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ABSTRACT: In this paper, we present two inequalities of matrix norms. The first one is a generalization of the inequality
shown in [J Math Inequal 10 (2016) 1119-1122], and the second one is a refinement of an inequality obtained by Zou

[Numer Math J Chinese Univ 38 (2016) 343-349].
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INTRODUCTION

Let M, be the space of n x n complex matrices.
Let ||-|| be any unitarily invariant norm on M,, and
suppose that s,(A) < --- < s1(A) are the singular
values of A, which are eigenvalues of |A| = (4*A)'/?
arranged in ascending order and repeated according
to multiplicity.

Let A,B € M,, be positive semidefinite. Bhatia
and Kittaneh proved in Ref. 1 that

|AB|| < 3II(A+B). (1)

This is an arithmetic-geometric mean inequality for
unitarily invariant norms?. During the past ten
years, several authors discussed inequalities related
to arithmetic-geometric mean, for example, see
Refs. 3,4.

Let A,B € M,, be positive semidefinite and a €
(0,1). Zou and Jiang proved in Ref. 5 that

|ABIJ? < %@ [(aA+(1—a)BY?||

4a(
x[[(A-awA+aBY||, @
which is a generalization of inequality (1).
Let A,B € M,,. Lee proved in Ref. 6 that
A+ Bllr < 24|14l + B[ 3)

where || X|| is the Frobenius norm of X.
LetA,B € M,, and A, B # 0. Zou proved in Ref. 7
that

1/4
_S(||B||F/||A||F)—1] L@

lA+B]| <[z IA]+|B|
£ s (IIBI/11A112) |

where S(t) =tV D /elogtV/ D t > 0, S(1) =
lim,_,; S(t) = 1 is Specht’s ratio®®. It was proved
in Ref. 10 that S(||B||z/||Allz) = 1, so we know that
inequality (4) is a refinement of inequality (3).

In this short note, we obtain a generalization of
inequality (2) and we also present an improvement
of inequality (4).

MAIN RESULTS

We first show some lemmas used in our proof.
Lemma 1 (Ref. 11) LetA X,B€M,, 1/p+1/q=1,
p,q>1,a€[0,1] If r =2 max{1/p,1/q}, then

laxBP|| < |17 - )

where
Ty (@) = aAA*X + (1 — a)X BB*.

Lemma 2 (Ref. 1) Let A, B € M,, be positive semidef-
inite. Then

s;(AY*(A+B)BY?) < 1s;(A+B)*, j=1,...,n.
Lemma 3 (Ref. 6) Let A,B € M,,. Then

1/2 1/2

la+BI| < |[1a]+ IBI|| |14+ 1B*]|| "

Theorem 1 Let A,B € M,, be positive semidefinite
and suppose that 1/p+1/q=1, p,q>1, a €(0,1).
If r 2 max{1/p,1/q}, then

r 1 ' T
st < | 7o | lcar+a—amy |

1/q

X ||((1—a)A+ aB)? (6)
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Proof: Replacing A,B,X in (5) with AY2, B2,
AY2B1/2  respectively, we have

”'ABler < |||aA3/231/2+(1— a)A1/233/2|rp||1/p
X |||(l—a)A3/2Bl/2+ OlAl/zB?’/zirqu/q

— H|A1/2Q(a)B1/2|rpH1/p

rq|11/q
J

x |[|aY*Q(1— a)B*/ @)

where
Q(a)=aA+(1—a)B.

By Lemma 2 with A= aA and B = (1—a)B, we obtain
forj=1,...,n,

(Al/2 1/2) 1 (N2 )
s;(A?Q(a)B*?) T —a(l—a)S](Q ()

Thus, fork=1,...,n,

k
> .si(J42Q(a)B[ ")
j=1

1 rp k
S| —7/— 5;(Q*P(a)),
[z,/a(l—a)} ;J
which implies

rp

rp
lla"*a(a)B"2 le*? (]

1
< _
[Zw/a(l—a):|
Then
|la2QCa)B 2| 7|
1 ' 1/p
S| — 2rp . (8
[ el ©
Similarly, we have
2001 -com "
1 ' 1/q
| ———— 2r4(1— .
[t Il o

It follows from (7), (8) and (9) that

H|AB|2r

1 ' 2r 1/p
<|zaa=s ) @l
x ”Qqu(l_a)Hl/q )
O

Remark 1 Setting p =q =2, r =1/2 in (6), we
obtain inequality (2).
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Theorem 2 Let A,B € M, and A,B # 0. Then

1/4

: 141+ 1B, (10)

K12 (|IBIIZ/11AlIZ)

where K(x) = (1 + x)?/4x, x > 0 is Kantorovich
constant 2.

Proof: By definition of inner product of matrices and
the Cauchy-Schwarz inequality, we have

tr|A*||B*| = (JA*], |B*]) < (JA%|, |A*|)Y/2(|B*|, |B*[)*/>
= ||All¢lIB]lg- an
Note that

|IBII7

2K”2(W)||AI|F||BIIF=||A||§+||B||§. (12)
F

It follows from (11) and (12) that

IB112
2tr |A*||B¥| +2(K1/2 (W —1 | lIAllglIBll
F

< |AIIZ + IBIIZ

which is equivalent to

i+ 24, < {2+ 51

1/2

o (IBIE :

—2|K W —11||Allgl|Bllg—4tr]Al|B| ;. (13)
F

Meanwhile, we also have
1
1/2 ( IBIE )
2K ( llallz
x [IAlIZ + 1Bl + 2tr |A| [B| — 2tr |A] |B[]

= |+

1/2 ||B||§)

2K (MAH%
1

12 ||B||g)

K (nAn%

It follows from (13) and (14) that

Fg{(lﬂﬁ%))

llAl

Al lIBllr =

tr|A||B|. 14

[[1a*] +1B*|

1/2
x(|||A|+|B|||§—2tr|A||B|)} . (15)
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Since tr|A||B| = 0, inequality (15) implies

1/2
1
[llas1+1B| < 1+W [lal+1B| . 6
K1/2
(IIAHZ)
Lemma 3 and (16) complete the proof. a

Remark 2 Let x > 0, s € [0,1/2]. It was pointed
out in Ref. 12 that S(x*) < K*(x). Hence we have

S ( “B“F) < Kl/z (%)
llAlle lAllZ
which implies
1 1

— 21—
Bllg IBIIZ

s () Kuz(mé)

On the other hand, by small calculations, we obtain
1Bl

S(Mﬁ)_l

w%)
S(M@

1+

s(uznu) L
s(B)
((Hih'i) s () (s (i

b )s (i)

= 0.

21

It follows that
1B e
S -1
B (Mm) > 14+ L
S(@E) Kuzoww)
llAl2 llAl2

thus inequality (10) is a refinement of (4).
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