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ABSTRACT: In this study, we consider the generalized neutral Emden-Fowler equation with damping and distributed
delay

�

r(t)|z′(t)|α−1z′(t)
�′
+ c(t)|z′(t)|α−1z′(t)+

∫ b

a

q(t,ξ)|x(g(t,ξ))|β−1 x(g(t,ξ))dξ= 0,

where z(t) = x(t) + p(t)x(τ(t)), α,β > 0. By using averaging technique and some analytical skills, we obtain the
sufficient conditions to ensure the oscillation for the above equation. Our results improve and generalize some existing
results. Finally, two examples are given to show the feasibility of our results.

KEYWORDS: oscillation, damping, distributed delay, Emden-Fowler equation
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INTRODUCTION

Since Emden-Fowler equations with generalized
forms1–4 have many applications in various fields
of nuclear physics, astrophysics and economics,
there is constant interest in obtaining new suffi-
cient conditions for oscillation of solutions of these
equations5–7. For more details of oscillation of
delay differential equations8–10, neutral differential
equations11–14 and dynamic equations15–18, see the
mentioned references.

In Ref. 19, Baculíková and Džurina studied the
oscillation of the second-order neutral differential
equation of the form

�

a(t)[z′(t)]α
�′
+ q(t)xβ (σ(t)) = 0, (1)

where z(t) = x(t)+ p(t)x(τ(t)), α,β > 0.
In Ref. 20, Liu et al considered the generalized

Emden-Fowler equation
�

r(t)|z′(t)|α−1z′(t)
�′
+q(t)|x(σ(t))|β−1 x(σ(t)) = 0,

(2)
where t ¾ t0, z(t) = x(t)+p(t)x(τ(t)). By using av-
eraging technique and Riccati transformation, they
obtained some oscillation criteria for α¾ β > 0.

Subsequently, by using the similar method,
Zeng et al21 obtained the oscillation for (2) with
α ¾ β > 0 or 0 < α ¶ β . Further, by using the

generalized Riccati inequality, Wu et al22 studied the
oscillation of (2) for α,β > 0.

In recent years, the oscillation of differential
equations with damping or distributed delay has
been studied by many authors. For example, Bohner
et al23 studied the oscillation of the second-order
damped nonlinear delay differential equations of
Emden-Fowler type

�

a(t)x ′(t)
�′
+ p(t)x ′(t)+

q(t)|x(g(t))|λ sgn x(g(t)) = 0, t ∈ [t0,∞). (3)

Zeng et al24 studied the oscillation of general-
ized neutral delay differential equations of Emden-
Fowler type with damping

�

r(t)|z′(t)|α−1z′(t)
�′
+ c(t)|z′(t)|α−1z′(t)

+ q(t)|x(σ(t))|β−1 x(σ(t)) = 0, t ¾ t0. (4)

By using integral inequality technique and Riccati
transformation, they obtained some oscillation cri-
teria for the case α¾ β > 0 or β ¾ α > 0.

Qin et al25 studied the second-order differential
equation with distributed deviating arguments and
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a damping term

r(x)ψ(y(x)) [y(x)+ c(x)y(d(x))]′

+

∫ β

α

a(x ,θ ) f (y(b(x ,θ )))dθ = 0, (5)

and established some oscillation criteria of this
equation.

In this study, motivated by the above work,
by using averaging technique and some analytical
skills, we obtain the sufficient conditions to ensure
the oscillation for the following generalized Emden-
Fowler equation with damping and distributed delay

�

r(t)|z′(t)|α−1z′(t)
�′
+ c(t)|z′(t)|α−1z′(t)

+

∫ b

a

q(t,ξ)|x(g(t,ξ))|β−1 x(g(t,ξ))dξ= 0, (6)

where t ¾ t0, z(t) = x(t)+ p(t)x(τ(t)).
In the sequel, we always make the following

assumptions for (6).

(H1) a, b,α > 0, β > 0 are all constants. In
addition, b > a, p ∈ C([t0,∞), [0,1)), c ∈
C([t0,∞), [0,∞)), r ∈ C1([t0,∞), (0,∞)),
r ′(t)¾ 0 for t ∈ [t0,∞);

(H2) τ ∈ C1([t0,∞), R), q, g ∈ C([t0,∞) ×
[a, b], [0,∞)), q(t,ξ) 6≡ 0, lim

t→∞
g(t,ξ) =∞

uniformly holds on ξ ∈ [a, b], 0 ¶ τ(t) ¶ t,
lim

t→∞
τ(t) = ∞; g(t,ξ) ¶ t, gt(t,ξ) > 0,

gξ(t,ξ)¾ 0 for ξ ∈ [a, b], t ∈ [t0,∞);

(H3) lim
t→∞

R(t) =∞, where

R(t) =

∫ t

t0

�

r(η)e
∫ η

t0

c(s)
r(s) ds

�−1/α
dη;

(H4) There exists ρ ∈ C1([t0,∞), (0,∞)) such that
ρ′(t)¾ 0 and for any m ∈ (0, 1],

∫ ∞

t0

�

ρ(t)Q(t)−
r(t)[ρ′(t)]λ+1 e

∫ t
t0

c(s)
r(s) ds

(λ+1)λ+1[mρ(t)gt(t, a)]λ
�

dt =∞,

where λ=min{α,β},

Q(t) = e
∫ t

t0

c(s)
r(s) ds

∫ b

a

q(t,ξ) [1− p(g(t,ξ))]β dξ;

(H5) Π(t)<∞ for t ∈ [t0,∞), where

Π(t) =

∫ ∞

t

�

r(η)e
∫ η

t0

c(s)
r(s) ds

�−1/α
dη.

MAIN RESULTS

It is clear that (6) is equivalent to the following
equation

h

e
∫ t

t0

c(s)
r(s) ds r(t)|z′(t)|α−1z′(t)

i′
+ e

∫ t
t0

c(s)
r(s) ds

×
∫ b

a

q(t,ξ)|x(g(t,ξ))|β−1 x(g(t,ξ))dξ= 0, (7)

where t ¾ t0. Therefore, the oscillation of (6) is
equivalent to that of (7). In order to prove the main
results, we need the following lemmas.

Lemma 1 Let θ , A, B be constants, θ > 0, A ¾ 0,
B > 0. Then, for any u> 0,

Au− Bu(θ+1)/θ ¶
θ θ

(θ +1)θ+1

Aθ+1

Bθ
.

The proof of Lemma 1 is easy. So we omit it here.

Lemma 2 Suppose that (H1), (H2), and (H5) hold.
Let x(t) be an eventually positive solution for (7). In
addition, z′(t) is eventually negative. Then there exist
T > t0 and L > 0 such that

0< w1(t)Π
µ(t)¶ L, t ∈ [T,∞),

where µ=max{α,β},

w1(t) = e
∫ t

t0

c(s)
r(s) ds r(t)(−z′(t))α/zβ (t).

Proof : From (H1), z(t) is eventually positive. Fur-
ther, by using (7) and (H2), there exists T > t0 such
that
h

e
∫ t

t0

c(s)
r(s) ds r(t)(−z′(t))α

i′
¾ 0, t ∈ [T,∞). (8)

Hence, for any v > t > T , we have

−z′(v)
h

e
∫ v

t0

c(s)
r(s) ds r(v)

i1/α
¾−z′(t)

h

e
∫ t

t0

c(s)
r(s) ds r(t)

i1/α
,

which yields

−z′(v)¾−z′(t)
h

e
∫ v

t0

c(s)
r(s) ds r(v)

i−1/αh

e
∫ t

t0

c(s)
r(s) ds r(t)

i1/α
.

Further, for any u> t > T , we have

z(t)¾ z(t)− z(u)¾
h

e
∫ t

t0

c(s)
r(s) ds r(t)

i1/α

× (−z′(t))

∫ u

t

h

e
∫ v

t0

c(s)
r(s) ds r(v)

i−1/α
dv. (9)
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Letting u→∞ in (9) yields

z(t)¾
h

e
∫ t

t0

c(s)
r(s) ds r(t)

i1/α
(−z′(t))Π(t), t ∈ [T,∞).

Further,

zα(t)¾ r(t)e
∫ t

t0

c(s)
r(s) ds(−z′(t))αΠα(t),

zβ (t)¾
h

e
∫ t

t0

c(s)
r(s) ds r(t)

iβ/α

(−z′(t))βΠβ (t).

If α¾ β , then µ= α and

w1(t)Π
µ(t) = w1(t)Π

α(t)

¶
e
∫ t

t0

c(s)
r(s) ds r(t)(−z′(t))α

zβ (t)
zα(t)

e
∫ t

t0

c(s)
r(s) ds r(t)(−z′(t))α

= zα−β (t).

Note that z(t) > 0 and z′(t) < 0. There exists a
constant L1 > 0 such that

0< w1(t)Π
µ(t)¶ zα−β (t)¶ L1, t ∈ [T,∞).

If α < β , then µ= β . Therefore, for t ∈ [T,∞),

w1(t)Π
µ(t) = w1(t)Π

β (t)

¶
e
∫ t

t0

c(s)
r(s) ds r(t)(−z′(t))α

zβ (t)
zβ (t)

h

e
∫ t

t0

c(s)
r(s) ds r(t)

i

β
α

(−z′(t))β

=
h

e
∫ t

t0

c(s)
r(s) ds r(t)(−z′(t))α

i

α−β
α

.

From (8), there exists a constant L2 > 0 such that

0< w1(t)Π
µ(t)¶ L2, t ∈ [T,∞).

Denote L =max{L1, L2}. Hence, for any t ∈ [T,∞),

0< w1(t)Π
µ(t)¶ L.

This completes the proof of Lemma 2. 2

Theorem 1 Assume that (H1)–(H4) hold. Then (6)
is oscillatory.

Proof : Suppose that (7) has a nonoscillatory solu-
tion x(t). Without loss of generality, we assume
that x(t) is an eventually positive solution for (7).
Hence, there exists T0 > t0 such that x(t) > 0 for
t ¾ T0. If x(t) is eventually negative, the proof is
similar.

From (H2) and (7), there exists T1 ¾ T0 such
that τ(t) ¾ T0 and g(t,ξ) ¾ T0 for any t ¾ T1 and

ξ ∈ [a, b]. This, together with (H1) and (7), implies
that for t ¾ T1,

x(g(t,ξ))> 0, x(τ(t))> 0, z(t)¾ x(t)> 0,
h

e
∫ t

t0

c(s)
r(s) ds r(t)|z′(t)|α−1z′(t)

i′
¶ 0. (10)

Further, from (10), it is easy to see that z′(t) is even-
tually nonnegative or eventually negative. Suppose
that z′(t) is eventually negative. That is, there exists
T2 ¾ T1 such that z′(t)< 0 for any t ¾ T2. It follows
from (10) that

h

−e
∫ t

t0

c(s)
r(s) ds r(t)(−z′(t))α

i′
¶ 0, t ¾ T2.

Denote K = r(T2)(−z′(T2))α e
∫ T2

t0

c(s)
r(s) ds

> 0. Hence,

−e
∫ t

t0

c(s)
r(s) ds r(t)(−z′(t))α ¶ −K , t ¾ T2.

This yields

−z′(t)¾ K1/α
h

r(t)e
∫ t

t0

c(s)
r(s) ds

i−1/α
, t ¾ T2.

Integrating this inequality from T2 to t, we obtain

z(t)¶ z(T2)− K1/α[R(t)−R(T2)], t ¾ T2.

It follows from (H3) that lim
t→∞

z(t) = −∞. This

contradicts (10). Therefore z′(t) is eventually non-
negative. That is, there exists T3 ¾ T2 such that
z′(t)¾ 0 and z′(g(t,ξ))¾ 0 for any t ¾ T3. Further,
(7) yields

h

e
∫ t

t0

c(s)
r(s) ds r(t)(z′(t))α

i′
+ e

∫ t
t0

c(s)
r(s) ds

×
∫ b

a

q(t,ξ)xβ (g(t,ξ))dξ= 0, t ¾ T3. (11)

From (10), for t ¾ T3, we have

h

e
∫ t

t0

c(s)
r(s) ds r(t)(z′(t))α

i′

= e
∫ t

t0

c(s)
r(s) ds

�

c(t)(z′(t))α+ r ′(t)(z′(t))α

+ r(t)α(z′(t))α−1z′′(t)
�

¶ 0,

which, together with (H1) and (10), yields

z′′(t)¶ 0, t ¾ T3. (12)

Hence, there exists T4 ¾ T3 such that

z′(t)> 0, t ¾ T4; or z′(t)≡ 0, t ¾ T4.
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In fact, if z′(t) ≡ 0 for t ¾ T4, then it follows from
(7) that q(t,ξ) ≡ 0 for t ¾ T4 and ξ ∈ [a, b]. This
contradicts (H2). Hence

z′(t)> 0, t ¾ T4.

It follows from z(t)¾ x(t) that

x(t) = z(t)− p(t)x(τ(t))¾ z(t)− p(t)z(τ(t))
¾ [1− p(t)]z(t), t ¾ T4.

Therefore

xβ (t)¾ [1− p(t)]βzβ (t), t ¾ T4.

From (H1) and (H2), there exists T5 ¾ T4 such that

xβ (g(t,ξ))¾ [1− p(g(t,ξ))]βzβ (g(t,ξ)),
t ¾ T5, ξ ∈ [a, b].

From (H2), for t ¾ T5,

∫ b

a

q(t,ξ)xβ (g(t,ξ))dξ

¾
∫ b

a

q(t,ξ)[1− p(g(t,ξ))]βzβ (g(t,ξ))dξ

¾ zβ (g(t, a))

∫ b

a

q(t,ξ)[1− p(g(t,ξ))]β dξ. (13)

It follows from (11) and (13) that for t ¾ T5,

h

e
∫ t

t0

c(s)
r(s) ds r(t)(z′(t))α

i′
+ e

∫ t
t0

c(s)
r(s) ds

× zβ (g(t, a))

∫ b

a

q(t,ξ)[1− p(g(t,ξ))]β dξ¶ 0.

Hence,
h

e
∫ t

t0

c(s)
r(s) ds r(t)(z′(t))α

i′

zβ (g(t, a))
¶ −Q(t), t ¾ T5. (14)

Denote

w(t) = ρ(t)
e
∫ t

t0

c(s)
r(s) ds r(t)(z′(t))α

zβ (g(t, a))
¾ 0, t ¾ T5. (15)

Further,

w
α+1
α (t)

=
e
∫ t

t0

c(s)
r(s) ds
ρ(t)r(t)

h

e
∫ t

t0

c(s)
r(s) ds
ρ(t)r(t)

i
1
α

(z′(t))α+1

z
β(α+1)
α (g(t, a))

,

t ¾ T5, (16)

and

w
β+1
β (t)

=
e
∫ t

t0

c(s)
r(s) ds

ρ(t)r(t)
h

e
∫ t

t0

c(s)
r(s) ds
ρ(t)r(t)

i
1
β

(z′(t))
α(β+1)
β

zβ+1(g(t, a))
,

t ¾ T5. (17)

In addition, for t ¾ T5,

w′(t)=
ρ′(t)
ρ(t)

w(t)+ρ(t)

h

e
∫ t

t0

c(s)
r(s) ds r(t)(z′(t))α

i′

zβ (g(t, a))

−ρ(t)
βe

∫ t
t0

c(s)
r(s) dsr(t)[z′(t)]αz′(g(t, a))gt(t, a)

zβ+1(g(t, a))
. (18)

If α= β , then it follows from (H2), (12), (14), (16),
and (18) that for t ¾ T5,

w′(t)=
ρ′(t)
ρ(t)

w(t)+ρ(t)

h

e
∫ t

t0

c(s)
r(s) ds r(t)(z′(t))α

i′

zβ (g(t, a))

−ρ(t)
αe

∫ t
t0

c(s)
r(s) ds r(t)[z′(t)]αz′(g(t, a))gt(t, a)

zα+1(g(t, a))

¶
ρ′(t)
ρ(t)

w(t)−ρ(t)Q(t)

−w
α+1
α (t)

αz′(g(t, a))gt(t, a)
h

e
∫ t

t0

c(s)
r(s) ds

ρ(t)r(t)
i

1
α

z′(t)

¶
ρ′(t)
ρ(t)

w(t)−ρ(t)Q(t)

−w
α+1
α (t)

αgt(t, a)
h

e
∫ t

t0

c(s)
r(s) ds

ρ(t)r(t)
i

1
α

. (19)

If α < β , then it follows from (16) and (18) that for
t ¾ T5,

w′(t) =
ρ′(t)
ρ(t)

w(t)+ρ(t)

h

e
∫ t

t0

c(s)
r(s) ds r(t)(z′(t))α

i′

zβ (g(t, a))

−w
α+1
α (t)

βz′(g(t, a))gt(t, a)[z(g(t, a))]
β−α
α

h

e
∫ t

t0

c(s)
r(s) ds

ρ(t)r(t)
i

1
α

z′(t)

. (20)

Note that z′(t)> 0 for t ¾ T4. From (H2), we have

[z(g(t, a))]
β−α
α ¾ [z(g(T5, a))]

β−α
α =m1, t ¾ T5. (21)
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Obviously, m1 > 0. From (12), (14), (20), and (21),
it follows that for t ¾ T5,

w′(t)¶
ρ′(t)
ρ(t)

w(t)−ρ(t)Q(t)

−w
α+1
α (t)

βz′(g(t, a))gt(t, a)[z(g(t, a))]
β−α
α

h

e
∫ t

t0

c(s)
r(s) ds

ρ(t)r(t)
i

1
α

z′(t)

¶
ρ′(t)
ρ(t)

w(t)−ρ(t)Q(t)

−w
α+1
α (t)m1

αgt(t, a)
h

e
∫ t

t0

c(s)
r(s) ds

ρ(t)r(t)
i

1
α

. (22)

If α > β , it follows from (17) and (18), for t ¾ T5,

w′(t) =
ρ′(t)
ρ(t)

w(t)+ρ(t)

h

e
∫ t

t0

c(s)
r(s) ds r(t)(z′(t))α

i′

zβ (g(t, a))

−w
β+1
β (t)

βz′(g(t, a))gt(t, a)[z′(t)]
β−α
β

h

e
∫ t

t0

c(s)
r(s) ds

ρ(t)r(t)
i

1
β

z′(t)

. (23)

From (12), we have

[z′(t)]
β−α
β ¾ [z′(T5)]

β−α
β = m2, t ¾ T5. (24)

Further, m2 > 0. From (12), (14), (23), and (24),
for t ¾ T5, we have

w′(t)¶
ρ′(t)
ρ(t)

w(t)−ρ(t)Q(t)

−w
β+1
β (t)

β gt(t, a)[z′(t)]
β−α
β

h

e
∫ t

t0

c(s)
r(s) ds

ρ(t)r(t)
i

1
β

¶
ρ′(t)
ρ(t)

w(t)−ρ(t)Q(t)

−w
β+1
β (t)m2

β gt(t, a)
h

e
∫ t

t0

c(s)
r(s) ds

ρ(t)r(t)
i

1
β

. (25)

From (19), (22), (25), and Lemma 1, there exists
m ∈ (0, 1] such that

w′(t)¶ −ρ(t)Q(t)+
ρ′(t)
ρ(t)

w(t)

−w
λ+1
λ (t)

λmgt(t, a)
h

e
∫ t

t0

c(s)
r(s) ds

ρ(t)r(t)
i

1
λ

¶ −ρ(t)Q(t)+
r(t)(ρ′(t))λ+1 e

∫ t
t0

c(s)
r(s) ds

(λ+1)λ+1(mgt(t, a)ρ(t))λ
. (26)

Integrating (26) from T5 to t, we get

w(t)¶ w(T5)−
∫ t

T5

�

ρ(s)Q(s)−
r(s)[ρ′(s)]λ+1 e

∫ s
t0

c(k)
r(k) dk

(λ+1)λ+1[mgs(s, a)ρ(s)]λ
�

ds. (27)

Letting t →∞ in (27), it follows from (H4) that
limt→∞ w(t) = −∞. This contradicts (15). There-
fore, (7) is oscillatory. This completes the proof. 2
Choosing ρ(t) = 1 in Theorem 1, we get the results.

Corollary 1 Assume that (H1)–(H3) hold. If

∫ ∞

t0

�

e
∫ t

t0

c(s)
r(s) ds

∫ b

a

q(t,ξ)[1−p(g(t,ξ))]β dξ
�

dt =∞,

then (6) is oscillatory.

Theorem 2 Assume that (H1), (H2), (H4), and (H5)
hold. If

(i) p′(t) ¾ 0, τ′(t) ¾ 0, g(t,ξ) ¶ τ(t), for t ∈
[t0,∞), ξ ∈ [a, b];

(ii) for any M ∈ (0,1],

∫ ∞

t0

�

Πµ(t)Q1(t)−

µ2µ+1

(βM)µΠ(t)(µ+1)µ+1
�

e
∫ t

t0

c(s)
r(s) ds r(t)

�
1
α

�

dt=∞,

where µ=max{α,β} and

Q1(t) = [1− p(t)]β e
∫ t

t0

c(s)
r(s) ds

∫ b

a

q(t,ξ)dξ,

then (6) is oscillatory.

Proof : Suppose that (7) has a nonoscillatory solu-
tion x(t). Without loss of generality, we assume
that x(t) is an eventually positive solution for (7).
Hence, there exists T0 > t0 such that x(t) > 0 for
t ¾ T0. If x(t) is eventually negative, the proof is
similar.

From (H2) and (7), there exists T1 ¾ T0 such
that τ(t) ¾ T0 and g(t,ξ) ¾ T0 for any t ¾ T1 and
ξ ∈ [a, b]. This, together with (H1) and (7), implies
that for t ¾ T1

x(g(t,ξ))> 0, x(τ(t))> 0, z(t)¾ x(t)> 0,
h

e
∫ t

t0

c(s)
r(s) ds r(t)|z′(t)|α−1z′(t)

i′
¶ 0. (28)
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From (28), it is easy to see that z′(t) is eventually
nonnegative or eventually negative.

Case 1. Assume that z′(t) is eventually nonneg-
ative. By using the same method as in the proof of
Theorem 1, we can get a contradiction.

Case 2. Assume that z′(t) is eventually negative.
Hence there exists T2 ¾ T1 satisfying z′(t) < 0 for
any t ¾ T2. It follows from (7) and (28) that for
t ¾ T2,

�

e
∫ t

t0

c(s)
r(s) ds r(t)(−z′(t))α

�′

− e
∫ t

t0

c(s)
r(s) ds

∫ b

a

q(t,ξ)xβ (g(t,ξ))dξ= 0. (29)

In addition,

z′(t) = x ′(t)+ p′(t)x(τ(t))+ p(t)x ′(τ(t))τ′(t),
(30)

which together with (H1) and condition (i), yields

x ′(t)¶ 0, t ¾ T2. (31)

From (31) and (H2), we deduce

z(t) = x(t)+ p(t)x(τ(t))< x(τ(t))+ p(t)x(τ(t))
= [1+ p(t)]x(τ(t)), t ¾ T2. (32)

It follows from (31), (32) and (i) that for any ξ ∈
[a, b],

x(g(t,ξ))¾ x(τ(t))>
z(t)

1+ p(t)
=

z(t)(1− p(t))
1− p2(t)

¾ (1− p(t))z(t), t ¾ T2.

From (H2), for t ¾ T2, we have

∫ b

a

q(t,ξ)xβ (g(t,ξ))dξ

¾
∫ b

a

q(t,ξ)[1− p(t)]βzβ (t)dξ

¾ [1− p(t)]βzβ (t)

∫ b

a

q(t,ξ)dξ. (33)

From (29) and (33), we get for t ¾ T2,

�

e
∫ t

t0

c(s)
r(s) ds r(t)(−z′(t))α

�′
−Q1(t)z

β (t)¾ 0. (34)

Clearly, for t ¾ T2,

w1(t) :=
e
∫ t

t0

c(s)
r(s) ds r(t)(−z′(t))α

zβ (t)
> 0. (35)

Further, for t ¾ T2,

w
α+1
α

1 (t) =

�

e
∫ t

t0

c(s)
r(s) ds r(t)

�
α+1
α [−z′(t)]α+1

z
β(α+1)
α (t)

, (36)

w
β+1
β

1 (t) =

�

e
∫ t

t0

c(s)
r(s) ds r(t)

�

β+1
β [−z′(t)]

α(β+1)
β

zβ+1(t)
. (37)

It follows from (34), (35) that for any t ¾ T2,

w′1(t) =

�

e
∫ t

t0

c(s)
r(s) ds r(t)(−z′(t))α

�′

zβ (t)

−
β e

∫ t
t0

c(s)
r(s) dszβ−1(t)z′(t)r(t)(−z′(t))α

z2β (t)

¾Q1(t)+
β r(t)(−z′(t))α+1 e

∫ t
t0

c(s)
r(s) ds

zβ+1(t)
. (38)

If α¾ β , then from (36) and (38) for t ¾ T2,

w′1(t)¾Q1(t)+w
α+1
α

1 (t)
β[z(t)]

β−α
α

�

e
∫ t

t0

c(s)
r(s) ds r(t)

�
1
α

. (39)

Note that z′(t)< 0 for t ¾ T2. Therefore

[z(t)]
β−α
α ¾ [z(T2)]

β−α
α = m3, t ¾ T2. (40)

Further, m3 > 0. From (39) and (40) for t ¾ T2,

w′1(t)¾Q1(t)+w
α+1
α

1 (t)
βm3

�

e
∫ t

t0

c(s)
r(s) ds r(t)

�
1
α

. (41)

If α < β , then, from (37) and (38), for t ¾ T2,

w′1(t)¾Q1(t)+w
β+1
β

1 (t)
β[−z′(t)]

β−α
β

�

e
∫ t

t0

c(s)
r(s) ds r(t)

�
1
β

=Q1(t)+w
β+1
β

1 (t)
β
�

e
∫ t

t0

c(s)
r(s) ds r(t)(−z′(t))α

�

β−α
αβ

�

e
∫ t

t0

c(s)
r(s) ds r(t)

�
1
α

.

(42)

From (34) for t ¾ T2,
�

e
∫ t

t0

c(s)
r(s) ds r(t)(−z′(t))α

�′
> 0,

therefore

�

e
∫ t

t0

c(s)
r(s) ds r(t)(−z′(t))α

�

β−α
αβ

¾
�

e
∫ T2

t0

c(s)
r(s) ds r(T2)(−z′(T2))

α
�

β−α
αβ = m4. (43)
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Clearly, m4 > 0. From (42) and (43), for t ¾ T2,

w′1(t)¾Q1(t)+w
β+1
β

1 (t)
βm4

�

e
∫ t

t0

c(s)
r(s) ds r(t)

�
1
α

. (44)

It follows from (41) and (44) that there is M ∈ (0,1]
such that for t ¾ T2,

w′1(t)¾Q1(t)+w
µ+1
µ

1 (t)
βM

�

e
∫ t

t0

c(s)
r(s) ds r(t)

�
1
α

. (45)

Further, it follows from (H1) that for t ¾ T2,

Πµ(t)w′1(t)¾ Π
µ(t)Q1(t)

+Πµ(t)w
µ+1
µ

1 (t)
βM

�

e
∫ t

t0

c(s)
r(s) ds r(t)

�
1
α

. (46)

Integrating (46) from T2 to t, we get

∫ t

T2

Πµ(s)w′1(s)ds ¾
∫ t

T2

Πµ(s)Q1(s)ds

+

∫ t

T2

�

Πµ(s)w
µ+1
µ

1 (s)
βM

�

e
∫ s

t0

c(k)
r(k) dk r(s)

�
1
α

�

ds. (47)

Then

Πµ(t)w1(t)−Πµ(T2)w1(T2)

¾
∫ t

T2

[Πµ(s)]′w1(s)ds+

∫ t

T2

Πµ(s)Q1(s)ds

+

∫ t

T2

�

Πµ(s)w
µ+1
µ

1 (s)
βM

�

e
∫ s

t0

c(k)
r(k) dk r(s)

�
1
α

�

ds.

From Lemmas 1 and 2, for t ¾max{T, T2}, we have

L−Πµ(T2)w1(T2)¾
∫ t

T2

Πµ(s)Q1(s)ds

−
∫ t

T2

µΠµ−1(s)
�

e
∫ s

t0

c(k)
r(k) dk r(s)

�− 1
α
w1(s)ds

−
∫ t

T2

Πµ(s)βM
�

e
∫ s

t0

c(k)
r(k) dk r(s)

�− 1
α
w

µ+1
µ

1 (s)ds

=

∫ t

T2

Πµ(s)Q1(s)ds−
∫ t

T2

Πµ−1(s)
�

e
∫ s

t0

c(k)
r(k) dk r(s)

�− 1
α

×
�

µw1(s)−Π(s)βMw
µ+1
µ

1 (s)
�

ds

¾
∫ t

T2

Πµ(s)Q1(s)ds

−
∫ t

T2

µ2µ+1

(βM)µΠ(s)(µ+1)µ+1
�

e
∫ s

t0

c(k)
r(k) dk r(s)

�
1
α

ds.

(48)

Letting t→∞ in (48), it follows from condition (ii)
that L ¾∞. This is a contradiction. Hence, (7) is
oscillatory. This completes the proof. 2

Remark 1 If q(t,ξ) = 1
b−a q(t), g(t,ξ) = σ(t),

c(t) ≡ 0, then (6) reduces to (2). Further, Theo-
rem 1 reduces to Theorem 1 in Ref. 22. In addition,
Theorem 2.1 in Refs. 20, 21 requires the condition
α ¾ β; Theorem 3.1 in Ref. 21 requires the con-
dition β ¾ α. Hence, Theorem 1 improves and
generalizes these results.

Remark 2 If q(t,ξ) = 1
b−a q(t), g(t,ξ) =σ(t), then

(6) reduces to (4). Theorems 1 and 4 in Ref. 24
require the condition α¾ β and β ¾ α, respectively.
Hence, Theorem 1 improves these theorems.

EXAMPLES

Example 1 Consider the following equation

�

t
α
2 |z′(t)|α−1z′(t)

�′
+ α

2 t
α
2−1|z′(t)|α−1z′(t)

+

∫ 1

1
2

t
α
2 ξ|x(tξ)|β−1 x(tξ)dξ= 0, (49)

where t ∈ [1,∞), z(t) = x(t)+x(t−1)/2, α,β > 0,
r(t) = t

α
2 , c(t) = α

2 t
α
2−1, p(t) = 1/2, q(t,ξ) = t

α
2 ξ,

g(t,ξ) = tξ, and τ(t) = t −1.

It is easy to see that

lim
t→∞

g(t,ξ) =∞, 0¶ g(t,ξ)¶ t, gt(t,ξ) = ξ > 0,

gξ(t,ξ) = t > 0, Q(t) = 3( 1
2 )
β+3 tα.

www.scienceasia.org

http://www.scienceasia.org/
www.scienceasia.org


378 ScienceAsia 45 (2019)

Further,

lim
t→∞

R(t) = lim
t→∞

∫ t

1

�

r(s)e
∫ s

t0

c(k)
r(k) dk

�− 1
α

ds

= lim
t→∞

∫ t

1

1
s

ds =∞.

So (H3) holds. Choose ρ(t) = t. For any m ∈ (0, 1],
we have

∫ ∞

1

�

ρ(t)Q(t)−
r(t)[ρ′(t)]λ+1 e

∫ t
t0

c(s)
r(s) ds

(λ+1)λ+1(mgt(t, a)ρ(t))λ

�

dt

=

∫ ∞

1

�

3( 1
2 )
β+3 tα+1−

2λ

mλ(λ+1)λ+1
tα−λ

�

dt

=
�

( 1
2 )
β+3 3tα+2

α+2
−

2λ tα−λ+1

mλ(α−λ+1)(λ+1)λ+1

�∞

1
=∞.

Therefore, (H4) holds. Hence, the conditions of
Theorem 1 are all satisfied. Thus, (49) is oscillatory.

Example 2 Consider the following equation

�

tα|z′(t)|α−1z′(t)
�′
+αtα−1|z′(t)|α−1z′(t)

+

∫ 1

1
2

tµξ|x(tξ)|β−1 x(tξ)dξ= 0, (50)

where t ∈ [1,∞), z(t) = x(t)+x(t−1)/2, α,β > 0,
µ=max{α,β}, r(t) = tα, p(t) = 1/2, c(t) = αtα−1,
q(t,ξ) = tµξ, g(t,ξ) = tξ, and τ(t) = t −1.

It is easy to see that

lim
t→∞

g(t,ξ) =∞, 0¶ g(t,ξ)¶ t, gt(t,ξ) = ξ > 0,

gξ(t,ξ) = t > 0, Q(t) = 3(
1
2
)β+3 tα+µ.

Further,

Π(t) =

∫ ∞

t

�

r(s)e
∫ s

t0

c(k)
r(k) dk

�− 1
α

ds

=

∫ ∞

t

[sαsα]−
1
α ds =

∫ ∞

t

s−2 ds =
1
t
<∞.

So (H5) holds. Choose ρ(t) = t. For any m ∈ (0, 1],

we have

∫ ∞

1

�

ρ(t)Q(t)−
r(t)[ρ′(t)]λ+1 e

∫ t
t0

c(s)
r(s) ds

(λ+1)λ+1(mρ(t)gt(t, a))λ

�

dt

=

∫ ∞

1

�

3( 1
2 )
β+3 tα+µ+1−

2λ

mλ(λ+1)λ+1
t2α−λ

�

dt

¾
∫ ∞

1

�

3( 1
2 )
β+1 t2α+1−

2λ

mλ(λ+1)λ+1
t2α−λ

�

dt

=
�

( 1
2 )
β+13t2α+2

2α+2
−

2λ t2α−λ+1

(2α−λ+1)mλ(λ+1)λ+1

�∞

1
=∞.

So (H4) holds. In addition, for any M ∈ (0, 1],

∫ ∞

1

Πµ(t)Q1(t)dt

−
∫ ∞

1

µ2µ+1

(µ+1)µ+1(βM)µΠ(t)
�

r(t)e
∫ t

t0

c(s)
r(s) ds

�
1
α

dt

=

∫ ∞

1

�

3( 1
2 )
β+1 tα−

µ2µ+1

(µ+1)µ+1(Mβ)µ
t−1
�

dt

=
�

3( 1
2 )
β+1 1
α+1

tα+1−
µ2µ+1

(µ+1)µ+1(Mβ)µ
ln t
�∞

1
=∞.

Therefore the conditions of Theorem 2 hold. Hence,
(50) is oscillatory.
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