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ABSTRACT: In this article, we generalize several upper and lower bounds of the numerical radius inequalities for
Hilbert space operators. In particular, we show that if A € B(2#) with the Cartesian decomposition A= B +iC and f is
an increasing concave function, then f (w(A)) = %II f(IB+C|)+f(IB—C|)||. This is a complementary result of El-Haddad

and Kittaneh [Studia Math 182 (2007):133-140].
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INTRODUCTION

Let B(##) denote the C*-algebra of all bounded lin-
ear operators on a complex Hilbert space 5 with an
inner product (-). For A € B(4#), let ||A|| denote the
usual operator norm of A. The numerical range of
A is defined by W(A) = {{Ax,x) : x € 22, ]||x|| = 1}.
The numerical radius of A is defined by w(A) =
sup{|A|: A € W(A)}. We note that if A€ B(5#) and
if f is a non-negative increasing function on [0, o),
then ||f (JAD|| = f (JIA]]). Recall that A € B(s#) is said
to be hyponormal if A*A—AA* = 0, or equivalently if
llA"x || < [lAx]|.

It is well known that w(-) defines a norm on
B(##). In fact, for any A € B(%),

1
3 Al < w(A) < JIAll, )

which indicates the usual operator norm and the
numerical radius norm are equivalent. For more
information about numerical radius inequalities,
readers are referred to [1, 2].

Before proceeding, we give the definition of ge-
ometrical convexity. First we note that all functions
in this article satisfy the following condition unless
otherwise specified: J is a subinterval of (0, c0)
and f:J — (0,00). We say that f is geometrically
convex if f(a'™th*) < f1t(a)f(b) forall t €[0,1].
Recent studies on numerical radius inequalities in-
volving convex and concave functions can be found
in [3].

For positive real numbers a and b, the classical
Young inequality says that if p,q > 1 such that % +
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%1 =1, then
ab < @ + E
P q
In particular, when p = g = 2, this is the scalar
arithmetic-geometric mean inequality.
A refinement of the scalar arithmetic-geometric
mean inequality is presented in [4] as follows:

_ 2
(1+—(lna Slnb) )x/ﬂ<a;b. 2)

Kittaneh [5, 6] had shown the following inequalities
which improved the inequalities in (1) by using
several norm inequalities and ingenious techniques:

1 /
(@) < Z (llal +[4%]), ©)
and
2P+ 0P < 0@ < 2 lap+ AP @

In [3], Omidvar et al presented the following in-
equalities which are improvements and generaliza-
tions of (3) and (4) for hyponormal operators, re-
spectively. Let A € B(5#) be a hyponormal operator,
thenforalll1 <r <2,

1

E

- [lIAI" + 1A, (5)
2(1+ I )

(NIl + |1l 4%

).
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_ {QAI=IA"Dx,x)
where €|A| | lﬂlf1 { ((AIFIA DX x) }

In [7], Burqgan and Abu-Rahma proved that if

A,B,C € B(4#) and [B fé] = 0, then
1
w'(B) < > [A"+C"|| for r=1, (6)

which gave an estimate for the numerical radius of
the off-diagonal block operator matrices. For more
information about numerical radius inequalities for
block operator matrices and off-diagonal operator
matrices, readers are referred to [8,9]. In the
same paper, they also obtained a generalization of
inequality (4) for two matrices as follows. LetA,B €
B(s#)and 0 < a <1, then, forr =1,

1
o (A+B) < S A+ By

+ (|A|2(1—a) + |B|2(l—a))r .

(7)

In [10], El-Haddad and Kittaneh gave general-
izations of inequalities (3) and (4) as follows. Let
A € B(s#) with the Cartesian decomposition A =
B+iC and let 0 < r < 2. Then

w"(A) <|||BI" +[C["]l. )
They also showed that if r = 2, then
W' (A) <27H|IBI +Cl I, ©)

and

272 |B+ |+ |B—C[||

w'(A) < %|||B+C|”+|B—C|r||. (10)

In this paper, we first give a different proof
of inequality (5) for r = 2, then we give some
generalizations of several upper and lower bounds
of the numerical radius inequalities for Hilbert space
operators involving inequalities (6)-(10) for geo-
metrically convex functions and concave functions.

MAIN RESULTS

We begin this section with some lemmas which will
be necessary to prove our main results.

Lemma 1 ([11]) If A€ B(3#), then

[{Ax, ) | < | (lAlx, y) 3] 1A%, y) |2

forall x,y € 7.
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Lemma 2 ([12]) IfA€ B(5#) and f and g be non-
negative continuous functions on [0,00) such that
f(t)g(t) =t forall t €[0,00), then

| (Ax, y) LIIf (ADx lTg (A Dy
forall x,y € #.

Lemma 3 (McCarthy inequality [12]) Let A be a
positive operator in B(s#). For every unit vector
x € # and a given positive real number r,

(@) (Ax
(b) {(A"x,x) <

x) < {A"x,x) forr =1,

(Ax,x) for0O<r<1.

Lemma 4 ([3]) For each a = 1, we have
-1
2= <
a+1

Lemma 5 Let A € B(5#) be a hyponormal operator
and let f and g be nonnegative continuous functions
on [0, 00) such that f(t)g(t) =t for all t € [0, c0).
Then

1 1 r L
o (W) < ——— || (204D + 72 (A15))
cwyitp
2(1+2)
1 r L
+c—1(gzq(|A|2)+g2q(lA ENI
where r 2 2, p,q 2 1 such that —+— =land &=

o (AW Dy
Jnf {{meat

Proof: Since A is a hyponormal operator we have

1< éﬁ«lx X for each x € . On choosing o = %
in Lemma 4 we get
L 0A= D) _ (Al x)
(Al +1A*[)x, x) (1A*]x, x)
Whence
*
e A= 1A, X) {iAlx, x) an
llxli=1 {(JA] + |A*[)x, X) (1A*]x, x)

We denote the expression on the left side of (11) by
&4+ In inequality (2), by taking a = (|A|x, x) and
b = (|A*|x,x) and taking into account that & <

(JAlx,x)

Tapey We infer that

In

V (Alx, x) (JA*|x, x) < (Al +1A*)x, x) .

2(1+ 5‘2‘*‘)
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By Lemma 1, we get

[ {Ax, x) | < ((1A] +1A"Dx, x) .
2(1+-4)

Now by taking ||x|| = 1, we have

[ {Ax, x) |" < = ((Al+ 1A Dx, x)"
2r(1+)

1
< ———({lAlx, x)"

2(1+2)
<« — (M x) + (4 ixx))
2(1+ 22
< ——— ({201, x) (g2 2x, x)
2(1+2)
+(f2 (|A*|5)x,x><g2(|A*|5)x,x>) (Lemma 2)

< ———(3 {20 x) +

+(|A"x, x)")

2(1+i‘3‘)r
+2{F204 15 )x, x ) + {2041 F)x, x) )
<— L ((r0atyn, )+ (g20A15)x, %)
21+
+ L2 (1A E)x, x) + 1 (g4 )x, x) )
1

= ———(FP0AD + 20471
2(1+ ) G )

+2{(g20A15) + g21(A*)))x, x).

Now the result follows by taking the supremum over
all unit vectors in . O

Theorem 1 Let A € B(5#€) is a hyponormal operator.
Then, forallr =2 1,

w'(A) < MAI" + 14"l
o(1+ )
(A )
where &y = inf {{arpas )

Proof: The case 1 < r < 2in Theorem 1 follows from
the result of Omidvar et al. The case r = 2 is a direct
result of Lemma 5 by setting p =q =2 and f(t) =
g(t) = t2. 0

Theorem 2 Let A € B(3#) is a hyponormal operator.
Then, forall r = 1,

1

£\
2(1+-2)

w'(A) < (lAll" +][1Al2 1A% 2

).
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{ (A=A Dx,x) }

where §y = inf \{ERE Y |-

llxll=1

Proof: Straightforward. |

Lemma 6 ([13]) Let A,B,C € B(s#) such that
(5 |50 Then 12,3 P < (ax,2) (€3, ) or
all x,y € #.

Theorem 3 Let A,B,C € B(s#) be such
A B*
[5 ¢
convex function. If in addition f is convex, then

that

] = 0 and f be an increasing geometrically

F(oB) < 5 IF @+ (O

Proof: For any unit vector x € 5, we have the
following chain of inequalities

FU(Bx,x)]) < f({Ax,x)? (Cx,x)?) (Lemma 6)
< V/f({Ax, x))f ((Cx, x))
</ (fAx, x) (f(C)x, x)
< (WSO

Hence,
f(w(B)) =f(”51”1P1 | (Bx,x) )

= sup f(|(Bx,x))
lleli=1

< sup —((f(A)+f(C))x x)

IIXII 12

= 5 IF A+ £ (NI
as required. m|

Remark 1 It is easy to verify that the function
f(t) =t"(r = 1) satisfies the assumptions of The-
orem 3, thus (6) is a special case of Theorem 3.

Lemma 7 ([12]) LetA,B, C € B(4¢) such that Aand
B are positive, BC = CA, and let f and g be nonneg-
ative functions on [0, 00) which are continuous and
satisfying the relation f (t)g(t) =t forall t €[0, 00).

If[g BC*]>0, then [legA) gf(*c)]>o.

Theorem 4 Let A;,B;,X; €B(3¢) (i=1,...,n), and
let f; and g; (i = 1,...,n) be nonnegative functions
on [0,00) which are continuous and satisfying the
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relation f;(t)g;(t) =t for all t € [0,00). Then for
any positive integer m, it holds

n n
_ 1 r
o (anixire) < 3 ( Doaszxma)
i=1 i=1
n r
+( 2
i=1

wherer = 1.

Proof: Note that for any X; € B(#) it admits a polar
decomposition X; = U;|X;|. Since an operator A on
. e . A A
¢ is positive if and only if the operator [ A A] on

H®H is positive, by simple computations, we have

i "oy
Ui lx;|™

UilX;|™U;F
_ [ o]fkxI™
Lo rjixm

which indicates

X "[Ur o
=
im0 1)

XU _TUK Ui
IXx;|mur X Xxmuy o xm o T
Therefore
[ e Xi|Xi|m_1]=[Ui|Xi|mUi* Ui|Xi|m]>0
|Xi|m_1XlTk |x; ™ IX;|mU; IX; ™ )

For the special case m = 1, we set |X;|° =I. To apply
Lemma 7, note that [X;|™|X;|" X} = |X;[*"U* =
XX URUIX MU = XXX Thus

‘2 XM XX m—1
[fl (GI™) - X,1i] ] = 0. Pre-post multiply the

|Xi|m_1XlTk giz(|Xi|m)
. A 0 A* 0 .
above matrix by [O B} an d[ B*]’ respectively,
AFP(IXF ™A AX X ™ B
= -
we have [BlXilm_leA* Bgiz(|Xi|m)B* = 0. Sum

ming up the previous matrices fori =1,2,...,
have

n, we

n n
DAFAIXI™MAT Y AX X, "B
lil lil > 0.
DBIX; ™ xrA* > Bg2(1X;|™)B*
i=1 i=1

By applying Theorem 3 to the above matrix and let-
ting f(t) = t"(r = 1), we thus obtain the result. O

Remark 2 In Theorem 4, if wetakem=n=1,0<
a<lf(t)=t%g(t)=t"* A =B, =I,and X; =
A, we get Theorem 1 in [10].
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Remark 3 In Theorem 4, if we take m=1, n =2,
0<a<l, f(t)=t* g(t)=t"% A, =B, =I(i=
1,2), X; =A, and X, = B, we get (7).

Remark 4 In Theorem 4, if wetakem=n=1,0<
a<l1, f(t)=t% g(t)=t"* A, =B* B; =A, and
X, =1, we get Theorem 1 in [14].

Theorem 5 Let A € B(#) with the Cartesian decom-
position A= B +iC and f be an increasing concave
function. Then

F@®*@) < | FUBP+FUCP) -
Proof: Since A= B +iC is the Cartesian decomposi-
tion of A, we have | (Ax, x) |> = (Bx, x)* + (Cx, x)*
for every unit vector x. Therefore
FUH{Ax,x) 1) = f ({Bx, x)* + {Cx, x)?)
< f({IBlx, x)* + {|Clx, x)?)
< f((IBPPx,x)+{|C1*x,x))

= f({UBP +ICI*)x, x)).

Since ||f (A+ B)|| < ||f (A) + f (B)|| for positive oper-
ator A, B and every nonnegative concave function f
on [0, c0), it follows that

flo*A) = f(SUP | {Ax, x) )

[|x]|=1

= sup f(|{Ax,x)[*)

llxll=1

< sup f({(IBI*+IC/)x,x))

[lxlI=1
=f([[1B+1cr])
= |lFaBR+1cP)|

completing the proof. m|

Remark 5 Since the function f(t)=t"(0<r <1)
satisfies the assumptions of Theorem 5, it is clear
that inequality (8) is a special case of Theorem 5.

Theorem 6 Let A € B(5#) with the Cartesian decom-
position A=B+iC and f be an increasing geometri-

cally convex function. If in addition f is convex and
f(Q)=1, then

f (w(A) < IIf(IBlz)erf(ICIZ)II.

www.scienceasia.org
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Proof: For every unit vector x € 5, we have

d (%)=f((<3x’x>2;<6x,x>2)é)

2 2
<f%((Bx,x) -;(Cx,x) )f%(l)
_\[FBx ) v rlex )
\\ 2

< FU{IBlx, x)*) + F({IC]x, x)*)
\\ 2

\ fUIB2x, x)) + F((ICx, x))
2

< \| LUBP)x, x) + (£ (IC1*)x, x)
\\ 2

=\ ((FUBI2 + f(IC12)x, x)
2

Hence

1(25) =7 o, ™)
= sup r(H2)

- \J ((FUBI) + £ (IC12))x, x)
< sup 5
lIxll=1

supjy=1 {(f (IBI*) + £ (ICI2))x, x)

=\ 2

=\ ILf (B2 + £ (Sl
2 B

as required. a

Remark 6 Since the function f(t) =t"(r = 1) sat-
isfies the assumptions of Theorem 6, it is clear that
inequality (9) is a special case of Theorem 6.

Theorem 7 Let A € B(5#) with the Cartesian decom-
position A= B +iC and f be an increasing geometri-

cally convex function. If in addition f is convex and
f(Q) =1, then

o) < Q LF B+ CP) ¢ £(1B—CP)|

Proof: Since for any two real numbers a and b, we
2 ERAY]
have a+ b? = @ HEDL ¢ follows that

F(U{Ax,x) ) = F(((Bx, x)? + (Cx,x)2)?)

. ((B+C)x,x)*+ ((B—C)x, x)? 2
_f(( 2 ) )

www.scienceasia.org
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for any unit vector x, the rest of the proof follows
from Theorem 6. m|

Remark 7 Since the function f(t) = t"(r = 1) satis-
fies the assumptions of Theorem 7, it is clear that the
right-hand side of inequality (10) is a special case of
Theorem 7.

Theorem 8 Let A € B(5#) with the Cartesian decom-
position A= B +iC and f be an increasing concave
function. Then

flw(4)) > % If(B+CN+f(IB—=CDI.

Proof: Since for any two real numbers a and b, we
2 12
have a®+ b* = WA 1t follows that

F(1{Ax, X)) = F(((Bx, x)* + (Cx, x)2)F)
_ ((B+C)x,x)*+ ((B—C)x,x)? 2
-5(( ))

2
[{(B+C)x, x) | +]{(B—C)x,x)|
> ; )
S SFUB+Oxx) )+ FH{B = C)x, x) )
5 .

By taking the supremum over unit vector x, we

obtain
Flw(A) = f(”(B+C)||)-£f(||(B—C)||)‘

Thus by the triangle inequality for operator norm,
we have

fAIB+OIN+UIB -

flw(@) > .
_ B+ Chli+IIf (B =CDIl
2
5 B+ Ch+f(B—CDI
2 B
which completes the proof. m|

Remark 8 Since the function f(t)=t"(0<r <1)
satisfies the assumptions of Theorem 8, we have
w"(A) = 1|[IB+C|"+|B—C|"|| for 0 < r < 1, which
can be viewed as a complement of the left-hand
side part of inequality (10). To show that w(A) =
%IIIB + C|+|B—C||| is sharp, consider A= [(1) (1)],
then w(A)=1and |||[B+C|+|B—C]|| =2.

Theorem 9 Let A € B(#) with the Cartesian decom-
position A= B +iC and f be an increasing concave
function. Then

w(4)

1
£(252) > F1FaB+Fachi.
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Proof: For every unit vector x € 5, we have

f(M) =f(((3x,X)2+ (Cx,x)z)%)

V2 2
| (Bx,x) [+](Cx,x)|
()
S FUBxx) )+ f({Cx, x) )
5 .

By taking the supremum over x, we obtain

f(w(A)) > fABID+ £

V2 2
Thus
o) _ fAUABID+fAICH)
(95)> 555
_ FaBDI+ £ ACDI
2
> |If(IB|)+f(ICI)I|’
2
which completes the proof. O

Remark 9 Since the function f(t) =t"(0<r <1)
satisfies the assumptions of Theorem 9, we have
w"(A) = 227Y||B|" +|C|"|| for 0 < r < 1, which can
be viewed as a complement and reverse of inequali-
ties (8) and (9). To show that w(A) = %|||B|+|C|I| is

sharp, consider A= (1+1) |:(1) ?], then w(A) = V2
and [||B| +|C||| = 2.
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