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ABSTRACT: In this paper, two new classes of rectangular tensors called rectangular M-tensors and strong rectangular

M-tensors are introduced.

It is shown that an even-order partially symmetric rectangular M-tensor is positive

semidefinite and an even-order partially symmetric strong rectangular M-tensor is positive definite. As a generalization
of rectangular M-tensors, we introduce the rectangular H-tensors. In addition, some properties of (strong) rectangular

M-tensors are established.
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INTRODUCTION

Let R(C) be the real (complex) field, p, q, m, n be
positive integers, m,n = 2, [n] = {1,2,...,n}. A
(p, @)-th order (m x n)-dimensional real rectangular
tensor, denoted by .« = (a;,_; ;.)€ RP:Gmn] g
defined as follows:

a ER, iy,...,i,€[m], Jji,...,Jq €[n].

byl iy P

./ is called nonnegative if QG ijyjy = 0 de-

noted by .o/ € RP*“™" A rectangular tensor .o/ is
called real partially sym.metrlc., 1f.al-l”_ip 1.y 18 invari-
ant under any permutation of indices among i . .. 7,
and any permutation of indices among j; ... j,, i.e.,

nesS,, o€S

An(ly.ip)oGrodg) = Airedpfionig? p @
where S, is the permutation group of r indices.
When p, q are even, .« is called even-order partially
symmetric.

For any vectors x € C™, y € C", let ./ xP "y % be

a vector in C™ such that

Aiiy.dpfyenfyXiy + = Xy Vjy oo Vi

where i € [m]. Let ./ xPy%™! be a vector in C" such

Diyiyipjizenefg Xy * = Xiy Vg =+ V>

where j € [n].

Definition 1 [1] Let .« € RIP¢™"] be a partially
symmetric rectangular tensor, if there exist a num-
ber A € C and the vectors x € C™\{0}, y € C"\{0}
such that

A xP Tyl = Ax1) A xPyT! = Ay[l_l], (1)
where x*' =[x%,...,x*]" and l = p +q, then A is
called the singular value of .« , and (x, y) is the left
and right eigenvectors pair of .«/, associated with A.
If A eR, x eR™, and y € R", then A is called the
H-singular value of .«/ , and (x, y) is the left and right
H-eigenvectors pair associated with A.

In order to verify the positive definiteness
of a (p,q)-th order (m x n)-dimensional partially
symmetric rectangular tensor, the definition of
V-singular value is introduced as follows.

Definition 2 [2] Let .o € RIP4™"] be a partially

symmetric rectangular tensor, p,q = 2. If there
exist a number A € R, vectors x € R™\{0}, and
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y € R"\{0} such that
A xP1yd = pxlP71],)

. (2)
p E q
xX; = 1, yj =1,

1 j=1

o xPy 1™t = pyla—1l

1

then A is called the V-singular value of .« , and
(x,y) is the left and right eigenvectors pair of .«
associated with A.

Suppose that .7 € RP¢™" js a partially sym-
metric rectangular tensor, p and q are even. Then,

fx,y)=dxPyl =

ail_"ipjl.__jqxil . 'xipyjl . qu >0

for all nonzero vectors x € R™, y € R" if and only
if ./ is positive definite. .o/ is called an elasticity
tensor,if p=q=2,m=n=2or 3, and .« is a real
partially symmetric rectangular tensor. When .« is
an elasticity tensor, the strong ellipticity condition
holds if and only if .« is positive definite, the strong
ellipticity condition plays an important role in the
theory of elasticity [3-5]. The following necessary
and sufficient conditions for the positive definite-
ness of a partially symmetric rectangular tensor are
provided in as follows.

Theorem 1 ([1,2]) Suppose that ./ € RIPsamnl g
a partially symmetric rectangular tensor, p and q are
even. Then,

(a) o is positive definite if and only if all of its
H-singular values are positive.

(b) o is positive definite if and only if all of its
V-singular values are positive.

Eigenvalue problems of square tensor have been
drew widespread attention [6-8]. In order to
verify the positive definiteness of an mth-order n
dimensional real square symmetric tensor .o/, the
definition of H-eigenvalue is introduced by Qi in [9].

Definition 3 [9] Let .7 € RI™" be an mth-order
n-dimensional real square tensor, if there exists a
vector x € R" and a number A € R such that

o x™ = pxlm1

where

n

m—1 _ E
o X = ( aiiz_"l-mxiz ...Xim)

b
iy rim=1 i€ln]

xlm=11 = (X?_l)ie[n],
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then A is called an H-eigenvalue of . and x is called
an H-eigenvector of .«/ associated with A .

Recently, M-tensors and strong M-tensors are
introduced as the generalizations of the well-known
M-matrices [10-12], the authors proved that an
even-order symmetric M-tensor is positive semidef-
inite and an even-order symmetric strong M-tensor
is positive definite [12-14].

Definition 4 [10, 12] A tensor ./ € R[™" is called
an M-tensor, if there exist a nonnegative tensor %3
and a positive real number s = p(98) where

py(2/) =max{|A| : A is an H-eigenvalue of .</}

such that
o =5.F—AB,
in which ¢ = (6; ;) is the mth order n-
dimensional identity tensor with
5 ) ifi,=...=1p,,
fetm ) ) otherwise.

Furthermore, if s > p;(9), then A is called a strong
M-tensor.

Lately, Dingetal [5] introduced a struc-
tured partially symmetric tensor named elasticity
M-tensors, and proved that a nonsingular elasticity
M-tensor is positive definite.

Definition 5 [5] Let .o/ € RIZ%mnl 5 = (x,) €
R™\{0}, y = (y)j., € R"\{0} and A € R, such that
Axyy = Ax,
Axxy =1y, 3
xTx=1, yTy=1,
where
(Fxyy) = Zaijkzij’kJ’z,
(Fxxy) = Zaijklxixjyk~

Then A is called an M-eigenvalue of .«f, the vectors x
and y are called the corresponding M-eigenvectors.

4

Definition 6 [5] A partially symmetric tensor .&/ €
R[Z2mn] i called an elasticity M-tensor if there
exist a nonnegative partially symmetric tensor 8 €
RIZ2mn) and a real number s > p,,(2), where

pu (&) =max{|A|: A is an M-eigenvalue of .&/}

such that
oA =5 — B,
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in which % = (e;jy) € RI%*"" s the elasticity
identity tensor with

1;
€ijkl = 0

Furthermore, if s > py(9), then .« is called a
nonsingular elasticity M-tensor.

ifi=jand k=1,
otherwise.

NOTATION AND PRELIMINARIES

In this section, we shall introduce some definitions
and important properties related to eigenvalue of a
tensor, which are needed in the subsequent analysis.

Let R} denote the cone of nonnegative vectors.
We use small letters a, b, ... for scalars, small let-
ters x, y,... for vectors, capital letters A,B,... for
matrices, calligraphic letters .o/, 4, ... for tensors.
The i-th entry of a vector x is denoted by Xx;, the
(i,j)-th entry of a matrix A is denoted by a;; and
the (i;...iyJj; ... jg)-th entry of a rectangular tensor
./ is denoted by iy i j,..j,- For any rectangular
tensor & = (a;,_; ;) € RPsamnl - denote |.of | =
(|ai1...ipj1...jq|)'

The Perron-Frobenius theorem for nonnegative
square tensors is introduced in [15], which states
that the spectral radius of any nonnegative square
tensor is an eigenvalue with a nonnegative eigen-
vector. Denote A, (.«/) as the maximal V-singular
value of .o € RIP&™n] Then

Amax(F) = max{vdxp.yq, fo =1, Zy]q = 1}-
i=1 =1

Let o (&) be the set containing all V-singular values
of . =(ay, ;.)€ RPs@mn] - And we call

pv(F)= max{l)LI tAE a(ﬂ)}

is the largest V-singular value of .. The follow-
ing Perron-Frobenius theorem for V-singular values
of nonnegative square rectangular tensors is intro-
duced in [2].

Lemma 1 Let ./ = (a;_;; ;) € RPF™. Then,
pv(F) = An.(), and there is a pair of nonnegative
eigenvectors corresponding to the py (o).

RECTANGULAR M-TENSORS AND STRONG
RECTANGULAR M-TENSORS

In this section, we firstly introduce (strong) rectan-
gular M-tensors which are different from (strong)
M-tensors. Moreover, the positive definiteness of
an even-order partially symmetric strong M-tensor
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is proved. The identity tensor .#¢ plays an important
role in the definition of M-tensor, because

ﬂxmfl — x[mfl]

always holds for any nonzero vector x. That is to say,
1 is an unique H-eigenvalue of the identity tensor
#. Similarly, the elasticity identity tensor .#; also
plays an important role in the definition of elasticity
M-tensor, because

Ipxy?=x, Fpx*y =y

always holds for any nonzero vectors x,y. That is
to say, 1 is an unique M-eigenvalue of the identity
tensor .. We next introduce (strong) rectangular
M-tensors based on the so-called rectangular iden-
tity tensor.

Definition 7 A tensor ./ € RIP*¢™ is called a rect-
angular M-tensor if there exist a partially symmetric
nonnegative tensor 2 € RIP*&™ and a real number
s = py(%B), where

pv($B)=max{|A|: A is a V-singular value of %},

such that
sz = SﬂR - %,

in which %, = (Eil--vipjl---jq) € RPmn js the rectan-

gular identity tensor with

1,
Cidids = )
3

Furthermore, if s > py, (%), then . is called a
strong rectangular M-tensor.

ifiy=---=i,and j; =--- =,
otherwise.

Remark 1 If .7 € RIP%™n s 3 partially symmetric
rectangular tensor, p and g are even. Then, there
exist V-singular value of ./ and associated left and
right eigenvectors [2].

Remark 2 From the definition of rectangular iden-
tity tensor, we can get, 1 is its unique V-singular
value of .%;.

Remark 3 If .7 € RI*%%1 and @ € RIZZm1 are
partially symmetric, then, the definition of the rect-
angular M-tensor is the same as the definition of
the elasticity M-tensor. Therefore, the rectangular
M-tensor can be regarded as a generalization of the
elasticity M-tensor.
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Theorem 2 Let B € RIP*&™™ be q partially symmet-
ric rectangular tensor, .« = a(%B + b.%;), where a
and b are two real numbers. Then u is a V-singular
value of o if and only if u = a(A+b) and A is a
V-singular value of &B. In this case, they have the same
eigenvectors pair.

Proof: If A is a V-singular value of % with eigenvec-
tors pair (x, y), then

BxP 1yl = AxlP @BxPytt = pylet])

m n
&)
)ICEERD TR
i=1 j=1
Since .# is a rectangular identity tensor, then
SoxP 1yl = x[P71 0 g xpyaml = ylamll ()

From (5) and (6), we have
a(B +b.g)xP 1yl = a(A+ b)xlP71,
a(B +bI)xPyT™ = a(A+b)yls,
which means

A xPyd = puxlP g xPydt = yylat])

i.e., u is a V-singular value of .o/ with eigenvectors
pair (x, y).

On the other side, if a = 0, the result is trivial.
If a # 0, suppose u is a V-singular value of ./ with
eigenvectors pair (x, y), then

1

BxPlyl= E(,u—ab)x[p_l],
1

PPyt = —(u—ab)ylt,

ie, A= %(u—ab) is a V-singular value of % with
eigenvectors pair (x, y). a

Corollary 1 Suppose & € RIP:E™m] is partially sym-
metric, s is a real numbers and .of = s.%y — 9B. Then
for any V-singular value 1) of .</ with eigenvectors pair
(x,y), there exists a V-singular value 6 =s—mn of %
with same eigenvectors pair (x, y).

It is showed that all H-eigenvalues of a M-tensor
are nonnegative, and all H-eigenvalues of a strong
M-tensor are positive [10,12]. For rectangular M-
tensors and strong rectangular M-tensors, the fol-
lowing spectral properties are presented.

Theorem 3 If .« =s.%,— 9B is a partially symmetric
rectangular M-tensor and m is a V-singular value of
.o/, then 1 is nonnegative. If o =s% — B is a
partially symmetric strong rectangular M-tensor and
7 is a V-singular value of .«/, then 1) is positive.
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Proof: Let py () be the largest V-singular value of
A, according to Corollary 1, there exists a V-singular
value 6 of % such that

n=s—0.
Since .« =s.%, — A is a rectangular M-tensor, then
nN=s—02=s—py(AB).

Similarly, the results about strong rectangular
M-tensors can be obtained. |

Theorem 4 Let a partially symmetric rectangular
tensor 9B be nonnegative, irreducible and .«f = s.%, —
%A be a rectangular M-tensor. Then the smallest
V-singular value of .«/ is nonnegative and its corre-
sponding eigenvectors are positive. If .« is a strong
rectangular M-tensor, then the smallest V-singular
value of ./ is positive and its corresponding eigenvec-
tors are positive.

Proof: By Lemma 1, we know that p, () is a
positive V-singular value with positive eigenvectors.
By Corollary 1, we can see that c =s—py (%) =0
is a V-singular value of ./ and they have the same
eigenvectors. If .¢/ is a strong rectangular M-tensor,
note that c =s—py (%) > 0. O

The entries a; ;; ;(i € [m],j € [n]) are called
diagonal, and other entries are called off-diagonal.
A rectangular tensor in RIP¢™m is called a rect-
angular Z-tensor if all its off-diagonal entries are
nonpositive.

Theorem 5 Let .o/ € RIP’E™™ be q partially sym-
metric rectangular Z-tensor. Then . is a strong
rectangular M-tensor if and only if a > py(a$y— o),
where a = ie[{nn]%)e([n]{ai“'ij“'j}'
Proof: If a> py(aby—), by o = apy—(aIyg— )
and the definition of strong rectangular M-tensors,
then .¢/ is a strong rectangular M-tensor.

If .« is a strong rectangular M-tensor, then
o can be written as .« = s.% — %8, where % is
a nonnegative rectangular tensor and s > py(%).
Then a%; — .« = (a—s)% + %B, which yields a —
p(af— o) = p,(sF — B) > 0, therefore a >
pv(ayR - "Q{) (W

Theorem 6 .of € RIE™" is q rectangular M-tensor
if and only if .«/ +t %y is a strong rectangular M-tensor
forany t > 0.

Proof: If .o + t.%; is a strong rectangular M-tensor
for any t > 0, when t approaches O,then ./ is a
strong rectangular M-tensor.
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If . is a strong rectangular M-tensor, then
.o/ can be written as .« = s.% — %, where A is
a nonnegative rectangular tensor and s > py(4%).
Then .o/ + t.%; = (s + t).% — B, which yields that,
o + t % is a strong rectangular M-tensor. O

Theorem 7 When p,q are even, let .of € RIP:%™m pe
a partially symmetric rectangular Z-tensor. Then .o/
is a strong rectangular M-tensor if and only if .« is
positive definite, and .« is a rectangular M-tensor if
and only if .«f is positive semidefinite.

Proof: When p,q are even, if .o € RIP&™n g
a strong rectangular M-tensor, by Theorem 3 and
Theorem 4, then .o/ is positive definite.

If .o« is positive definite, then for any vectors
x,y #0, oxPy1> 0. Denote .&f =s.%;— 9B, where
2 is a nonnegative rectangular tensor, then (s.%; —

$B)xPy? > 0, which yields s > py(28) by >, x{ =
i=1

n
1, >, y}‘? = 1. The result for rectangular M-tensors
j=1
can be obtained similarly. a
Let ./x? € R be a real gth-order n-
dimensional square tensor, .o y? € RI»™ be a real
pth-order m-dimensional square tensor, where

n

p . . = . PR . . .
(Fx )hqu E Qiiy.iy .y Xiy -+ X >
Jirenig=1
m
p . . = ) PR . . .
(»‘ny )ll'"lp E alllz...lpjl...]qyjl .. 'y]q .
iy =1

The following propositions can be obtained from the
definitions of ./ x? and .o/ y1.

Theorem 8 When p,q are even, .o € RIP:E™ i g
partially symmetric rectangular Z-tensor. Then .of is
a strong rectangular M-tensor if and only if .o/ x? is
a strong M-tensor for each x = 0, ./ is a rectangular
M-tensor if and only if o/ xP is a M-tensor for each
x 2 0.

Proof: When p,q are even, if .7 € RIP&mn] s a
strong rectangular M-tensor, by Theorem 3, then for
any vectors y # 0, ./ xPy? > 0, which yields .o/ x?
is positive definite. And we find that, .&/x? is a
Z-tensor for each x = 0. Therefore, .« xP is a strong
M-tensor.

If .of xP is a strong M-tensor, then for any vectors
y #0, gxPy?> 0. Denote .o/ = s.% — A, where
% is a nonnegative rectangular tensor, then s >
B xPyl for each x,y = 0, which yields s > p,(%4)
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m n
by >x; =1, >, y{=1and Lemma 1. Therefore,
i=1 =1

./ is a strong rectangular M-tensor. The result for
rectangular M-tensors can be obtained similarly. O

Theorem 9 When p,q are even, .«f € RIP:&™m is g
partially symmetric rectangular Z-tensor. Then .o is
a strong rectangular M-tensor if and only if ./ y? is
a strong M-tensor for each y 2 0, .« is a rectangular
M-tensor if and only if «/y? is a M-tensor for each
y=0.

The following theorem can be obtained by The-
orem 8 and Theorem 9.

Theorem 10 When p, q are even, .o € R’ is g
partially symmetric rectangular Z-tensor. Then .« is
a strong rectangular M-tensor if and only if one of the
following conditions satisfies:

(1) For each x = 0, there exists y =2 0 such that
&/ xPyi™! > 0;

(2) For each x = 0, there exists y > 0 such that
&/ xPyi™! > 0;

(3) For each y = 0, there exists x = 0 such that
A xP1yd > 0;

(4) For each y = 0, there exists x > 0 such that
A xPlyl> 0.

RECTANGULAR H-TENSOR AND STRONG
RECTANGULAR H-TENSOR

o € RIP*&mn] is a copositive rectangular tensor, if
forany x eR”T, y €RY, ./ xPy1 20, .o € RPsamn]
is a strictly copositive rectangular tensor, if for any
0#x €RY, 0#y€e€R}, &xPy?>0[16]. The
definition of H-tensor was introduced in [10]. In
this section, we extend rectangular M-tensors to
rectangular H-tensors as follows.

Definition 8 Let .# € RIP%™" be a partially
symmetric rectangular tensor. Then /(&) =
(M, .i,5,..5,) € RIP:%mn] s called comparison rectan-
gular tensor of .«/, whose entries are defined as:

My, iy

_ {+|ai1...ipj1..,jq|:

_|a

1f11=---:lp’ len.zjq’

il,__ipjl”_qu, otherwise.

A rectangular tensor is called a rectangular H-tensor,
if its comparison tensor is a rectangular M-tensor,
and a rectangular tensor is called a strong rectan-
gular H-tensor, if its comparison tensor is a strong
rectangular M-tensor.
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Theorem 11 ([16]) Let .o € RIP%™ be q partially
symmetric rectangular tensor. Then .o/ is copositive if
and only if

NL (ﬂ)—mm{ﬂxp 1:x R}, y eR],

min

./ is strictly copositive if and only if

min

NL (ﬂ)—mm{ﬂxp 1:x R}, y eR],

m

dixt=1, Zn:yj=1}>o. 8)
=1

i=1

A general case of above theorem is given as
follows.

Theorem 12 Let .of € RIP%™ be g partially sym-
metric rectangular tensor. Then .« is copositive if and

only if

N2 (/) = min{.o/ x?y? :x €RY, y €R],

Z X =1, Zy}—l} ©)

i=1

. is strictly copositive if and only if

2
NZ. (&) =min{.a/xPy?:x €RY, y €R],
n
fo -1, Zyj =1}>0. (10)
i=1 =1

Proof: For any 0 # x € RT,0 # y €R", let

.i' = m X 5 _)_/ = n y )
(2 x) ()i
i=1 j=1
m n
then >}/ =1, >, ¥/ =1,and
i=1 j=1
A xPya
geryl= 22
P
=1 j=1
Therefore, N!. (.¢/) > 0if and only if N2, (./) > 0.
The second conclusion is obtained similarly. O

Theorem 13 When p,q are even, then a partially
symmetric rectangular M-tensor is copositive, and a
partially symmetric strong rectangular M-tensor is
strictly copositive.
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Proof: If ./ is a partially symmetric rectangular M-
tensor, when p, q are even, from Theorem 7 in [2],
we have

N2 (JZ{)/ mm(vd)

min
m n
= min{.¢/ xF y4 :inp = 1,2)/]‘.1 =1}>0
i1 =1

which yields that, ./ is copositive. The second
conclusion can be obtained similarly. O

Theorem 14 When p,q are even, &/ is a partially
symmetric rectangular H-tensor with nonnegative di-
agonal entries, then .«/ is positive semidefinite. If .o/
is a strong partially symmetric rectangular H-tensor
with positive diagonal entries, then .o/ is positive
definite.

Proof: Let . = D— %, where D is the diagonal part
of .of. Then its comparison tensor .#(.&/) = D —
| 8| is a partially symmetric rectangular M-tensor.
By Theorem 12, .#(.</) is copositive, which yields

M(A)xPyl =DxPyl—|B|xPyl =0,

where x € RT, y €R

AxPyl=DxPyl— BxPyI
> DxPy 1 —|B|lx[ly|* =0,

where x eR™, y €R", Zx =1, quzl There-

Jj=
fore, .« is positive semldeﬁnlte The second conclu-

sion can be obtained similarly. O

RECTANGULAR TENSOR COMPLEMENTARITY
PROBLEMS

Let 'd e (ailiZ"'ipjljZ“'jq) S R[p;q;m;n]’ qm S Rm and
g, € R". The rectangular tensor complementarity
problem [17], denoted by RTCP(.¢/,q,,,q,), is to
find vectors x € R™ and y € R" such that

=0,
=0

x=0,x7(q,+./xP1y?) =0
, Y=

0,y"(g, +./xPyT1)=0.

(11
Vectors x and y are said to be feasible if and

only if x and y satisfy the following inequalities:

-1

° (12)
0.
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A rectangular tensor .o = (ailiz.“ipjljz...jq) € RIpsemn]
is called a rectangular S-tensor if and only if there
exists 0 < x € R™, 0 < y € R" such that

AxPly1>0, xPyil>0. (13)
Then, a strong rectangular M-tensor is a rectangular
S-tensor [17]. From Theorem 11 in [17], the follow-
ing conclusion can be obtained easily.

Corollary 2 Let ./ € RIP%™n pe q strong rectangu-
lar M-tensor. Then, the RTCP(.«,q,,,q,) is feasible
forall q,, e R™, q, € R".

CONCLUSION

In this paper, based on the definition of V-singular
value for rectangular tensors, we extend elasticity
M-tensors to rectangular M-tensors. Some prop-
erties of rectangular M-tensors are also presented.
Finally, we prove that, an even-order partially sym-
metric rectangular H-tensor with nonnegative di-
agonal entries is positive semidefinite and an even
order partially symmetric rectangular H-tensor with
positive diagonal entries is positive definite.
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