞. In this case,

the rate
�

∑n
j=1 p2

j

�2
in Theorem 1 is better than

the rate
∑n

j=1 p2
j in (2). Hence, the correction

term Ccall is effective in reducing the order of
the bound.

(ii) In the case that Yi ’s are identically distributed
with pi = 1/nδ where δ > 1, the order of the
bound in (2) and Theorem 1 are O

�

1/n2δ−1
�

and O
�

1/n2(2δ−1)
�

, respectively. Then the con-
vergence rate of the bound in Theorem 1 is
better than that in (2).

PROOF OF Theorem 1

By Stein-Chen’s method, a Stein’s equation for Pois-
son distribution is

v f (v)−λ f (v+1) = h(v)−Pλ(h), v = 0, 1,2, . . . ,

where f and h are real-valued functions on N∪{0},
and Pλ(h) = E[h(Pλ)]. From the equation, Stein
[7] (page 86) obtained

E[h(Vn)] =Pλ(h)+
n
∑

j=1

p2
jE
�

∆gλ(h)(V
( j)
n )

�

, (3)

where ∆gλ(h)(v) = gλ(h)(v + 2) − gλ(h)(v + 1),
V ( j)n = Vn− Yj , and

gλ(h)(v)

=











0, v = 0,

(v−1)!
λv

v−1
∑

i=0

λi

i!
(h(i)−Pλ(h)), v = 1,2, . . . .

(4)

Let h be a call function, i.e. h(v) = hz(v) = (v− z)+

for some z ¾ 0. Then by (3),

E
�

(Vn− z)+
�

−E
�

(Pλ− z)+
�

=
n
∑

j=1

p2
jE
�

∆gλ(hz)(V
( j)
n )

�

. (5)

We apply (3) with h=∆gλ(hz) and Vn = V ( j)n . Then

E
�

∆gλ(hz)(V
( j)
n )

�

=Pλ−p j
(∆gλ(hz))

+
n
∑

l=1
l 6= j

p2
l E
�

∆gλ−p j
(∆gλ(hz))(V

( j,l)
n )

�

, (6)
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where V ( j,l)n = Vn − (Yj + Yl). Hence, by (5) and (6)
we have

�

�

�

�

E[(Vn−z)+]−E[(Pλ−z)+]−
n
∑

j=1

p2
jPλ−p j

(∆gλ(hz))

�

�

�

�

=

�

�

�

�

n
∑

j=1

p2
j

n
∑

l=1
l 6= j

p2
l E
�

∆gλ−p j
(∆gλ(hz))(V

( j,l)
n )

�

�

�

�

�

. (7)

Next, we divide the proof into 2 steps.

Step 1. We will show that

n
∑

j=1

p2
jPλ−p j

(∆gλ(hz)) = Ccall. (8)

Note by (4) that

Pλ−p j
(∆gλ(hz)) = E[∆gλ(hz)(Pλ−p j

)]

= e−(λ−p j)
∞
∑

v=0

∆gλ(hz)(v)(λ− p j)v

v!

= e−(λ−p j)
� ∞
∑

v=0

gλ(hz)(v+2)(λ− p j)v

v!

−
∞
∑

v=0

gλ(hz)(v+1)(λ− p j)v

v!

�

= e−(λ−p j)
�

−R1+R2+R3−R4

�

(9)

where

R1 =
1
λ

∞
∑

v=0

(λ− p j)v

λv

v
∑

i=0

λi

i!
(i− z)+,

R2 =
1
λ

∞
∑

v=0

(λ− p j)v

λv

v
∑

i=0

λi

i!
Pλ(hz),

R3 =
1
λ2

∞
∑

v=0

(v+1)
(λ− p j)v

λv

v+1
∑

i=0

λi

i!
(i− z)+,

R4 =
1
λ2

∞
∑

v=0

(v+1)
(λ− p j)v

λv

v+1
∑

i=0

λi

i!
Pλ(hz).

To compute R1 and R2, we note that

p j

λ

∞
∑

v=0

�

1− p j

λ

�v
v
∑

i=0

λi

i! f (i) =
∞
∑

v=0

�

1− p j

λ

�v
v
∑

i=0

λi

i! f (i)

−
�

1− p j

λ

�

∞
∑

v=0

�

1− p j

λ

�v
v
∑

i=0

λi

i! f (i)

=
∞
∑

v=0

�

1− p j

λ

�v
v
∑

i=0

λi

i! f (i)−
∞
∑

v=0

�

1− p j

λ

�v+1
v
∑

i=0

λi

i! f (i)

= f (0)+
∞
∑

v=1

�

1− p j

λ

�v
v
∑

i=0

λi

i! f (i)

−
∞
∑

v=1

�

1− p j

λ

�v
v−1
∑

i=0

λi

i! f (i)

= f (0)+
∞
∑

v=1

�

1− p j

λ

�v
� v
∑

i=0

λi

i! f (i)−
v−1
∑

i=0

λi

i! f (i)
�

= f (0)+
∞
∑

v=1

�

1− p j

λ

�v f (v)λv

v!

=
∞
∑

v=0

�

1− p j

λ

�v f (v)λv

v!

=
∞
∑

v=0

(λ− p j)v f (v)

v!
= eλ−p jE

�

f (Pλ−p j
)
�

,

where f is a real-valued function and j = 1, 2, . . . , n.
Hence

1
λ

∞
∑

v=0

�

1− p j

λ

�v
v
∑

i=0

λi

i! f (i) = eλ−p j

p j
E
�

f (Pλ−p j
)
�

. (10)

If f = hz in (10), then

R1 =
eλ−p j

p j
E
�

(Pλ−p j
− z)+

�

. (11)

If f = 1, then

R2 =
eλ−p j

p j
E
�

(Pλ− z)+
�

. (12)

To compute R3 and R4, we let S =
1
λ2

∑∞
v=0 v

�

1− p j

λ

�v∑v
i=0

λi

i! f (i). Then

p jS = λS− (λ− p j)S

= 1
λ

∞
∑

v=0

v
�

1− p j

λ

�v
v
∑

i=0

λi

i! f (i)

− 1
λ

�

1− p j

λ

�

∞
∑

v=0

v
�

1− p j

λ

�v
v
∑

i=0

λi

i! f (i)

= 1
λ

∞
∑

v=1

v
�

1− p j

λ

�v
v
∑

i=0

λi

i! f (i)

− 1
λ

∞
∑

v=0

v
�

1− p j

λ

�v+1
v
∑

i=0

λi

i! f (i)

= 1
λ

∞
∑

v=1

v
�

1− p j

λ

�v
v
∑

i=0

λi

i! f (i)

− 1
λ

∞
∑

v=1

(v−1)
�

1− p j

λ

�v
v−1
∑

i=0

λi

i! f (i)
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=
�

1
λ

∞
∑

v=1

v
�

1− p j

λ

�v
v
∑

i=0

λi

i! f (i)

−
1
λ

∞
∑

v=1

v
�

1− p j

λ

�v
v−1
∑

i=0

λi

i! f (i)
�

+
1
λ

∞
∑

v=1

�

1− p j

λ

�v
v−1
∑

i=0

λi

i! f (i)

=
1
λ

∞
∑

v=1

v
�

1− p j

λ

�v
� v
∑

i=0

λi

i! f (i)−
v−1
∑

i=0

λi

i! f (i)
�

+
1
λ

∞
∑

v=0

�

1− p j

λ

�v+1
v
∑

i=0

λi

i! f (i)

=
1
λ

∞
∑

v=1

v
�

1− p j

λ

�v λv

v! f (v)+
�

1− p j

λ

�

eλ−p j

p j
E
�

f (Pλ−p j
)
�

=
1
λ

∞
∑

v=1

(λ−p j)v

(v−1)! f (v)+ eλ−p j

�

1
p j
− 1
λ

�

E
�

f (Pλ−p j
)
�

=
λ−p j

λ

∞
∑

v=0

(λ−p j)v

v! f (v+1)+eλ−p j
�

1
p j
− 1
λ

�

E
�

f (Pλ−p j
)
�

= eλ−p j
�

1− p j

λ

�

E
�

f (Pλ−p j
+1)

�

+ eλ−p j
�

1
p j
− 1
λ

�

E
�

f (Pλ−p j
)
�

,

where f is a real-valued function and j = 1,2, . . . , n.
Hence, we have

S = eλ−p j

�

�

1
p j
− 1
λ

�

E[ f (Pλ−p j
+1)]

+
�

1
p2

j
− 1
λp j

�

E[ f (Pλ−p j
)]
�

.

From this fact and (10), we have

1
λ2

∞
∑

v=0

(v+1)
�

1− p j

λ

�v
v+1
∑

i=0

λi

i!
f (i)

=
1
λ2

∞
∑

v=0

(v+1)
�

1− p j

λ

�v
v
∑

i=0

λi

i!
f (i)

+
1
λ2

∞
∑

v=0

(v+1)
�

1− p j

λ

�v λv+1

(v+1)!
f (v+1)

= S+
1
λ2

∞
∑

v=0

�

1− p j

λ

�v
v
∑

i=0

λi

i!
f (i)

+
1
λ2

∞
∑

v=0

(v+1)
�

1− p j

λ

�v λv+1

(v+1)!
f (v+1)

= S+
1
λ2

∞
∑

v=0

�

1− p j

λ

�v
v
∑

i=0

λi

i!
f (i)

+
1
λ

∞
∑

v=0

(λ− p j)v

v!
f (v+1)

= S+
eλ−p j

λp j
E[ f (Pλ−p j

)]+
eλ−p j

λ
E[ f (Pλ−p j

+1)]

= eλ−p j

�E[ f (Pλ−p j
+1)]

p j
+
E[ f (Pλ−p j

)]

p2
j

�

. (13)

If f = hz in (13), then

R3 = eλ−p j

�

1
p j
E[(Pλ−p j

+1−z)+]+ 1
p2

j
E[(Pλ−p j

−z)+]
�

.

(14)
If f = 1 in (13), then

R4 = eλ−p j

�

1
p j
+ 1

p2
j

�

E[(Pλ− z)+]. (15)

Hence, (8) follows from (9), (11), (12), (14), (15).

Step 2. We will show that

�

�

�

�

n
∑

j=1

p2
j

n
∑

l=1
l 6= j

p2
l E[∆gλ−p j

(∆gλ(hz)(V
( j,l)
n ))]

�

�

�

�

¶
2(2 eλ−1)
(|λ−1| ∨1)

� n
∑

j=1

p2
j

�2

and, for z > 1,

�

�

�

�

n
∑

j=1

p2
j

n
∑

l=1
l 6= j

p2
l E[∆gλ−p j

(∆gλ(hz)(V
( j,l)
n ))]

�

�

�

�

¶
2(2eλ−1)(1+λ)

z(|λ−1| ∨1)

� n
∑

j=1

p2
j

�2

.

To proof Step 2, we note that ‖∆gλ(h)‖∞ ¶
2‖h‖∞min(1/λ, 1)where ‖h‖∞ = supv∈N∪{0} |h(v)|
(Stein [7], p. 89). Then




∆gλ−p j
(∆gλ(hz))







∞

¶ 2‖∆gλ(hz)‖∞min( 1
λ−p j

, 1). (16)

Observe that for λ > 1, we have

min( 1
λ−p j

, 1)¶min( 1
λ−1 , 1)¶

1
|λ−1| ∨1

, (17)

and for 0< λ¶ 1,

min( 1
λ−p j

, 1) = 1=
1

|λ−1| ∨1
. (18)

Hence by (16)–(18),

E
�

∆gλ−p j
(∆gλ(hz)(V

( j,l)
n ))

�

¶




∆gλ−p j
(∆gλ(hz)







∞ ¶
2‖∆gλ(hz)‖∞
|λ−1| ∨1

.
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This implies that
�

�

�

�

n
∑

j=1

p2
j

n
∑

l=1
l 6= j

p2
l E
�

∆gλ−p j
(∆gλ(hz)(V

( j,l)
n ))

�

�

�

�

�

¶
2‖∆gλ(hz)‖∞
|λ−1| ∨1

� n
∑

j=1

p2
j

�2

.

From this inequality and the facts that |∆gλ(hz)| ¶
2eλ−1 and |∆gλ(hz)|¶

(2 eλ−1)(1+λ)
z for z > 1 (Neam-

manee and Yonghint [6]), we have
�

�

�

�

n
∑

j=1

n
∑

l=1
l 6= j

p2
j p2

l E
�

∆gλ−p j
(∆gλ(hz)(V

( j,l)
n ))

�

�

�

�

�

¶
2(2 eλ−1)
|λ−1| ∨1

� n
∑

j=1

p2
j

�2

,

and for z > 1,
�

�

�

�

n
∑

j=1

n
∑

l=1
l 6= j

p2
j p2

l E
�

∆gλ−p j
(∆gλ(hz)(V

( j,l)
n ))

�

�

�

�

�

¶
2(2 eλ−1)(1+λ)

z(|λ−1| ∨1)

� n
∑

j=1

p2
j

�2

.

Combining Steps 1 and 2, the proof is completed.
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