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ABSTRACT: In this paper, we present new types of equalities and inequalities for K-g-frames in Hilbert spaces. Our
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derivable from our results by proper choices of K and A.
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INTRODUCTION

Sun'! introduced a frame, later named the g-frame,
in order to deal with existing frames, such as
frames?, pseudo-frames®, and fusion frames*® as
a united single object. Nowadays, g-frames®® are
widely studied by many authors. We refer the
readers to Refs. 9-11 for more information on g-
frames.

In this paper, we obtain some new equalities and
inequalities for K-g-frames in Hilbert spaces. The K-
g-frame was first introduced by Xiao et al in Ref. 12
to generalize g-frames and K-frames 3. It should be
noted that some properties of K-g-frames are quite
different from those of g-frames and K-frames. For
more details on K-g-frames, the readers can check
Ref. 10.

Although there are a lot of literatures on equali-
ties and inequalities for frames '*'°, fusion frames '®
and g-frames!” '8, we present some new relations
involving a parameter A for K-g-frames, inspired
by the work of Poria'®. Several known results
can be obtained by assigning specific values to A
(see Remark 1, Remark 2, and Remark 3). Note
that the equalities and inequalities for K-g-frames
obtained in this paper contain the bounded linear
operator K and a parameter A, and so are different
from previous ones obtained for g-frames or fusion
frames (e.g., Refs. 14,17,19).

Throughout this paper, we adopt the following
notation:s % and ¥ are Hilbert spaces, with inner
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product (-,-), and norm ||-||; the identity operator of
% is denoted by I,,; L(%, V) denotes the collection
of all linear bounded operators from % to ¥, if
U =¥, then L(%,V) is shortened to L(%). If
K € L(5#), then the range and the kernel of K are
denoted by R(K) and N(K), respectively.

PRELIMINARIES OF K-G-FRAMES

In this section we mainly recall some preliminaries
of K-g-frames in Hilbert spaces.

Definition 1 [Ref. 1] A sequence {A; € L(%, ) :
j €J} is called a g-frame for % with respect to
(w.r.t) {"l/j : j € J}, if there exist two positive
constants A and B such that

AlFIP< D IAFIP<BIFIR, Vfea. (D)

jeJ

A and B are called the lower and the upper frame
bounds of {A; :j €J}. We call {A;:j € J} the
g-Bessel sequence if only the right-hand inequality
of (1) holds. 1f 37, [IA;f || = Allf|I>, A> 0, then
{A; 1 j €J} is called a tight g-frame with frame
bound A.

Definition 2 [Ref. 12] A sequence {A; € L(%,¥}) :
j €J} is called a K-g-frame for % w.r.t. {¥; : j €J},
if there exist A, B > 0 such that

AIKFI2 < IR <BIFI?, Vfew. @

jeJ
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We call A and B the lower and the upper frame
bounds for the K-g-frame {A; : j € J}, respectively.

For a g-Bessel sequence {A; : j €J} in % w.rt.
{#; : j € J}, if there exists A> 0 such that

DIAFIP=AIKfI2, Vfew, @3)

jeJ

then we call {A; : j € J} a tight K-g-frame with
frame bound A.

Assume that {A; € L(%,¥;): j € J} is a g-Bessel
sequence in %. Then the frame operator of {A; : j €
J} is defined as follows.

Stu—>u, Sf=Y NAf, Vfeu. @
jeJ
Let {A; € L(%,¥}) : j € J} be a K-g-frame
for . According to Ref. 12, there exists a g-Bessel
sequence {I; € L(%,¥;) : j €J} in % such that

Kf =) ALf, Vfew. Q)

jeJ
{T;}jes is called a K-dual of {A;};c;. Note that the
roles of {I';};; and {A,};c; are not interchangeable

in general!2. By (4) and the K-dual definition (5),
we can obtain the following interesting result.

Proposition 1 For any g-Bessel sequence {A;};c;
with frame operator S, {A;};c; is an S-dual of
{Aj}jeJ-

Proof: It follows from (4) and (5). O
We also need the following lemmas.

Lemma 1 (Ref. 2) Suppose that 4 and &, are
two Hilbert spaces, and Q € L(4, 76,) has closed
range. Then, there exists a unique bounded operator
Qt : 56, — 5, called the pseudo-inverse operator of

Q, satisfying
N(Q")=R@Q)"*, RQ")=N@Q*,
QQ* = Prq)s QQ= Prqt)-

Lemma 2 (Ref. 19) Suppose that BQ € L(%) sat-
isfy P+Q = 1,,. Then, for any A €[0,1], we have

(6)

PP+ AQ* +Q) = Q*Q+(1—A)(P*+P)+(2A—1)I,,
> (1—(A—1)2),,. @)

Lemma 3 Suppose that P,Q € L(%) satisfy P+Q =
I,,. Then for any A we have

P'P+AP+Q* =Q*Q—(1+A)Q+ A+ 1),. (8)
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Proof: For any A, we have
P*P+AP+Q" = (14— Q) (I4— Q) +A(I4,— Q) + Q"
=Q'Q—(1+2)Q+(A+1)I,.
O

Lemma 4 Suppose that BQ € L(%) and P+Q = M.
Then we have

PP+ M*M =Q*Q+M*P +P*M.
Proof: The result follows from

Q*Q+ M*P+P*M = (M—P)*(M—P) + M*P+P*M
= P*P+ M*M.

EQUALITIES AND INEQUALITIES OF
K-G-FRAMES

For a pair of K-dual {A;}c; and {T}};e;, if R(K) is
closed, we can obtain the following equalities and
inequalities with K* and a parameter A.

Theorem 1 Let {A;};c; be a K-g-frame for % w.r.t

{#; :j €J}. Let {T}}e; be a g-Bessel sequence in %

w.r.t{¥;:j €J} and be a K-dual of {A;}je;. If R(K)

is closed, then we obtain:

(i) For any f € R(K),{a;}je; € [*°(J), and A €
[0,1],

|| D> aNTK f
jeJ

= H;u—aj)/\jmﬁf

)2 +2ARe Y (1—a))(TK*f, A f)
jeJ

|2

+2(1—A)Re > a (LK F,Aif) +(2A—DIf |1

jeJ
>1-A=DAIFIP.

(i) For any f € R(K),{a;}je; €17°(J), A €R, and
Ae[-1,3],

H D @MLK f )2 +A > a;(LK £, A f)
jeJ jeJ
+Z(1 —a;)(A;f,TiK"f)
jeJ

‘2

= szejjﬂ—aj)/\;frjlﬁf

—(1+2) > (A= a)({TK*f, Af)

jeJ

+(A+DIFIP. (10)
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Furthermore, we obtain

H D aNTKf ‘2 +ARe Y a;([K*f,Af)
jeJ jeJ
+Re > (1—a)(A;f,T;K* f)
jeJ

>(1—zA=1DAIfI? or

2_ %A)H > (1—a)NTKf
jeJ

|2

Proof: For any f € % and {a;};c; € [*°(J), define
Li,Ly: % — % as follows.

Lif =Y qNTf, Lf =Y (1—a)NTf.

jeJ jeJ

We now show that L; and L, are well defined. For
any f € % and any finite subset I C J, we have

”Zaj/\jrjf” = sup <Zaj/\;frjf,g>‘
jel g€ lgl=1" "1
= s |[Danfa)

gEU |gll=1 jel

< sup lalleo YIS NIAg]

g€ |lgll=1 jel

<lallo suwp (SUTAIR) " (SIAsel2)”

gE{'Z/,”g”:l jeI jeI

1/2
<lladlo sup  VBlgll( DITFI?)
g lgll=1

jel

= VBllalloo( DT 12)",

J€EI

where B is the Bessel bound of {A;};c;. As {T}};e; is
a g-Bessel sequence in % and I is an arbitrary finite
subset of J, L; is well defined on %. Similarly we
can also show that L, is well defined on %.
As {T}};c; is a K-dual of {A};c;, we have
Ll + L2 = K. (1 1)
Also, as R(K) is closed, from Lemma 1 and (11), we
have

LK™ + LK™ =KK* = Ppgy. (12)
It follows that
LK™ |raey +LoK ™ |ray= Iroy- (13)
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For (i), from Lemma 2 and (13), we obtain

(L1K™ |raey) (LK Try)
+ )v[(LzKJr lra))" + L,K* rx) ]
= (LoK" [raey)) (LaK ™ |reiey)
+ (1= )[(L1K" [rgo)* + LK |agey ]
+(2A— 1)IR(K)
> (1—(A— 1))

And for any f € R(K), we have
((LiK" [rey)) (LK™ [re))S> )
+ A{((LoK™ [rey))* + LoK ™ |ra)) S5 f)

=LK P+ Af, LK )+ A{LK* f, f)
=|IL,K*fII* +2ARe(L, K" f, f)

2
jeJ

+ ZAReZ(l —a;)(GKTf,A;f), (4

jeJ

and

(LK™ [re)) (LK™ |ree))f> )
+ (1= ALK |rey)* + LiK™ [re))f> f)
+ QA= {Irarf, f)
= ILK*fII? + 2(1=A)Re(L, K f, f) + (2A-D)If II?

_ ||JZ€J:(1—aj)A;TFjK+f (2

+2(1—)Re Y _a;(TK*f, A f) + A DIf |12
jeJ
’ (15)

Combining with (14) and (15), we know that (9)
holds. For (ii), from (13) and Lemma 3, we have
for any A,

(L1K gy (L1 K |rae) F AL K [rge)+H(LoK F rey)*
= (LoK™ |rey)) (LK™ |reiey)

—(Q+A)(LoK™ [raey) + (A + Dy, (16)

Hence for any f € R(K), we have

LK F P+ ALy K)S, )+ (LK) f)
= ILLKFIP=(1+2)((LK S, £) + A+ DIIFIP.
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It follows that (10) holds. Furthermore, we obtain

|| D aNTKf ’2 +ARe Y a;(TK*f, Af)
jeJ jeJ
+Re > (1—a;)(A;f,T;K* )
jeJ

= |ILK* £ + ARe{(L,K*)f, ) +Re((LoK*)'f, £)
= I(LoK)F IP—(1+A) Re((LK)f, £)+A+DIIf 1P
= (LK )f — 2 112+ (A+1- 2228 ) £

>(1-3A=DAIFIP. 17)

From (17) we also obtain

H D @MLK f )2 +ARe Y a;(TK*f, Af)
jeJ jeJ
+Re > (1—a){A;f,T;K* f)
jeJ

= (LK )f IP=(1+A) Re((LKH)f, £)+(A+ DI P
= (L+)(If II> =Re{(LoK)f, £)) + I(LK)F 1P
= (L4 f =3 LK FIP=3 (LK DFIP)
+[I(LK S|P
= (1+If = 3LKHFIP + G = 3MDNLKDF I
> (33 MK

a

Remark 1 In Theorem 1, if we take K = I,,, and
let {A;};c; be a tight g-frame for % with frame
bound A. Then the canonical dual {T}};c; has the
form {(1/A)A;}je; as T; = A;S™' = (1/A)A;. Then,
we can obtain Theorem 2.2 in Ref. 17 from (ii) in
Theorem 1, by taking A = —1.

Corollary 1 Let {A;}c; be a g-Bessel sequence in %

w.rt {¥; : j € J}, with frame operator S. If R(S) is

closed, we obtain:

(i) For any f € R(S), {aj}je; € [°(J), and A €
[0,1],

|2 +22 ReZ(l —a;)(A;STf, A f)

jeJ

H D aAASTf
jeJ

_ )‘Z(l—aj)A;fAjS+f

jeJ

2

+2(1-1) Rez a; (A ST f, A f ) +H2A-DIIfFIIP

jeJ

> (1—-A—DIIFIP

383

(i) For any f € R(S), {a;};c; €1°°(J), A €R, and
Ae[—-1,3],

H D aNASTf ‘2 +A > a;(AST, A )
jeJ jeJ
+ D (1—a)(Af, A7)
jeJ

|2

_ ”Z(1—aj)AjAjS+f
jer

—(1+2) Y A=) A8 £, AF) + A+ D)2,

jeJ
and
2
|| D> a NSt ) +ARe > a;(A;S*F,Af)
JjeJ jeJ
+Re Y (1—&)(A;f, A;S*f)
jeJ

>(1-3A=DAIFI? or

- %A)H > —a NS f

‘2
jeJ

Proof: From Proposition 1, we know that {A;};; is
an S-dual of {A;};c;, where S is the frame operator
of {A;};c;. Hence we can obtain the results from
Theorem 1. O
If we take A =1/2 in (i) or A = 0 in (ii) in
Theorem 1, we obtain the following corollary.

Corollary 2 Let {A;}c; be a K-g-frame for U w.r.t
{¥;:j€J}. Let {T}};c; be a g-Bessel sequence in %
w.r.t.{¥;:j €J}, and be a K-dual of {A;};c;. If R(K)
is closed, then for any f € R(K) and {a;};c; €1*°(J),
we have

‘2

2
>

> (A—a) (A f, LK) + H > 4 NT;K* f
jeJ

jeJ

YA+ Y a-apanees|L as)
jeJ

jeJ

:

= 2fI5 (19)

Re > (1- &) (A, [iK"F) + || > aATK* f
jel

jeJ

Re D (1-a)(TK"f, M) + 3| D oaATK S

|2
jeJ jeJ

=0. (20)
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Proof: (19) is trivial. If we take A = 0 in (ii) in
Theorem 1, then from (10) and (13), we have for
any f € R(K),

2
||ZajA;fFjK+f) + > (1—a){Af,T;K*f)
jeJ jeJ
2
_ HZu_aj)Ajerf |
jeJ
=D (A=a) (LK £, Af) +IIf I
jeJ
2
= | 2 A =aALK f | (LK f, )+ If P
jeJ
2
= D —a)NTK F|[ —(LoK* ry £, ) + 112
jeJ
2
= | 22 =aDATK* f || +(Urgoy=L2K* ro))f> f)
jeJ
2
=D QA= a)NTKFF|| +{LKT lrey £ )
jeJ
2
= | DA —a)NTK*F|[ +D ay{TiK*f,Af).
jeJ jeJ

Hence (18) holds. For (20), from (13) we have for
any f € R(K),

:

Re Y (1—a;)(TiK*f, A;f) + ” > a;NSTK" f
jeJ

jeJ
=Re(L,K" lraey > f) + L, K* £
= |LiK* fI* =Re(LiK ™" |xaey £- f) +IIf 1P
= ||ILK* FII> —Re(L,K* f, f) +[IfII?
= If =LK FIP + SIL K £

2
> 2L K% = g” ZajA}‘FjKJ'f ’ .
jeJ

Hence (20) holds. O

Remark 2 In Corollary 2, if we let K = I,,, we
conclude that {A;};c; is a g-frame for %, with an
alternate dual g-frame {T}};c;. Furthermore, if we
take A;f = w;my f, Vj € J, where {#;}ic is a
sequence of closed subspaces in % and {w;};¢; is
a family of positive weights, then it follows that
{(#;,w;)};c; is a fusion frame for . We now obtain
Theorem 4.2 in Ref. 16 from (18) in Corollary 2.

If we take {a;};c; in some particular case, then
from Theorem 1 we obtain the following result.
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Corollary 3 Let {A;};c; be a K-g-frame for % w.r.t
{#; :j €J}. Let {T}};c; be a g-Bessel sequence in %
w.rt{¥;:j €J}, and be a K-dual of {A;};c;. If R(K)
is closed, then:

(i) Forany f €eR(K), I cJ,and A €[0,1],

|| > NTKf |2 +2ARe > (TK*f,Af)
jEI¢ JjeI
= HZA;T].KV |2+2(1—7L)ReZ(FjK+f, Af)
jel jere
+A=DIIfII?

> (1—-A—-DAIFI
(ii) Forany f eR(K), AeR,and A€[-1,3],I1CJ,

| ZA?I}K*f |2+AZ(1}K+f, Ajf)+Z<Ajf’ T,K*f)
JEI* JEI© jel
2
o P
je
— 1+ ) DUTKF A + A+ DIFI
jeI

Furthermore, we obtain

+ o2 +
HZAJ*.FJK f‘ +ARe > (LK*F,Af)
JEI© JEI®

+Re > (A, f,T;K* f)
J€EI

|2

> (1-L0-DIf 1P or G—32)| YA s
jel

Proof: For any subset I C J, if we take {a;};c; in
Theorem 1 as

0, jeI, o
a .=
J 1, jel
then the results follow from Theorem 1. O

Remark 3 In Corollary 3, if we take K = Iy, T} =
Aj, Vj€J,and A =1/2in (i), or A = —1 in (ii),
then we obtain Theorem 3.2 in Ref. 19 for the case
of Parseval g-frames. Furthermore, if we take A =
1/2 in (i), or A = 0 in (ii), we obtain the version
of Parseval g-frames inequality for Corollary 3.3 in
Ref. 19. Also, if we take K = I, A;f = (f, fi)e;,
Vj € J, where {e;},c; is an orthonormal basis for
 , then {A;},c; being an I,,-g-frame for % implies
that {f;};; is a frame for %. Now letting A = 1/2
in (i), and A = —1 in (ii), we respectively obtain
Theorem 3.2 in Ref. 14 and Theorem 2.2 in Ref. 15
from Corollary 3.
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Now we present a parallel result to Theorem 1
in which the elements are restricted to R(K™).

Theorem 2 Let {A;};c; be a K-g-frame for % w.r.t
{¥; 1 j€J}. Let {T}}c; be a g-Bessel sequence in %
w.rt{¥;:j €J}, and be a K-dual of {A;};c;. If R(K)
is closed, then we have:

(i) For f €R(K™), {a;};e; €1°°(J), and A €0, 1],

Hza K+A*FfH +2)kReZ(1 a))(T;f, A (KT f)

jeJ ]EJ

- || Z(1-aj)K+Aj.rjf
jeJ

+2(1-M) R a;(Tif, A (K*) f)+(2A—D)|If|I?

jeJ
> (1—-A—=-DIFI. (22)

(ii) Forany f € R(K*), {a;};e; €1°(J), A €ER, and
Ae[-1,3],

”Z K*A*er + 2> a;(Tf, A (K f)

jeJ jeJ

+ D (=) (A K F.Tf)

jeJ

HZ(1 a )K+A’f1“jf”2

jeJ

—(1+X)Z(1—aj)<1}f, AR F+A+DIIf I

jeJ

Furthermore, we obtain

HZaKU\*r ‘+AReZaj(T‘J~f,A<(K+)*f)
jeJ jeJ
+Re > (1—-a)(A(K*)f,T;f)
jel

>(1—zA=12IfI* or
2
———A)HZ(l—a JKA'T fH .
jeJ
Proof: Let L; and L, be defined as in Theorem 1.
Combining with Lemma 1 and (11), we have
KL +K"Ly =K'K = Pp(g+).
It follows that

K*Ly |rgery VK Ly [riery= Trgen- (23)

Then, by the same method as in Theorem 1, we can
show that (i) and (ii) hold. a

From Theorem 2 we also obtain several corol-
laries as follows.
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Corollary 4 Let {A;};c; be a g-Bessel sequence in %
w.r.t {¥; : j € J} with frame operator S. If R(S) is
closed, then we have:

(i) For f €R(SY), {a;}je; €1°°(J), and A €[0,1],

H Zajsw\;f A, fusze S a0 A )
je jes

_ ||Z(1 a; )s*zx;fAijZ

jeJ
+2(1-2) ReZaj(Ajf, A (ST f)+@A=DIfI
jedJ
> (1-A-DAIFIP

(ii) For any f €R(S"), {a;};e; €1°°(J), A€R, and
Ae[-1,3],

HZa»SJ“A*AfH +A D a;(Af, A (ST

jeJ jeJ

+ > (=) (A (STYF, A f )

jeJ

| S-ers |

jeJ

—(1+/1)Z(1—aj)(/\jf, AT F)+A+DIFIP,

jeJ
and
HZa S+A*AfH +ARe > a;(A;f, A (ST)F)
jeJ jeJ

+Re > (1—-a)(A;(S*)F, Asf)

jeJ
>(1—;A=12fI* or
2
———A)”Z(l a;)S*A jf‘ .
Proof: The results follow from Proposition 1 and
Theorem 2. m|

Corollary 5 Let {A;};c; be a K-g-frame for % w.r.t
{¥;:j€J} Let {T;};c; be a g-Bessel sequence in
U wrt{¥;:j €J}, and be a K-dual of {A;};c;. If
R(K) is closed, then for any f € R(K™) and {a;}jes €
[°(J), we have

> - a) (T f A KDY f) + ||Z KA f
jeJ

= 2 a LT +|

jeJ

jeJ
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ReY (1-a) (I f, A f) + | Ya ke aimys |
jeJ

jeJ

3
> ZF 1%,

ReZ(l—aj)(ij,A'(K+)*f)+% ZaiK+A;ijH2>O'

jeJ jeJ

Proof: The proof is similar to that of Corollary 2, so
we omit it. a

Corollary 6 Let {A;};c; be a K-g-frame for % w.r.t
{¥; 1 j€J}. Let {T}};c; be a g-Bessel sequence in %
w.r.t.{¥]:j €J}, and be a K-dual of {A;};e;. If R(K)
is closed, then we have:

(i) Forany f eR(K*),I cJ,and A €[0,1],

| S|+ 22re Xim s 00)
jele .

S
+ 2
_ E *
JeI

+2(1—A)Re D (T f, Aj(K*)'f) + (22— D)|If |2

JEI©

> (1—-(A—-1DAIFI
(ii) Forany f eR(K*), A€R, and A €[—1,3],

(24)

DYSTEENIRNISF

JEI© JEI©
+ D (A KL Tf)
J€EI
2
S
JjE
—(@+ ) D {LL A EYF) + A+ DIFI,
JjeI
and

| Sreams | + e sa )

JEI® JEI®

+Re > (A(K*)f,Tif)

jeI
1 2 2 3.1 2
> (1=30-DAIFIR or G- Dok amf
jel
Proof: It follows from Theorem 2 if we take {a;};c,
as defined in (21). O

Remark 4 Note that if we take K =I5, then Theo-
rem 1 and Theorem 2 are the same, and according
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to Remark 1, Remark 2, and Remark 3 we know
from Theorem 2 that many known equalities and
inequalities in Refs. 14-17, 19 can also be obtained.

Lastly, we provide some new equalities for a K-
dual palr{AJ}]eJ and {F]}]EJ

Theorem 3 Let {A;};c; be a K-g-frame for % w.r.t
{¥;:jeJ}. Let {T}};c; be a g-Bessel sequence in %
w.rt{¥; : j €J}, and be a K-dual of {A;}c;. Then
for any f € U and {a;};c; € 1*°(J), we obtain

|2+2Re2aj(rjf,Aij)

jeJ

H ZJEJ (1—a)ATf
N HzafA}TffHZJrllellz. (25)
jeJ

Proof: Let L, and L, be defined as in Theorem 1. As
{T}}jes is aK-dual of {A}};;, (11) holds. Regarding
L, and L, as P and Q, respectively, in Lemma 4, for
any f € %, now we have

(LTLlf’f> + <K*Kf’f>

= (L;L2f>f> + (K*Llf’f> + <LTKf;f>’
that is
WL f I+ IKFIP = ILof I+ Ly f, K ) + (KF, Lo f).

Then we have

| Zenins [ esie
_ ||;(1—aj)A;rjf |2+j§aj<r‘jf’ AKSF)
+ 2 G(NKETF). (26)
Now, (25) follows from (26])6 J 5

From different aspects of Theorem 3, we can
obtain the following four corollaries.

Corollary 7 Let {A;};c; be a g-Bessel sequence in %
w.r.t {¥; : j €J}, with frame operator S. Then for any
f €% and {a;};c; € 1°°(J), we obtain

H Z(l —a)AAf |2 +2ReZaj(Ajf,Aj5f)
jeJ jeJ
= |Zamas| +issie
jeJ

Proof: For any g-Bessel sequence {A;}c; with frame
operator S, {A;};c; is an S-dual of {A;},c;. Hence
the result follows from Theorem 3. O
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Corollary 8 Let {A;};c; be a K-g-frame for % w.r.t
{¥;:j€J}. Let {Tj};c; be a g-Bessel sequence in %
w.rt{¥; : j €J}, and be a K-dual of {A;};c;. Then
for any f € % and any subset I C J, we obtain

” ZI:AjlﬂffHZ +2Rez(rjf:Aij)
je

JEI®
= 2a5ms

jEI¢

2
AL

Proof: The result follows by taking {a;};c; as in
(21). O

Corollary 9 Let {A;};c; be a K-g-frame for % w.r.t
{¥;:j €J}. Let {Tj};e; be a g-Bessel sequence in %
w.r.t.{¥;:j €J}, and be a K-dual of {A;};e;. If R(K)
is closed, then for any f € R(K) and {a;};c; €1*°(J),
we obtain

2
H D> (1—a)NTK*f ) +2Re > a;(TK*f, A f)
jeJ jeJ

+IFIP.

|2

_ H > N TK
jeJ

Proof: The proof is similar to that of Theorem 1, so
we omit it. O

Corollary 10 Let {A;};c; be a K-g-frame for % w.r.t
{¥; :j€J} Let {T;};c; be a g-Bessel sequence in
U w.rt{¥;:j€J}, and be a K-dual of {A;}e;. If
R(K) is closed, then for any f € R(K") and {a;};¢; €
[°°(J), we obtain

)2+2Rezaj<rjf, ALK F)

jeJ

||Z(1—aj)K+A;rjf
jeJ

= H Zaij;frijZ +IIf 1%

jeJ
Proof: The proof is similar to that of Theorem 2, so

we omit it. O
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