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ABSTRACT: We obtain an LP-Hardy inequality on the n-sphere and give the corresponding sharp constant. Further-
more, the obtained inequalities are used to derive an uncertainty principle inequality and some corollaries. The results
generalize and improve some related inequalities in recent literature.
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INTRODUCTION

Forn 23, p =1, and all f € C°(R"\0), the
classical LP-Hardy inequality is given by

_ p p
f IVflpdx>(u) f ﬁdx,
. p o P

where the constant (”P%p)P is sharp. This inequality
has been studied extensively in the Euclidean spaces
(see [1-3]) due to its applications in different fields
such as harmonic analysis, physics, spectral theory,
geometry, and partial differential equations. For this
line of research, we refer to [4-6] and the references
therein.

In the case of Riemannian manifolds, there are
also many valuable research (see [4, 7] and so on) in
Hardy inequality. Carron [8] studied the weighted
L2-Hardy inequalities under several geometric as-
sumptions. More specifically, he proved that

—1\2 2
pa|Vf|2dV> CL paf—dV,
2 p2
M M

for any function f € C*°(M\p~' {0}) and C+a—1>
0, where the weight function p must satisfy both
[Vpol =1 and Ap = C/p. In particular, Kombe-
Ozaydin [9] extended Carron’s results to the general
case for 1 < p < C+ 1+ a and derived that

C+l4+a—pY P
J pa|Vf|PdV>(#) f o gy
M p M

pP
For more generalizations see [5,10,11].

There are several important known results (see
[12-15]) which reveal an importance of the scale
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invariance of the classical Hardy inequality in a ball.
For more details, we further refer to [16-19] and the
references therein.

As is well known, the n-sphere is of constant cur-
vature and possess the delicate symmetry. However,
there are only a few Hardy inequalities obtained
on the n-sphere so far. Recently, Dai-Xu [20] and
Xiao [21] discussed this issue and established some
L?-Hardy inequalities. By introducing the tangent
function, Yin [22] acquired the following

=2 gy | |vfRdv
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where p is a fixed point in §", and the constant %

is sharp. Based on the results above, Abolarinwa-
Apata [1], Abolarinwa-Rauf-Yin [23], and Sun-Pan
[24] further gave some LP-Hardy inequalities on the
sphere.

MAIN RESULT

In this paper, we present a more general version of
LP Hardy inequalities on the unit n-sphere and show
that the associated constant is the best possible,
which is a generalization of those in [23] and [22].
Applications of the obtained inequality yield an un-
certainty principle inequality and some corollaries.
The main theorem is stated as follows:

Theorem 1 Let S™ be the standard n-sphere with
sectional curvature 1. Then for any function f €
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C°(S"), we have

J (sin®* )|V f|PdV
‘SH
If1P

+a—p\!
T
p o (sinr)p—a=2
—p\P in® p
>(n+o¢ p) (sin® r)|f| v,
p o |tanr(p

where r is the distance function on the sphere, 1 < p <
n+ a and the constant (H;#)p is sharp.

Comparing to the related inequalities, the in-
equality above has some important features. We
give some remarks as follows.

Remark 1 The obtained inequality has a more com-
plicated structure than that in [22]. But when a =0
and p = 2, Theorem 1 returns to the corresponding
one (see (1)). By choosing different o and p, we
can obtain some other interesting inequalities (see
the next section). Besides, the dimension n can be
chosen freely as long as 1 < p < n+a. Especially, in
the case n = 1, the inequality holds on the circle with
curvature ¥ = 1 and radius R = 1/x = 1. Especially,
the gradient and the Laplacian of a function are read
asVf=f"and Af =f".

Remark 2 The LP-Hardy inequalities obtained in
[1,23,24] are divided into two cases: 1 <p <2
and p = 2. They declare that if 1 < p < 2, then
f sn (Sirllfrlspfz dV can not control f - U qv when r —

rp
0. Indeed, there is no need to do this because all

integrals are convergent, and the right-hand side of
the inequality is always less than the left-hand side.
See the proof below for details.

Remark 3 In Euclidean spaces (respectively, Rie-
mannian manifolds), the Laplacian of the distance
function is equal to (n—1) /|x| (respectively, is not
less than C/p). So the Hardy inequality naturally
contains the term |f|P/|x|P (respectively, |f |’ /p?).
However, on the sphere Ar = (n— 1)cotr, it is
natural to introduce the tangent function tanr in
our inequality as in [22]. Also, the second term
in the left-hand side cannot be removed because it
will lead to a contradiction when f is a nonzero
constant.

To prove the result, we follow the arguments
in [22] (see also [23]) with some modifications.
First, we construct an auxiliary function by utilizing
the symmetry of the sphere, and then using the
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antipodal points. We will carry out the calculation
in two hemispheres. Considering that the auxiliary
function can only be continuous, we use an approx-
imation of smooth functions to show the sharpness
of the constant. Since the introduction of general
p and a makes the calculation more complicated
than that in [22], we need some techniques in the
cumbersome computation below to estimate some
terms in the LP case.

Proof of Theorem 1

Let f =47¢ with y < 0 be a smooth function in
C°°(S"). Then we have

VP =lopyy 'V + 4TV [P.
Notice that the following inequality is valid for any
a,beR"and p = 1:
la+ bl —lal” > plalP~(a, b).

Therefore, one obtains

IVEIP > | PapTPP |y [P |Vap[P

+ply P21 [P2p P2 PR (pyap IV, TV )
=g [Py PPy P |V IP

+ply P2y |p P2 gy PP (e, V) .

Compute

YUVFIP = QPP TP P |y [PIVa[P
+plyP2y|p P2 pyp PRI (W, V )
= | [P PPTE [P | V)P
lylP~%y
Yp—p+a+2
= |p[PyYTPEy [PV [P
lylP~2y
yp—p+a+2

— M(p[’A (wrp*pﬂxﬂ) )
yp—p+a+2 ’

<v¢yp—p+a+2’ v¢p>

div(pPVaprPPrat2)

and
A(sinr) ™ = div (V(sin r)_ﬂ)
=div (—ﬂ(sin r) P cos rVr)
= —B(sinr) P cosrAr
+B(B +1)(sinr) P2 cos?r + B(sinr)P. (3)
Substituting Ar = (n—1)cotr into (3) yields
A(sinr) ™ =p(B +2—n)(sinr) P2
+pB(n—pB—1)(sinr)P.
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—a—n

Now by taking f = —(yp—p+a+2)and y = 5=,
we derive

A(sinr)™® = (n—2)(sinr)*™.
Further, letting 1 = sinr, it follows from (2) that

(sin*r)|V S|P

. . _ —p\P
> (sinr)?|f[P(sinr) ™ (222 | cos [P

n—2 D

— % (e Y sinryPIf P (n— 2)(sinr )"
=(ﬂ%ﬁ)@m.mvwhﬁﬂp

+ity (15) " aiv(groyrree?)

_ [ nta—p p=1 . a—p+2| £|p
(=)™ (sinr)e P2 f|

__ ( n+a—p P (sin® r)|f P
- p | tan r|P
_ ( nta—p )P‘l IF1P

p (sinr)p—a—2

+-L (M)p_l div (pP VP prat?)

b (B2 ) i (g re).

n—2 D

Integrating both sides of the above inequality on S",
and applying the divergence theorem, we deduce
that

f (sin®*r)|Vf|PdV
sn

+a— p—1 p
N T
p o Ginryra?

> (n+a—p)" ) (sin*r)IfP

p |tanr|p

This completes the proof of the inequality stated
in Theorem 1. Next, we show that the constant

(—n+g_p )p is sharp. Let { : R — [0,1] be a smooth

function such that 0 < ¢ < 1 and
L olts1
t)=
<) {O, [t]| =2

Let H(t) = 1—(t), and for sufficient small € > 0
we construct

0, r=0;
_ H(r)(tanr)p_;#, 0<r<3;
felr)= H( )(tan(n FSr<m;
0, r=T.

Observe that f,(r) is continuous and can be approx-
imated by smooth functions on the sphere S".
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For the antipodal points q and q" on S", let r,
(respectively, r;) denote the distance function from

q (respectively, g'). Then we have rot r; = 7, and

thus
p
. |f£|—a—2dV:f |f€|p—a—2dv
g (sinr)p B,(%) (sin rq)
P
+J‘ . |fe! _av,
By (5) (SinTg )P

where

[ o
sy G

%
=Vol(s"™) f HP (2)(tanr P
€

x (sinr)***P(sinr,)" 'dr

< Vol(S™ 1)J =W (2 ¢2)

f IR
By (5) (sinry )p—o—2

=Vol(s" ™) f

x (sin(rm —r,))*** P (sin(n —
< Vol(s™ 1)f =W (g2,

Combing the above two inequalities, we obtain

|fel?

o (sinr)p—a=2

and

Hp( )(tan(n—r )

rq))”_1 dr

dv <vol(s" ™) (Z —¢?). @

On the other hand, we have

(sinrg)*|fe P
f #dv
B,(5) (tanrg)P

=Vol(s™™1)

% T _q—n (sinr)* . . _
xf HP (?q)(tanrq)p @ ”(tanr‘;)P(51nrq)” Ydr
€

= Vol(s™™1)

b
x f HP (%q) (tanr,) " "(sinry )**"'dr
2¢e

=Vol(s™™) f (tanr,)~*"(sinry)**"'dr
2¢e
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and

(sinr, )*|f:|P
f o) fel v
By(3)

(tanry )P

= Vol(s™ ™) f " () (tan(r—r)
(Sin(rc — rq))a

* (tan(rc — rq))p

( sin(7t — rq))n_ldr

%
=Vol(s" ™) J HP () (tanr, )P~
€

: a
(sinry)

x ———(sinr, )" dr
(tanr, )P d

%
> Vol(s™™) f HP () (tanr, )™
2¢e

x (sin rq,)‘”“*ld r

%
=Vol(S" 1) f (tanry, ) *"(sinry, ) =ldy,
2¢

Adding the two inequalities above together gives

. a p
G IR 4y S avols™)
¢ |tanrlp

%
X J (tanr,)~*"(sinry)***'dr. (5)

2¢e

Next, we are going to estimate the integral
J (sinar)|Vf£|PdV=f (sinrq)aIVfglpdV
sn By(3)
+f (sinry )*|V £ [PdV.
By (%)

By a cumbersome calculation, we have

U (sinrq)awfmdv)
By(3)
=vO1(S“—1)%( f

+(p7;‘7")H (%) (tan rq)_nr# sec’r,

H’ (%‘7) %(tan rgPe
1

P p
(sinry)"'d r)
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1
p
(tan r P4 (sinry ) r)

s ([l
€

+ (22 ) vou(s™ 1y
1

x (f HP (%") (tanr,) ™" “(sinry)**"'d r) !

+ (22 ) vou(s™ 1y

z 1
x (pr (2)(tan r )P (sinr )" d r) ’
€

2¢ 1

01y b
— Vol(Sg p (ﬁH/ (r?q)|P(tan ry )p—a—n(sin rq)a+n—1dr)

€
— 151
+ (22 ) Vol (s™ 1y
1

x (pr (r;q) (tanr,) ™" “(sinry)**"'d r) ’

+ (22 ) vo(s™ 1y

I 1

x (JHP (%) (tanr)*"*(sinr,)**"'d r) '

€

2¢ 1

n—1 1 p

< V—OI(SS )’ max H’(t)(Jrqdr)
£

te[0,2]

% 1
+ —n+g_p Vol(s™1)» (f(tan rg) "4 (sinr )" 1d r) ’

£
1

Z 1
+ —"+Z_p Vol(S™* )z% ( (tan rq)ZP*"*"‘(sin rq)‘”"*ld r) !

£

1
= (E)P Vol(S™1)7 max H'(t)
p te[0,2]

z 1
+ —n+g_p Vol(S™™1) ; (f(tan ry) " %(sinr, yetn=lg r) !

€
1

1 z P
+ —"+Z_p Vol(S™1)r (f(tan g (sinr )" 1d r) ’
and

(sinr, )|V £, [PV
Bq/(%)

vt [ ()t

—=—H (%) (tan(mr—r)))

x sec?(m— rq)}p(sin(n — rq))“J'"_ldr)E
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=Vol(s" )7 ( f | (%) (R)eanry e
€
— ’#H (%) (tan rq,)_HTa sec’r, }p

1
)
x (sin rq/)‘“"_ldr)

S(zp 1) Vol(S™1)7 maXH(t)

S

2
+ "i#Vol(S”_l )r (f(tan rg) " (sinr ) r)
€

T 1

1 1

+ 'H;#VOI(SH);(ﬁtan rg )P (sinr, ) dr) ;
&

Therefore, it is not difficult to obtain that

f sin® r|Vf,|PdV
SH

SZ[(ZP 1) Vol(S™1)7 maxH(t)

1

3
+ %#Vol(S“‘l )% (f(tan rg) " (sinry)**"1d r) !
€

n ”*;#VOKSH)%

©)

I
—_
hS]

x (J(tan Ty )2P~"=%(sin Ty yatn=lq r)

Define

A:= inf [ sin®r)|Vf[PdV
fece(sM\(0} f ,1( )IV/]

nta—p \P~1 If P (sin”r) |f P Ip
L (ma —dv] /

( ) g (sinr)p—a=2

p | tanr|p
Since f,(r) can be approximated by smooth func-
tions on the sphere S", it follows from (4)-(6) that

+a— fel?
fS (sin® r)IVf8|pdV+(n > P) fS"(sm{)" = d
fSn G Olfel? 4y,

|[tanr|p
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Vol(S™™1) (”72 - 82)
2Vol(S1) ffe (tanry)—e(sinry)*tn-1dr

<

1
|: (sz—l ),, Vol(S”_l)% max, o0 H'(t)
+2 T
25Vol(s™)F ([ (tan ryyeo(sinr,yoridr )’

%VOI(S”A ) , (ff(tan r) (sinr, )™ d r) ’

ZI%VOI(S’H )zl? (fﬁ(tan rg) e (sinry)emld r) ’

?VOI(S"_1 )p (f f(tan rg)P T (sinry)*"1d r) E-|P
]

e

2%\/01(8”_1)% Uz%(tan re) @7 (sin rq)a+"—1dr)
=I1+2(II+ 111 +1V)P. 7

Obviously, we have
2
lim | (tanry)™*"(sinr)*" 'dr = oo
e—0 %

By L'Hopital rule, it holds that
f ?(tanr,) " "(sinry)**"1dr
lim =% =1
e-0 fzzg (tanr,)—*—"(sinr,)etn-1dr

and
' f : (tanr, )" %(sinr, )" 'dr
lim — =0
=0 fzze (tanr,)—*"(sinr,)**+n—1dr

This means I = I = IV = 0. Therefore, we get
from (7) that

n+a—p \ P p
A<2| -2 =(”+a_p) .
2p p
The reverse inequality is also valid by (2). Thus the

constant ("Jra —EYP is sharp.

COROLLARIES

Choosing some special « = 0 and a = p in Theo-
rem 1, we obtain the following results.

Corollary 1 Let S" be the standard n-sphere as in
Theorem 1. Then
If1P

n—p\P1
Ln IVfIPdv +(%2) L O

>(5) |

and the constant ("’%p)p is sharp.

If1P

|tanr|p

>
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Remark 4 When a = 0 the corresponding inequal-
ity is obtained in [23], where it is divided into two
cases: 1 < p <2 and p = 2 due to some technical
reasons. In fact, we can combine them into a unified
inequality as above, and thus Corollary 1 is in a form
more concise than that in [23].

Corollary 2 Let S" be the standard n-sphere as in
Theorem 1. Then

f (Gsinr) [VFPav +(2) f (sin® )| f [PAV
sn Sn

>(5) Ln(|cosr||f|)l’dv,

and the constant (g)p is sharp.

Remark 5 This new version of LP-Hardy inequality
is stronger than Corollary 3.2 in [22]. Indeed, if p =
2, it gives

f IVflzsinzrdV+Ef f2sin®rdv
s 2 Jsn

2
>— | f2cos’rdv,
4 Jan

which yields that

2
J |Vf|2dV+Ef deVZH—J f2cos?rdv,
sn 2 Jsn 4 Jsr

while in [22], the coefficient in the right-hand side
isn(n—2)/4.

The classical uncertainty principle as introduced
in quantum mechanics says that the position and the
momentum of a particle can not be exactly deter-
mined at the same time, but only with an “uncer-
tainty”. There are various forms of the uncertainty
principle. At present we shall apply Theorem 1 to
derive a new form as follows.

Corollary 3 Let S" be the standard n-sphere as in
Theorem 1. Then

(f |f|P sin® r|tanr|qu)q [J. sin® r|Vf|PdV

n+a—p p—1
+(*5)

P
nii—m
o (sinT)P
nta—p\P a P
2(%) (fnlflpsm rdv) ,

where 1/p+1/q=1.
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Proof: By Holder’s inequality, we have

J |f P sin® rdV
gn

1 1
Psin®r i 1
<( |f'—dV) ( Iflpsin"‘rltanrlqdv) .

A simple calculation yields

Psin®r
fPsinr
o |tanr[p

p
> ( |f|Psin“rdV) ( |f|psinar|tanr|qu)
Sll Sn

_k
q

Combining it with Theorem 1, the result follows
directly. ]
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