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ABSTRACT: Consider the k-coupled Schrodinger system with variable coefficients as below which arises in nonlinear
optics and other physical problems:

Ay Aty =y (O + By (e,
i,i#]
u]. =0on aQ’

x €N,

j=1,...,k,

where Q is a bounded smooth domain in RV, N < 3, k> 2; A;>—2A(Q)for j=1,...,k and A, () is the first eigenvalue
of —A with Dirichlet boundary condition; u;(x) and f3;;(x) = B;;(x) are positive bounded functions for i,j = 1,...,k,
i # j. We obtain multiple solutions with some components sign-changing while the others positive, and one positive

solution for the above problem.

KEYWORDS: k-coupled Schrédinger system, variable coefficients, multiple mixed states of nodal solutions, the posi-

tive solution
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INTRODUCTION

In recent years, there has been extensive mathemat-
ical work for the following coupled elliptic system:

—Au1 +Alu1 = Mluzla +/5u§u1, X € Q,
—Auy + Ayuy = ,uzug + ﬂu%ub x e, @D)]
u1=u2=00naﬂ,
where 2 ¢ RN is a bounded smooth domain or
Q = RN, System (1) arises when we consider
the standing wave solutions to the following time-

dependent Schrodinger system, which consists of
two coupled Gross-Pitaevskii equations:

.0
_15% = AD; + Uy |8 P, + B|Dy] >4,

xXeN, t>0,

L% = 2 2
1atq’z—A‘I’z+M2|‘1’z| @, + 6121705,V (2)

xe, t>0,
q)J:q)J(x,t)GC, j:1,2,
®i(x,t)=0, x€0Q, t>0, j=1,2,

where i is the imaginary unit. It has applications in
many physics and nonlinear optics, see Ref. 1. Phys-

ically, the solution ®; denotes the jth component
of the beam in Kerr-like photorefractive media, see
Ref. 2. u; is for self-focusing in the jth component,
and the coupling constant 3 is the interaction be-
tween the two components of the beam. (2) is also
called the Bose-Einstein condensates system since
it arises in the Hartree-Fock theory for a double
condensate, see Ref. 3 and references therein. To
obtain solitary wave solutions of system (2), we
set ®;(x, t) = e™'u;(x) for j = 1,2, then it will be
reduced to system (1). The existence of the least
energy and other finite energy solutions was studied
in Refs. 4-6 and references therein. The existence
and the multiplicity of positive and sign-changing
solutions were studied in Refs. 7-9 and references
therein.

Later, the general k-coupled case attracts more
and more interest because of its many more possible
properties of solutions:

—Au;+Au; = ,uju? + Z ﬁijuizuj, x €N,
Li#] 3

u;=00n0dQ, j=1,...,k
Clearly, system (3) is reduced to system (1) when
k = 2. Recently, Ref. 10 provided the existence of
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infinitely many sign-changing solutions to system
(1) for each fixed f < 0. Independently, when
B < 0, similar results for the general k-coupled
system were obtained in Refs. 11,12 by a method
different from that of Ref. 10. In Ref. 11, the
authors obtained infinitely many mixed states of
nodal solutions for system (3) when f;; = f8;; <0,
1<i<j<k. InRef 12, the authors obtained a
solution u = (uy, ..., u;) such that some components
are sign-changing functions that change sign exactly
once in Q2 and the others are one-sign functions.
Both proofs in Refs. 11,12 depend heavily on the
negative sign of the coupling constants f;; while
there are not so many results when 3 > 0. Multiple
sign-changing solutions to system (1) for f > 0
being small were obtained in Ref. 13. Later on,
more general result was obtained in Ref. 14 for
the k-coupled system (3), i.e., they obtained mixed
states of nodal solutions with some components
positive and the others sign-changing through a
method completely different from that in Ref. 13.
In fact, the authors of Ref. 14 developed a pertur-
bation method for functionals related to nonlinear
elliptic systems to produce a prescribed number of
mixed states of nodal solutions and then applied the
abstract theorem (Theorem 2.2 in Ref. 14) to system
3.

In this paper, we consider the existence of mul-
tiple sign-changing and positive solutions for the
following k-coupled equations with variable coeffi-
cients:

—Au;+Au; = uj(x)u? + E Bi; (0 uly;, x €9,
L,i#]
i=1,.. 0k

(2)
u; =0o0ndqQ,

where Q ¢ RV is a smooth bounded domain, N <
3; wj(x) > 0 and B;;(x) = Bj;(x) > 0 for i,j =
1,...,k,i# j are functions of x. As we know, system
(#) will be reduced to (3) when the coupling coef-
ficients are constants. Thus we will discuss a more
general problem which may suit more precisely to
physical models in the real world. Firstly, we will
show the existence of infinitely many solutions for
the problem when all of the coupling coefficients
Bij = 0. Then we use the perturbation idea as
in Ref. 14 to show that similar results of multiple
sign-changing and positive solutions still hold for
the more general case with variable coefficients and
A1(92) being the first eigenvalue of —A with the
Dirichlet boundary condition. Qur main results can
be summarized as follows.
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Theorem 1 Assume that A; > —24,(Q), u;(x) and
Bij(x), 1 <i < j<k, are positive bounded functions.
Then for any m € N, there is f3,, > 0 such that when-

ever Pmax := xengléai)ijsk Bij(x) < By, the system (&)

has at least m distinct solutions with each component
changing sign.

Theorem 2 Under the same conditions of Theorem 1.
Given 0 <l < k. Then for any m € N, there is
ﬁm > 0 such that whenever B¢ < ﬁm, system (£)
has at least m distinct solutions with | components
sign-changing and the others positive.

Theorem 3 Under the same conditions of Theorem 1,
the system (2) has at least one positive solution for
sufficiently small -

Remark 1 Since Q is a bounded domain, we can
just take the variable coefficients to be positive
continuous functions which clearly satisfy the as-
sumptions in our theorems.

PRELIMINARIES

In this section, we construct some useful preliminar-
ies for the proof of our main results. Firstly, we
will introduce some notation and the appropriate
working space. We assume that all integrations
below are taken over Q if not stated otherwise. Let
H be the k-time product space H () x - -+ x Hy(€2).
For u € H, we write u = (uy, ...,u;). It is easy to see
that we can define the equivalent norm in Hé(Q),
since A; > —A,(Q) and the Poincaré inequality, by

1/2
llull; = (j |Vu|2+7tju2) ,i=1,...,k, (4

and then the product space H is endowed with the

norm:
k 1/2
— 2
= (Dl )
=1

We also write the LP norm as [ul, := (flulp)l/P for
convenience. It is well known that solutions for
system (£?) are critical points of the functional

I(u) = jul? — ijzuj(x)uj— %J > Byuul,

L4, i
Our main idea is to regard the coupled terms as
perturbations for the system, when f3;;(x) = 0 for
i,j=1,...,k, i # j, similar to that in Ref. 14, i.e.,
consider the system (£?,) where equations have no
connections with each other:

—Au;+Aju; = ‘uj(x)uj.’, x €N, @)
uj=00ndQ, j=1,...,k 0
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The corresponding energy functional is

To(w) = 3>~} f Syt
J

We need the following existence results about sign-
changing and positive solutions for (Z,).

Theorem 4 For j = 1,...,k, assume that A; >
—2A1(82), pj(x) > 0 is a bounded function. Then each
equation in (%,) has infinitely many sign-changing
solutions.

Proof: This result can be obtained by Zou’s theorem
(see Theorem 5.7 in Ref. 15) with a little modifica-
tion, so we will just give a brief prove here. Given
jef{1,...,k}, let f;(x,u;) = ,uj(x)u?. Since u;(x) >
0is bounded, there is C > 0 such that 0 < u;(x) < C
for all x € Q. Then it is easy to check that the
following three hypotheses hold:

)] fj QxR >R is a Carathéodory function
with subcritical growth: |f;(x,u;)| < Clu;|* and
fi(cuju; = ,u]-(x)u;‘ >0forallu; €R, x € Q,
andij(x,uj) = o(|u;|) as [u;| — O uniformly for
x €Q;

(ii) for all x € Q, F;(x,u;) := fouj fi(x,v)dv,
0 <Fj(x,uj)= %.Uj(x)u? < %fj(x; u;)uj;

(i) f;(x, —u;) =—f;(x, u;).

Since A; > —2,(Q2) and then we use the equiv-
alent norm |[u;||; as defined in (4) instead of that
in Ref. 15 where is the case A; = 0. Thus the
proof in Ref. 15 can still stand for problem (%)
and infinitely many sign-changing solutions can be
obtained. O

Similarly, we can prove the following result as
shown in Ref. 16 with a little modification like that
in the proof of Theorem 4 above, so the details will
be omitted.

Theorem 5 Under the same conditions in Theorem 4,
each equation in (#,) has at least one positive solu-
tion.

To describe the sign of each component, we
make use of the closed convex positive cone P :=
{ue Hé(Q) :u=0,a.e.} and denote d as the metric
in Hy(Q). For j=1,...,k,set P;:= {u€H:u; € P}.
For & > 0 we define open cones in H by

+P;(6):={ueH:d(u;,+P) < 6}. 5

281

Then for 0 < [ < k, we construct the complement of
the unions in H:

1
5= H\{[U(Pj(é)u(—Pj(s)))]
j=1
k

ol U e@nerenl). ©

j=l+1

For | =k or [ = 0, we mean that S; only consists
of the first part or the second part of the union in
(6), respectively. Let the functional J € Cl(H,R)
and the gradient J'(x) = x —K,(x). We need an
important property for the operator K; which means
that the above open neighbourhoods defined in (5)
are invariant under the operator K, that is:

P(J) For any sufficiently small 6, > 0, it holds that
K;(£P;(8,)) € £P;(6) for some 6 € (0,6,) and j =
1,...,k.

It is easy to see that if J satisfies condition
(P(J)) then any critical point u € S; implies its first
[ components being sign-changing and the others
being nontrivial.

Taking consideration of Theorems 2.1 and 2.2 in
Ref. 14, we can obtain the result about the connec-
tion between one problem and the corresponding
perturbed problem as below.

Theorem 6 Assume that the functional J has a criti-
cal pointu € §; for 0 <l < kwithJ(u) =c €R. Then
for every € > 0, there is p > 0 such that for every C!
functional J,, : H — R which satisfies supyey|J(u) —
J,()| < pand (P(J,)), we have that J, has a critical
value in [c — e, c + €] with at least one critical point
also in S;.

By Theorem 4 and Theorem 5, the functional I
has infinitely many critical points in S; for 0 <1 < k
with critical values

0<cyp <Cog <+ <cCpp <:+-— 0Q. 7
And at least one positive critical point in S,. To
connect the problem () with (£,), we need two
auxiliary problems which satisfy perturbation as-
sumptions in Theorem 6 and lead back to system
(#). Consider

LiF#]

—Auj+Aju; = Nj(x)u?+Zpij(x)gij(ui:uj)uj; x€Q,
@)
u;=00n0dQ, j=1,...,k

where p;;(x) > 0 is bounded, g;; € C(R xR, [0,1]),
fori,j =1,...,k. Then we have a uniformly esti-
mate by elliptic theory referring to Ref. 17.

www.scienceasia.org
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Lemma 1 For a given number m > 0, assume
u;j(x) > 0 is bounded for j =1,...,k. Then for any
u in the system () with |[ul| < 2(coamy1) +2)'2
there is a constant M* > 0 depending only on m and
|2| while independent from p;; and g;; such that

*

|u| < M* uniformly on x € Q.

Proof: Fori,j=1,...,k and a given number n > 2,
since u;(x), p;;j(x), g; > 0 are bounded, it holds
that

w3 i (08w, uyu—Au;
lim j j i#Pij J j 1120_ ®)

[uj|—o00 |uj|2*—1

Here 2* is the Sobolev critical number defined by
2* = 2N /(N — 2) where N is the dimension. Mul-
tiply the equation of the component u; in (2,) by
lu; IZ”uj, respectively, and integrate over ) by parts,
considering (8), we have that for any ¢ > 0, there
exists C, > 0 such that

2n+1 n+1y|2
- +1)2f| ()

= f [Mj(x)u? +Zpij(x)gij(ui;uj)uj _A'juj:||uj|2nuj
i,i#]

< J (slujlz*”" +C,)

2/N (N—2)/N
< E[fluﬂz ] [Jluj|2N(n+1)/(N_2)] +C£|Q|

4/(N—2 =2)/N
< el IV >U|V(|u,~|”“)|2] +clal,

where C(|Q]) is a positive constant by Sobolev
imbedding theorem, and it implies that |uj|”Jrl is
bounded in Hé(ﬂ) because of |lull < 2(coamr1) +
2)'/2 and the arbitrariness of ¢. Then |u;|"*! is also
bounded in L% (£2). Returning to (8), we again ob-
tain that (uj(x)uff + Zi#j Pij () g (s, up)u; — Aju;)
is bounded in L2N+D/WN+2)(Q). Thus by the stan-
dard elliptic theory'’, we have that u; is bounded
in W2N+D/N+2)()) Choose n so large that
W2Nm+D/(N+2)()) s imbedded into C(Q2) contin-
uously, and then we obtain that |u| is bounded

uniformly on x. O
We define a cutoff function ¢ € C*°(R, [0, 1]),
1, [s|<M*+1,
S)=
o) {o, 51> M
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Then we consider another auxiliary system,

—Auj+Au; = ,U.j(x)uls. +2Z/3ij(x)x
i,i#]

[J cp(s)sds]ap(uj)uj, x €9,
0

j=1,...,k

()

u; =0o0ndQ,

Its energy functional is

I,(w) = llul*— 3 Jz,uj(x)u;‘
j
_f Z Bi; e (u;, uyp), 9)
i,J,i#]

where
w(ui,uj)=f l@(s)sds f }tp(s)sds. (10)
0 0

Set = max
Prnax xeQ,1<i<j<k

satisfies the assumption in Theorem 6.

Bi;(x), we can verify that I,

Lemma 2 Under the same assumptions in Theo-
rem 4, let f3;;(x) > 0 and P, be sufficiently small.
Then the functional I, satisfies (P(I,,)).

Proof: By direct calculation, for u,v € H, set the
operator K, (u) :=1 ; (u) —u, we have

(K (), v f[ZMJ(x)u
+2 Z ﬂu(x)(J. cp(s)sds)go(uj)ujvj}

i,,i#]

Forj=1,...,k, 2 < p < 2% by Sobolev inequalities,
there exists a constant C, > 0 depending only on |Q|
and p such that

) .
451y = minlu; —wl,

<C, viIeliFIIl)Huj —wl; = C,d(u;,¥P)

<G lluilly, (1

where u* ;= = max{=£u;,0}. By the definition of the

function ¢, we know that f o #(s)sds is bounded
independently from f3;;(x), so we can choose B,
sufficiently small such that

lzﬁij(x)J lso(s)sds <BME Vxeq. (12)
0
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Then set w = K,(u), by Holder and Sobolev inequal-
ities, we have

IwiIF = (w;, w));

— 3, *
—fuj(x)ujw +

f Z ﬁl](x) f ¢(5)5d5]¢(u )UJWJ

i,],i#]
+\3. +
< f (@Y wi+

J Z Bij(x) J (s)sds]ujiwi

i,],i#]
< CluELIwely + BY2 | lw,

< COERIWEl + G2 e L w5
Hence, by (11), for u € £P;(6), and f3,,,, sufficiently
small, we obtain

5
Wl < CC48° + o126 <

max 2

d(w;,FP) <

for sufficiently small 6 > 0. That is, for any small
enough 6 > 0, it holds that K, (£P;(5)) C :I:Pj(%é),
which completes the proof. a

The next estimate for the norm of critical points
of I ,, ensures that the auxiliary problem (£2,) is able
to go back to the original problem (%) which we
are concerned with.

Lemma 3 Assume the same conditions in Lemma 2,
then for any critical points u of I, with I,(u) < C for
some constant C > 0, there exists a constant C* > 0
depending only on C such that ||u|| < C*.

Proof: The proof is standard when f,,, is small.
Since I ; (u)u = 0, by direct calculation, we have

I,(uw)=1,(u)— %I;(u)u

= inunZ—f > B (g, u;

LJ,i#]

JZ/D’U(X)(J tp(s)sds)(p(uj)ujz,

i,J,i#]
= Z“qu +I<p/31 +I<p[32

By the definitions of v and ¢, ¥ (u;,u;) and ¢(u; )u

are also bounded independently from f;;(x). Thus
we can choose f,,, small enough such that

|Iw/31| <1 |I</>/52| <1

<2(C+2)Y2. O

(13)

It follows that ||ul|

283

PROOF OF Theorem 1

In this section, we apply Theorem 6 in the set
Sk to I, and I, to obtain multiple solutions with
each component changing sign for the perturbed
problem, then we show that these critical points of
I, are indeed those of the original problem (£?). Let
m € N be a given number, and we consider the case
of [ = k.

Proof: We show that I, has m sign-changing critical
points. By the definition of ¢ in (10), for p > 0, we
can choose f3,,c small enough such that

|I¢(U)—Io(u)} = ‘f Z Bi; )Y (uy, u;p)

i,],i#]

for all u € H. Thus by Lemma 2 and applying
Theorem 6 for | = k, we obtain that for p small
enough, I, has m critical values, say c,; < ¢,y <

* < Cym- In particular, it can be supposed that
Com < Coam+1)- Each critical value corresponds to
at least one critical point, and we denote them by
LIS TR |

Now we prove that for n =1,...,m, u,, is a
critical point of I. Since I,(u,,,) < Co(2m+1), We have
llugnll < 2(corams1) +2)/? by Lemma 3. For i,j =

., k, 1 # j, take

u;

g, u ])—/s;{aif p(s)sdsp(u)),
0
i (%)
Pij(x):ﬁJTZ,

max

then by Lemma 1, we obtain |u,,| < M*, thus by
the definition of ¢, the system (£,) returns to (2).
Consequently, we obtain m solutions of the system
(£) with each component changing sign. |

PROOF OF Theorem 2

In this section, we apply Theorem 6 for the case of
0 < I < k to obtain multiple solutions with the first [
components changing sign and the others positive.
The proof is similar to that of Theorem 1, but we
need to make a little modification by constructing
another auxiliary problem which is a cutoff of u; for
j=101+1,...,k. Also, let m € N be a given number
and we take use of §; with 0 <[ < k.

Proof: Consider another problem with a little
change from problem (£):

—Auj + Ay =uj(x)ﬁ?+22[3’ij(x)ﬁi2ﬁj, x e€qQ,
i#j (#3)
u;=00n0Q, j=1,...,k,

www.scienceasia.org
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i=1,...,1,
ji=1+1,...,k

Follow the proof of Theorem 1 above, that is, con-
struct the auxiliary problem similar to (£2,) corre-
sponding to (%) and then apply Theorem 6 in the
set S;. Thus when f,,, is small enough, we obtain
m solutions for the system (£%;), denoted by u,, :=
(Up1s -+ Upg) for n =1,...,m, where u,; changes
signfor j=1,...,L.

Finally, for j=1+1,...,k, n=1,...,m, we
multiply the equation for u,; in the system (&%) by
Upps and then it is easy to see that ||u;j ll; =0, that is,
up; is positive. Thus the critical points we obtain for
(#;) are those for the system (#) which are mixed
states of nodal solutions. a

PROOF OF Theorem 3

Proof: We apply Theorem 6 in the set S, to obtain a
critical point for I and the technical skill to ensure
the positivity of each component is similar to the
construction of problem (£%;). Note that we just
obtain one positive critical point for I, by Theorem 5
and so as for I. In fact, we first consider the
problem:

—Au;+Aju; = ,u,j(x)(uj*)3

+22:[5ij(x)(u:r Zu;“, xXeq,
i#]
u; =0o0ndqQ,

@)
i=1,...,k

Since I, has a critical point in S, we can also obtain
a critical point u for the problem (#,) when f.,
is small enough, and then it can be shown that u
is positive, which consequently is a critical point
of the original functional I with each component
positive. O
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