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ABSTRACT: In this study, we mainly discuss the weaving of K-g-frames in Hilbert spaces. Note that the concept

of weaving was recently proposed by Bemrose et al to solve a question in distributed signal processing. We give a
sufficient condition such that the left sequence can still be K-woven in R(K) by deleting some elements from a K-woven
pair of K-g-frames. We then give three different types of perturbation conditions such that, under them, the K-g-frames
{A;:jeJ}and {T; : j € J} or the types {A;T) : j €J} and {I;T, : j € J} can be K-woven in R(K), where T, T, are

surjective operators on %.
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INTRODUCTION

Sun' proposed a more general type of frame called
g-frame to deal with all existing frames at that time
as a united object. Given J being a countable index
set; %, ¥;, j €J, being Hilbert spaces; and A; being
a bounded linear operator from % to ¥;, recall that
{A; :j €J}is called a g-frame for % with respect to
{#; : j € J} if there exist A, B> 0 such that

AllfI? < Z:II/\JJ‘II2 <B|fI*, Vfewx.

jeJ

Here, A and B are the lower and upper frame
bounds, respectively, for the g-frame {A;:j€J}.
Xiao et al? further generalized g-frames® and K-
frames®® and introduced another notion, namely,
K-g-frames. For more information on g-frames
and K-g-frames, see Refs. 9-11 and the references
therein.

Note that the notion of weaving was recently
proposed by Bemrose et al'>'* to simulate a ques-
tion in distributed signal processing. Since then
weaving as a research hotspot has been studied
by many scholars. We refer the readers to check
Refs. 15-18 for more information on the weaving
of g-frames or fusion frames and Ref. 19 for infor-
mation on the weaving of K-frames.

In this study, we will mainly discuss the erasures
and perturbations of weaving for K-g-frames in
Hilbert spaces. We give a sufficient condition such
that the left sequence can still be K-woven in R(K)

by deleting some elements from a K-woven pair of
K-g-frames. We then give three different types of
perturbation conditions such that, under them, the
K-g-frames {A; : j € J} and {; : j € J} or the types
{A;T; :j€J} and {T;T, : j € J} can be K-woven in
R(K), where T; and T, are surjective operators on
U .

Throughout this study, we will adopt the follow-
ing notations: 5 is a separable Hilbert space; I, is
the identity operator for #; L(X,Y) is the collection
of all bounded linear operators from X to Y, where
X, Y are Banach spaces, and if X =Y, then L(X,Y)
is denoted by L(X); the range and the kernel of K €
L(#¢) are denoted by R(K) and N(K), respectively;
finally, the pseudo-inverse of K € L(#) is denoted
by K.

PRELIMINARIES OF K-G-FRAMES

In this section, we recall the definitions and some
basic properties of K-g-frames and weaving, and
apply the woven principle to K-g-frames.

Definition 1 [Ref. 2] A sequence {A; € L(%,%;) :
j €J} is called a K-g-frame for %/ with respect to
{¥; : j € J} if there exist A, B > 0 such that

AIKFI2 < IR <BIFI?, Vfew. @

jeJ

We call A and B the lower frame bound and the
upper frame bound, respectively, for the K-g-frame
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{Aj:jeJ}. We call {A;:j € J} the g-Bessel
sequence if only the right-hand side of (1) holds.

If AIK* 1P = 350, A f I, VS € %, we call
{A; : j € J} atight K-g-frame; furthermore, if A= 1,
{A;:j €J} is called a Parseval K-g-frame.

Observe that, from (1), {A; : j €J} is an I4,-g-
frame for % if and only if {A; : j € J} is a g-frame
for %.

The concept of weaving of frames was intro-
duced by Bemrose et al'? to simulate a question in
distributed signal processing. We now recall it as
follows.

Definition 2 [Ref. 12] Let {f;};c; and {g;};e; be
frames for 5. If for any partition {(I]»}JZ.:1 of T
there exist A, B > 0 such that {f}ic;, U{gi}ico, i
a frame for s with the frame bounds A and B, then
we consider that {f;};c; and {g;},c; are woven in
#¢ with the frame bounds A and B, and {f;};c,, U
{gi}tico, is called a weaving.

In this study, we will apply the woven principle
to K-g-frames.

Definition 3 Let {A; : j €J} and {T; : j € J} be K-
g-frames for % with respect to {¥; : j € J}. If for
any partition {o j}]z:1 of J there exist A, B > 0 such
that {A;}ie, U{T}}ico, is a K-g-frame for % with the
frame bounds A and B, then we consider that {A; :
j€J}and {T; : j € J} are K-woven in % with the
frame bounds A and B, and each {A;};c;, U{T}}ics,
is called a weaving.

Note that, if K = I,,, then K-frames are the
classical frames for s# and, at the same time, the
weaving of the K-frames is the weaving of the
classical frames.

Assume that {A; € L(%,¥}) : j €J} is a g-
Bessel sequence in %/; then, the synthesis operator
T, analysis operator U, and frame operator S of
{A; : j € J} are defined as follows:

T:P({%}e) = %, TUghe) =D Nig)
jeJ
U:%— 12({7/1‘}1&), Uf = {Ajf}jej) (3

S:u—>u, Sf=Yy NAF, ©)
jeJ
where lz({"Vj} jes) is a Hilbert space defined as
E((%}e) ={{g e 1 g€ €0, D ligIIP < oo}

jeJ

with inner product ({f;} e, {gj}jes) = Zjej (fi> &)
It is easy to check that U=T*and S=TU.
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Lemma 1 (Ref. 20) Suppose that 54 and %, are
two Hilbert spaces and that Q € L(4,56,) is an
operator with a closed range. Then, there exists a
unique bounded operator Q' : #, — ¢, called the
pseudo-inverse operator of Q, satisfying

N@QD=RQ", RQH=NQ"
QQ" =Py, Q'Q=Pyq)
If Q is bounded and invertible, then Q" = Q1.
In this study, we always assume that K € L(%)
is an operator with a closed range. By Lemma 1,
there exists a pseudo-inverse operator K' such that
KK" = Pg(y. It follows that Iy = L = (KTYK*.
Hence, for any f € R(K),
WA= N K FI< NEDYMEf I = IK WK f . (6)

ERASURES OF THE WEAVING OF K-G-FRAMES

()

In this section, we provide a sufficient condition
such that the left sequence can still be K-woven in
R(K) by deleting some elements from a K-woven
pair of K-g-frames.

Theorem 1 Let K € L(%) be an operator with a
closed range. Supposethat {A;:j€J}and {T;:j€J}
are K-g-frames for % with respect to {¥; : j € J}
and are K-woven in % with the universal bounds A
and B. If there exist o C J and a, 3,y = 0 satisfying
A> B+ (aB+7)||K'||? such that

Z:Hl\jf”2 < GZHijHZ+/5||K*f||2+}’||f||2 %)
jeo jeo

forall f € %, then {A;:j€J\o}and {T;: j€J\o}
are K-woven in R(K) with the universal bounds A—
B —(aB+7)|IK"||? and B.

Proof: For any partition {aj}Jz.

f €R(K) c %, we have

DUAFIR+ DI

jeo, jeo,

= DA+ IR )= Xl 1P

jel\o, j€o, jeo

, of J\o, and any

> A1 = (@ DI+ B AP+ 711

jeo
A=PIKf 1> = (aB+DIfI?
(A=BIK*FII? = (aB+ K PIKfI?
=[A=B—(aB+IK PNK*fI?, ®)

=
=

where the first inequality is deduced by (7) and that
{A;:j€J} and {I; : j € J} are K-woven with the
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universal bounds A and B, and the third inequality
is deduced by (6). On the other hand, we have

DA+ I £ 1P

j€o, JjEOT,
< D IAFIP+ DI EI < BIFI.
jeoUo JjE€Oo,

We can also know that {A;: j€J\o} and {T;:j €
J\o} are K-g-frames for R(K) if we take o, =J\o
and @ from (8). Hence {A;:j€J\o}and {T;:j €
J\o} are K-woven in R(K). O

We can easily obtain the following result if we
take K = I,, in Theorem 1.

Corollary 1 Suppose that {A;:j€J}and {T;:j€J}
are g-frames for % with respect to {¥; : j €J} and are
woven in % with the universal frame bounds A and B.
If there exist o C J and af3 = 0 satisfying A> aB+ 3
such that

SUIAFIP < a Y ITFIR+BIFIP V€, ©)

jeo jeo

then {A; : j € J\o} and {T; : j € J\o} are woven in
% with the universal frame bounds A—aB—f3 and B.

PERTURBATIONS OF THE WEAVING OF
K-G-FRAMES

In this section, we mainly discuss the perturbation
stabilities of the weaving of {A;: j€J} and {T}: j €
J} under different types of perturbation conditions.
Given that {A; : j € J} and {T; : j € J} are K-g-
frames for %, we show that, under condition (10),
{A;T} : j €J} and {I;T; : j € J} are K-woven in
R(K) for some surjective operators T;, T, on % .

Theorem 2 Let K € L(%) be an operator with a
closed range. Suppose that {A;:j€J}and{T;:j€J}
are K-g-frames for % with respect to {¥; : j € J}
with the frame bounds A, B; and A,, B, respectively.
Suppose that T;, T, € L(%) are surjective on % and
satisfy ;K = KT, i =1, 2. If there exist a, 3,y = 0
satisfying Yt~ > (/B Ty=Ti |+ /B | T 1+

BVBIT,IDIIK | such that, Vf € %,
(S —apsie)” <o Siagsi)”
jeJ jeJ

+B( I A1)+l 0y

jeJ

then {A;T) : j€J} and {T;T, : j € J} are K-woven in

R(K) with the universal frame bounds ( ﬁéf_lll — HTV—” —
1 2
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(VBT — Tyl + ay/By I Tyl + B /BRI Tl K )

and By||Ty|* + Byl T 1.

Proof: Since T; € L(%) is surjective on %, similar
to (6), we obtain, for any f € %,

IFIl=ICT Tl < Ty INTEfll. @A)
Hence we obtain
N 1
1T £l = T Ifll, Vfeu. (12)
1

We can now show that {A; T} : j €J} and {T; T, :
j € J} are K-g-frames for %. Since {A;:j€J}isa
K-g-frame for %, therefore (1) holds. For any f €
9 , we obtain

A )
— K f I S ANITFK*FII> = A KT 1P

HE
<IN T

jeJ
<B TS fIP < B ITAIPIFIR, (13)

where the first inequality is deduced by (12). Hence
{A;T] : j €J} is a K-g-frame for %. Similarly, we
can show that {T;T, : j €J} is a K-g-frame for %.

Next, we show that {A;T} : j € J} and {[T; :
j € J} are woven in R(K). For any partition {o; }]g:l
of J, and any f € %, we have

DT IR+ > In T f 1P

j€o, JjEO,

< (BTl +BolI Tol ) 1112

Let x = {/\J-Tl*f}jeal U {AjTl*f}jeUZ and y =
{0}jeo, WA (T, = T1)*f + (T; = ADT; f }jeo,- Then
x,y € P({¥;};e;) since {A;T; : j € J} and {A;(T,—
T,)*:j € J}HJ{(Aj—T;)T; : j € J} can be proved to
be g-Bessel sequences in % . Furthermore, there is

X+y ={NT; fYieo, T T5 f Yeo, € PUY} ).
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Hence for any f € R(K), we obtain

/
(e an;fuZ)l )

jeo, jeo,
— -+ 11> Ixll =y
1/2
~(Smririe)
jeJ
1/2
~( 2= 1S+ (0= AT IR
JjEOT,
1/2
> VAIK T~ ( Y= 1) 1)
jeo,
1/2
(X -aprsie)
JjEOo,
1/2
> VAR T |~ YA =T IR
=
1/2
(S -aprisie)
el

> AT} K*fll—\/_II(Tz T fll—yIK*T; f
—al > INTIFIP) =B D I TfIP
(S =o( Spemsnn)
> VA NTK fll— VBT, = Tollllf 1= Y IT;K* £
—a\/B_lllT;fll—/&«/B—z||T;f||

>(£ e 1= (VBT - il

I TSl

+av/Byll Tl +/5\/B—zI|T2I|)I|f|I

T 1=

> (25— L ik~ (VBT T
[ (
+avB1IIT2|I+ﬁszlszII)IIKTIIIIK*fII
VA

= VBl T, = Thl
(IITIII 171 B
+a\/Bl||T2||+/5\/Bz||T2||)||K*||)||K*f||,

where the second inequality is obtained by

Minkowski’s inequality, the sixth inequality by
(12), and the seventh inequality by (6). Hence
{A;T} : j €J} and {I;T; : j € J} are K-woven in
R(K ) a

If T, = T, in Theorem 2, we can easily have the
following corollary.

Corollary 2 Let K € L(%) be an operator with a
closed range. Suppose that {A; : j € J} and {T; :
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j € J} are K-g-frames for % with respect to {¥; :
j € J} with the frame bounds A, B; and A,, B,,
respectively. Suppose that T € L(%) is surjective on
% and satisfies TK = KT. If there exist a,f3,y = 0
satisfying /Ay =y > (a+/By + B /BN TIITTIIK]
such that, Vf € %,

(S —Aj)f||2)l/2 <

jer

a(ZnAJfHZ)l/z

jeJ

/
+ﬁ(Z||rjf||2)1 e

jeJ
then {A;T* : j € J} and {I;T* : j € J} are K-
woven in R(K) with the universal frame bounds

(VA =DNT = (av/B; + BVB)ITIIK])

and (B, +B,)||T|%

If a = 3 =y =0 in Theorem 2, then from (10)
we can deduce that A; =Tj, Vj € J, and a result
follows from Theorem 2.

Corollary 3 Let K € L(%) be an operator with a
closed range. Suppose that {A;: j € J}is a K-g-frame
for U with respect to {¥; : j € J} with the frame
bounds A and B. Suppose that T;,T, € L(%) are
surjective on % and satisfy T,K =KT;, i =1, 2. If
VA/|IT{|| > VBIT, — Tl[IIK"|l, then {A;T} : j €J}
and {A;T; : j € J} are K-woven in R(K) with the

frame bounds (VA/||T,||— BT, — T1||||1<"f||)2 and
BUIT,I” + 1T, 11%).

In Ref. 12, the authors reported that, in general,
applying two different operators to woven frames
can give frames that are not woven (see Example 2
in Ref. 12). Corollary 3 also provides us with a
sufficient condition for applying different operators
(Ty, Ty) to {A; : j €J} such that {A; T} : j € J} and
{A;T; : j €J} are woven in % (here, K = I, and,
clearly, {A; : j € J} is woven with itself).

Note also that Corollary 3 is a generalization of
Proposition 6.2 in Ref. 12. In fact, let K = T} =I,,;
then {A; : j € J} is a g-frame for % and «/Z/IITl-i‘Il >
VB||T, — T |||IK"|| in Corollary 3 can be rewritten
as ||I,, — T,||*> < A/B. Then, from Corollary 3, we
can obtain a g-frame version of Proposition 6.2 in
Ref. 12.

Corollary 4 Suppose that {A; : j € J} is a g-frame
for % with respect to {¥; : j € J}, with the frame
bounds A and B. Suppose that T is surjective on
%. If Iy, —TI|* < A/B, then {A; : j € J} and
{A;T*: j €J} are woven in % with the frame bounds

(VA—VBIIT —1I,11)* and B(1 +||T||2).
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Furthermore, if we let A;f = (f,f;), ¥; = C,
j€J. Then {A;:j €J} is a g-frame for % with
respect to {¥; : j € J} if and only if {fj};c; is a
frame for % . Hence from Corollary 4, we can obtain
Proposition 6.2 in Ref. 12.

The next theorem tells us that, under condition
(14), {A; : j€J} and {T; : j € J} are K-woven in
R(K), where {A; : j € J} and {T; : j € J} are assumed
to be K-g-frames for % .

Theorem 3 Let K € L(%) be an operator with a
closed range. Supposethat {A;:j€J}and{T;:j€J}
are K-g-frames for % with respect to {¥; : j € J} with
the frame bounds A,, B, and A,, B,, respectively. If
there exist a, 3,y € [0, 00) satisfying A; > (/B +
VB ay/B; + By/By + PIKTI such that, for any
{gj}jes € 12({7/]'}1'61),

| 25— <o 2ns
jeJ jeJ

N

jeJ

+rll{gital, @

then {A; : j € J} and {I; : j € J} are K-woven
in R(K) with the universal frame bounds A; —

(vBi+ v/B;)(ay/Bi+B+y/By+7)IK'||? and B, +
B,.

To prove Theorem 3, we need to give a lemma
as follows.

Lemma 2 Let {A;:j €J} and {T;: j € J} be K-g-
frames for % with respect to {¥; : j € J}, with the
Bessel bounds B; and B, and the synthesis operators
T, and T,, respectively. If there exist a, 3, v > 0 such
that (14) holds, then, for any subset o C J, we have

|3 -]
jeo jeo
(v/Bi+ vB,) (avB, + BBy +7) lIfIl. (15)

Proof: For any {g;};c; € *({¥;}e;), from (14), we
obtain

(T =T el = || 2oa5 -1
jeJ

<a| Sasg||+ 6| 2 ra| + it
jeJ jeJ

= allTy({g;}je)ll + Bl To({g;}je)l + vI{g}jesl
< a”TlH”{gj}jeJH +ﬁ||T2||||{gj}jeJ|| +}’||{gj}jej||

< (av/Bi+ BBy +7)I1{g}jesll.
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It follows that

IT) =Tyl < av/By+ B/ By +y

since {g;}je; € lz({“f/j}ja) is arbitrary.

Denote ®; = A; — T, j € J, and the synthesis
operator of {®;};c; by Ts. It is trivial to show that
{®;} e, is a g-Bessel sequence and T = T; —T,. For
any o C 1, f € #, we have

[32s5ms-2imms]
jeo Jjeo
= | AN = TS + 2T = D T H
jeo j€o

jeo jeo

= [ 200 =T A f + D TH A —T)f “

j€o j€o
<[ Xens| [ e
je€o j€o

S NTSINTL AN+ I Tl T3
= (IT: [+ T2 DITy = Tl f ]

< (vBi+ VBy)(avB+ B VB, +7)[If,

where the last inequality is obtained by (16). Hence
(15) holds. O
Proof Theorem 3:  For any f € R(K) and any

partition {o j}JZ. , of J, we have

(16)

DIAFIR+ DI fI?

jeoq j€o,
=D IAFIP+ DT = DA f 1P
jeJ j€os j€o2
>ANKFIP=( D AN F =D TS, f)
jeoy je€oy

> Al FIE= | Soasaf = Y rnsfis
jE€o2 je€oy

> A K fIP = (v/By + v/By) (av/By + Bv/By+7) I IP
> [~ (VB + vVB,) (aV/B; + Bv/By +7) IKTIFJIK£ I3

where the third and fourth inequalities are, respec-
tively, deduced by (15) and (6). The upper bound
for every weaving is trivial. Hence {A; : j € J} and
{I; : j € J} are K-woven in R(K). ]

In case K = I, in Theorem 3, we can easily
obtain a result as follows.

Corollary 5 Suppose that {A;:j€J}and {T;:j€J}
are g-frames for % with respect to {¥; : j € J}, with
the frame bounds A, By and A,, B,, respectively. If
there exist a, 3,y € [0, 00) satisfying A; > (4/By +
v/ By)(a4/By+B+/By+y) such that, forany {g;};c; €

www.scienceasia.org
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P} e,

|2,
jeJ

< “HZA}S&'
jeJ
+ﬂ||zrj*gj||+Y||{gj}jej||,
jeJ

then {A; : j € J} and {I; : j € J} are wo-
ven in % with the universal frame bounds A, —

(\/B_1+ \/B_z)(a\/B_1+/5\/B_2+y) and B, + B,.

Furthermore, if « = § = 0 in Corollary 5, we can
obtain a g-frame version of Theorem 6.1 in Ref. 12.

Next we provide the third type of perturbation
condition (17) such that, under it, {A; : j € J} and
{I; : j € J} can be K-woven in R(K).

Theorem 4 Let K € L(%) be an operator with a
closed range. Suppose that {A; : j € J} and {T; :
j €J} are K-g-frames for % with respect to {¥ :
j €J} with the frame bounds A;, B; and A,, B,
respectively. If there exist a, 3,y € [0,00) satisfy-
ing A; > (aBy + BBy + Y)|K'||? such that, for any
{gj}jes € 12({7/]‘}]'@),

| > = rms | <o A
jeo j€o j€o

| X
j€o

[+vis1 a7

then {A;: j €J} and {T; : j € J} are K-woven in R(K)
with the universal frame bounds A; — (aB, + B, +
Y)IK'||? and B + B,.

Proof: Since {A; : j € J} is a K-g-frame for % with
the frame bounds A, and By, for any o C J, we have

”ZA;fAjf”: sup <ZA;TAjf,g>‘
jeo gE”Z/,”g”:l jeo
= sup ‘Z(Ajf:/\jg)‘
g2 gl=11 15
S sup ZI(Ajf;Ang
g€ ligll=1425
1/2 1/2
< sup (ODOIAF1R) T (DIAgl?)
g lIgl=1 ey jeJ
< sup VBIfIlVBilIgll=Byllfl.  (18)
g€ |Igll=1

Similarly, we can obtain ||Zj€UI‘Jf*ij|| < ByJIfIl
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Hence if we combine (17) and (18), it follows that

|2 -2
j€o j€o

<a| S aiaf |+ 8| Zrms |+l
jeo j€o
< (aBy+ BBy + VISl (19)

For any f € R(K), and any partition {0 }]2.:1 of J, by
the same method of Theorem 3, we obtain

DA+ DI

Jjeoy j€o,
N ISTE DWW
Jj€0o, j€oy
> A[IK 1P —(aBy + By +IIf I
> AlIK* 1P —(aBy + By + DI P F |12
= (A1~ (aBy + BB, + DI IK°FIP,

i1

where the second inequality is deduced by (19).
Hence {A; : j €J} and {T; : j € J} are K-woven in
R(K). O

If K = 1,, a result follows immediately from
Theorem 4.

Corollary 6 Supposethat{A;:j€J}and{T;:jeJ}
are g-frames for % with respect to {¥; : j € J} with the
frame bounds A,, B; and A,, B, respectively. If there
exist a, 3,y € [0, 00) satisfying A; > aB; + 3By + 7
such that, for any {g;}e; € 2({%}2,)

DY

< a”ZA}%Ajf
jeo

|+ 8| 2 rms ||+ vis,
jeo

then {A;:j€J}and {T; : j € J} are woven in % with
the universal frame bounds A; —(aB; + 8B, +y) and
B, +B,.
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