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ABSTRACT: This study determines all positive integer solutions of the Diophantine equations of the form x2 —xy —
y?+lx =0and x*—3xy + y*£1x = 0, where [ is of the form m[[_, p{", p; is a prime congruent to 2 or 3 modulo 5,
and m is either 1 or 5. In addition, we also provide all positive integer solutions of x?—xy —y2£1ly =0.

KEYWORDS: Fibonacci, Lucas, Diophantine

MSC2010: 11D09 11D45

INTRODUCTION

Marlewski and Zarzycki [1] proved that the equa-
tion
x2—kxy+y*+x=0, (D

where k is a positive integer, has an infinite num-
ber of positive integer solutions x and y if and
only if k = 3. Yuan and Hu [2] proved that
the Diophantine equation x2 —kxy + y?+1Ix =0,
where | =1, 2,4, has an infinite number of positive
integer solutions x and y if and only if (k,1) =
(3,1),(3,2),(4,2),(3,4),(4,4),(6,4). Moreover,
they also proved that the Diophantine equation x2—
kxy + y?+ x = 0 has an infinite number of integer
solutions x and y if and only if k # 0,%1, which
generally characterizes integer solutions of (1). Ke-
skin [3] demonstrated that when k > 3, x2—kxy +
¥?+ x = 0 has no positive integer solutions, but
the equation x? — kxy + y?> —x = 0 does have
positive integer solutions. Moreover, the equations
x?—kxy—y?’+x=0and x>2—kxy—y? £y =0
are shown to have positive integer solutions when
k > 1. Karaatli and Siar [4] studied the Diophantine
equation x2 —kxy +ky?+1y =0, 1 € {1,2,4,8}
and determined the values of k when the given
equations has infinitely many positive integer so-
lutions x and y. Feng et al [5] showed that for
any given positive integer [, there are only finitely
many integers k such that x2—kxy + y2+1x =0
has an infinite number of positive integer solutions.
Moreover, they determined all integers k such that
the Diophantine equation x? —kxy + y% +1x =0,
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1 <[ <33, has an infinite number of positive integer
solutions. Cipu [6] determined values of a such that
for fixed positive integer k, the equation x?—axy +
¥2 4+ kx = 0 has infinitely many positive integer
solutions. Ozdemir and Keskin [7] gave all positive
integer solutions of the equations x?>—3xy+y2+x =
0 and showed that x2 —7xy + y?+x = 0 has no
positive integer solutions.

In this study, we examine the Diophantine equa-
tions of the form x2—kxy—y?£Ix =0, x>—kxy—
y2+ly =0, and x?2 —kxy + y%2 £ lx = 0, where k
is either 1 or 3, [ is of the form m[[_, p", p; is
a prime congruent to 2 or 3 modulo 5, and m is
either 1 or 5. We prove that these equations have an
infinite number of solutions and explicitly provide
their positive integer solutions.

PRELIMINARY

This section presents some theorems that are later
used in our results section. The proofs can be found
in [3]. Before we state the theorems, we first review
the famous Fibonacci and Lucas sequences. The
Fibonacci sequence is defined by

Fy=0,F;=1 and F,,=F,+F,;
for n 2 1, and the Lucas sequence is defined by

Ly=2,L;=1 and L, ;=L,+L,,
forn=1.

Theorem 1 The positive integer solutions of equa-
tions x?—xy —y?+x=0o0r x>—xy—y?>+y =0
are given as follows:
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(a) All positive integer solutions of equation x? —

xy —y*+ x = 0 are given by (x,y) =

(F22n’F2nF2n_1) withn = 1.

(b) All positive integer solutions of equation x? —

xy _y2 —x = 0 are given by (x,y) =
(F22n+1:F2n+1F2n) withn > 1.

(c) All positive integer solutions of equation x> —
xy —y>+y = 0 are given by (x,y) =
(FonFon_y,F2 ) withn>1.

(d) All positive integer solutions of equation x? —
xy —y* —y = 0 are given by (x,y) =
(Fops1Fon, F2 ) with n > 1.

Theorem 2 The positive integer solutions of equa-
tions x>2—xy—y?£5x =0o0r x>—xy—y?£5y =0
are given as follows:

(a) All positive integer solutions of equation x? —

xy —y*+5x = 0 are given by (x,y) =
(5F22n’5F2nF2n71) with n =2 1 or (x,y) =

(L2 1> Lons1Loy) with n > 0.

(b) All positive integer solutions of equation x? —
xy —y?—5x = 0 are given by (x,y) =
(5F2 1,5Fo,1Fy,) with n > 1 or (x,y) =
(L% Ly, Ly, 1) withn> 1.

(c) All positive integer solutions of equation x2 —
xy —y?>+ 5y = 0 are given by (x,y) =
(5F,Fy,1,5F2 ) with n > 1 or (x,y) =
(LynLops1, L3 1) with n > 0.

(d) All positive integer solutions of equation x? —
xy —y?>—5y = 0 are given by (x,y) =
(5F2n+1F2m 5F22n) or (X, y) = (LZHLZn—lﬂ Lgn_l)
withn = 1.

Theorem 3 The positive integer solutions of equa-
tions x2 —3xy + y? £ x = 0 are given as follows:

(a) All positive integer solutions of equation
x> —3xy + y>+ x = 0 are given by
(x,y) = (F22n+1’F2n+1F2n—1) or (x,y) =
(F2,_,,Fop_1Fop) withn > 1.

(b) All positive integer solutions of equation x> —

3xy + y2—x = 0 are given by (x,y) =
(F22n1F2nF2n+2) or (X,y) = (F22n+2’F2n+2F2n)
with n = 1.

Theorem 4 The positive integer solutions of equa-
tions x2—3xy + y? £ 5x = 0 are given as follows:
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(a) All positive integer solutions of equation x> —

3xy + y2 +5x = 0 are given by (x,y) =
(5FZ,,1,5Fs,11Fon1) with n > 1 or (x,y) =
(5F2 _,5Fy, 1Fy,.1) with n = 1 or (x,y) =

LopiaLloy) with n 2 0 or (x,y) =

22n—1’
(L2n+2’ .
LonLoyio) with n 2 0.

(L3

2n’
(b) All positive integer solutions of equation x2 —
3xy + y> —5x = 0 are given by (x,y) =
(5F2 5, 5FoniaF2,) with n > 1 or (x,y) =

(5F22n’5F2nF2n+2) with n =2 1 or (x,y) =
(L2 1 Lonp1Llony) with n =1 or (x,y) =

(Lin,l, L2n—1L2n+1) with n > 1.
MAIN RESULTS

We first prove the following lemma.

Lemma 1 Let x,y, and k be integers, and let p be an
odd prime number. Let the Legendre symbol (kz%‘) =

—1. Then
ply and p|x ifand only if p | (x—y)*—k(x—y)y—y>.

Proof: If p| y and p | x, then it is clear that p | (x —
¥)? —k(x —y)y — y?. Now suppose that p | (x —
¥)?—k(x—y)y —y? We claim that p | y. On the
contrary, assume that p{y. Let a = ‘%1. Then 2a =
—1 (mod p). We get

0=(x—y)*—k(x—y)y—y* (mod p)
= (x—y)*+(p—Dk(x—y)y —y* (mod p)
=[x—y+aky]*—[(ak)*+1]y? (mod p).

Aspty, y ! (mod p) exists and it is seen that
0=(y x—y+aky])?—[(ak)*+1] (mod p)
and so
2y x—y+aky])? = 4(ak)* + 4 (mod p).
Letting b =2y~ ![x — y + aky], it follows that
b% = 4a’k®> + 4 = (2a)*k*> + 4 = k*> + 4 (mod p).

. . . 2
This contradicts our assumption that (%) =—1.

Therefore p | y. Since p | (x—y)*—k(x—y)y—y?,
we get p | x%,and so p | x. ]

Lemma 2 Let k = 1 and n be a positive integer of
the form l_[ir:1 pf", where p; = 2,3 (mod 5) is a prime
number, and a; = 0 for 1 < i < r. If positive integers x
and y satisfy the equation x>—(k+2)xy+ky?+nx =
0, thenn|xandn|y.
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Proof: Let d = ged(x, y,n). Then x =dx;, y =dy;,
and n = dn; for some positive integers x;, y;, and
n; with ged(xy, y1,n7) = 1. As x?—(k+2)xy+ky?+
nx =0, we get

x?—(k+2)x,y, +ky? +n;x; =0.

Assume that n, > 1. Then there is a prime p dividing
ny. If p=2, then 2| x? —(k + 2)x,y; + ky?; that
is 2| x2—x;y;—yZ or 2| x}—3x;y, +y> It
follows that 2 | x; and 2 | y; in each case, which
is impossible since ged(x;, y;,n;) = 1. Assume that
p>2. Then p | x?—(k+2)x;y; +ky? since p | n;.
As p = 2,3 (mod 5), it is seen that (kzp#) = —1 for
k =+1. Then, by Lemma 1, we get p | x; and p | y;
since p | (x; —y1)* —k(x; —y1)y1 —y;i. Also p | ny
implies that p | ged(xy, y;,n;). This is impossible
because ged(x;, y;,n;) = 1. Therefore n; = 1. This
shows that d = n, which yieldsn |x andn|y. O

Lemma 3 below can be proved similarly, so we
will omit its proof.

Lemma 3 Let k = %1 and n be a positive integer of
the form [ |'_, pi* where p; = 2,3 (mod 5) is a prime
number, and a; 2 0 for 1 <i < r. If positive integers x
and y satisfy the equation x*—(k+2)xy+ky?*+ny =
0,thenn|xandn|y.

From now on, we will assume that n is of the
form stated in Lemma 2.

Theorem 5 Let n be an integer as defined in
Lemma 2. Then all positive integer solutions of

equation x> —xy — y% +nx = 0 are given by

(x,y)= (anzm, nFynFom_1), m=1.

Proof: Let x and y be positive integers such that x2—
xy —y?+nx =0. Then by Lemma 2, we have x =
nx’, y =ny’, where x’ and y’ are positive solutions
of

x2—xy—y*+x=0.

By Theorem 1(a), x’ = F} and y’ = Fy,Fy, ;.
Hence, x =nF; and y = nFy,Fy, ;. O

Theorem 6 Let n be an integer as defined in
Lemma 2. Then all positive integer solutions of
equation x> —3xy + y% +nx = 0 are given by

(x,y)= (anzmH, nFyp1Fom—) or

(x,y)= (anzm_p NFom 1Fomi1)

with m = 1.
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Proof: Let x and y be positive integers such that x2—
3xy—y?+nx = 0. Then by Lemma 2, we have x =
nx’, y =ny’, where x’ and y’ are positive solutions
of

x> =3xy—y*+x=0.

By Theorem 3(3), (x/’y/) = (F22m+1:F2m+1F2m—1)

or (x,y) = (Fzzm_p Fom-1Fomi1)- Hence,
(X’ }’) = (anszrl: TlF2m+1F2m_1) or (X, _Y) =
(nF 1 MFom 1 Fopir)- ]

Since the proofs of the following corollaries
can be done similarly, we will omit their proofs.
Lemma 2, Lemma 3 and some preliminary results
may be useful in the proofs of the corollaries. Please
note that in Corollary 2 and Corollary 4, the integer
n in Lemma 2 and Lemma 3 should be replaced with
Sn.

Corollary 1 The positive integer solutions of equa-
tions x>—xy—y?—nx =0and x*>—xy—y%£ny =0
are given as follows:

(a) All positive integer solutions of equation x> —

Xy _yz —nx = 0 are given by (x,}’) =

(nF22m+1’ nFy 1 Fom) with m = 1.

(b) All positive integer solutions of equation x> —

Xy _y2 + ny = 0 are given b_)’ (X,}’) =
(nFZmFZm—l’ nFZZm—l) Wlth m > L

(c) All positive integer solutions of equation x> —

Xy _y2 —ny = 0 are given b_)’ (X,}’) =

(nFymi1Fom, an2 s) withm > 1.

m

Corollary 2 The positive integer solutions of equa-
tions x2—xy—y?+5nx =0 and x*>*—xy—y?+5ny =
0 are given as follows:

(a) All positive integer solutions of equation x? —
xy —y?+5nx = 0 are given by (x,y) =
(5nF2 ,5nF,,Fop_1) with m =1 or (x,y) =

2m’
(nLngrl’ nLymi1Loy) with m 2 0.

(b) All positive integer solutions of equation x* —

xy — y> —5nx = 0 are given by (x,y) =
(5nF3 ., 1,51MF o1 Fop) with m =1 or (x,y) =
(nL2 ,nLy, Loy 1) with m > 1.

2m’

(c) All positive integer solutions of equation x> —

xy — y?>+ 5ny = 0 are given by (x,y) =
(5nFynFop_1,5nF2 Y withm > 1or (x,y) =

(nLypLomsr,nL3, ) with m > 0.

(d) All positive integer solutions of equation
x2 — xy — y> — 51y = 0 are given
by (x,y) = (5nFypuy1Fop,5nF2)  or

(x,y)=(nLyyLopm_1, nL%m_l) with m = 1.
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Corollary 3 All positive integer solutions of equa-
tion x> —3xy + y?—nx = 0 are given by (x,y) =
(anzm’ NFypFopmys) or (x,y) = (nF22m+2: NFypi2Fom)
withm = 1.

Corollary 4 The positive integer solutions of equa-
tions x2—3xy+y? + 5nx = 0 are given as follows:

(a) All positive integer solutions of equation
x? —3xy + y> + 5nx = 0 are given by

(x,y) = (5nF22m+1,5nFZm+1F2m_1) with m =2 1
or (x,y) = (SnFZZm_l, S5nFym_1Fomi1) with

m=1or (x,y)=(nl3 .,

m >0 or (x,y) = (nL3,,
m = 0.

NLomyaLom) with
nLZmL2m+2) with

(b) All positive integer solutions of equation x? —
3xy + y?> —5nx = 0 are given by (x,y) =

(5nF2 o, 51FomioFon) withm =1 or (x,y) =

(5nF3 ,5nFy, Fypyo) with m 21 or (x,y) =
(nL2 . nLoyi1Loy 1) withm>1or (x,y) =

(nL%m_l, nLyy—1Lomy1) with m 2 1.
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