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ABSTRACT: Let T (X ) be the full transformation semigroup on a nonempty set X . For an equivalence relation σ on
X , Pei introduced and studied the subsemigroup of T (X ) defined by T (X ,σ) = {α ∈ T (X ) : ∀x , y ∈ X , (x , y) ∈ σ
implies (xα, yα) ∈σ}, which is called a transformation semigroup preserving the equivalence σ. In this paper, for two
equivalence relations σ, ρ with ρ ⊆ σ on a nonempty set X , we introduce the subsemigroup T (X ,σ,ρ) = {α ∈ T (X ) :
∀x , y ∈ X , (x , y) ∈ σ implies (xα, yα) ∈ ρ} of T (X ) which generalizes the notation of the subsemigroup T (X ,σ)
of T (X ). A necessary and sufficient condition under which T (X ,σ,ρ) is a BQ-semigroup (a semigroup whose bi-
ideals and quasi-ideals coincide) is given. We also prove that T (X ,σ) of T (X ) can be embedded into a semigroup of
T (Y, Z) = {α ∈ T (Y ) : Yα ⊆ Z} for some sets Y and Z with Z ⊆ Y .
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INTRODUCTION

For a nonempty set X , let T (X ) be the full transfor-
mations semigroup on X , i.e., T (X ) is the semigroup
under composition of all mappingsα : X → X . Miller
and Doss1 proved that T (X ) is a regular semi-
group and described its Green’s relations. It is well
known that every semigroup is isomorphic to a sub-
semigroup of some full transformation semigroups.
Hence in order to study structure of semigroups, it
suffices to consider in subsemigroups of T (X ).

Let σ be an equivalence relation on a nonempty
set X . Pei2 has studied a family of subsemigroups of
T (X ) determined by σ, namely,

T (X ,σ) = {α ∈ T (X ) : ∀x , y ∈ X , (x , y) ∈ σ
implies (xα, yα) ∈ σ}.

It is clear that if σ ∈ {IX , X × X }, where IX is the
identity relation on X , then T (X ,σ) = T (X ). He
discussed regularity of elements and Green’s rela-
tions for T (X ,σ). Mendes-Gonçalves and Sullivan3

introduced a subsemigroup of T (X ) defined by

E(X ,σ) = {α ∈ T (X ) : ∀x , y ∈ X , (x , y) ∈ σ
implies xα= yα}

and call it the semigroup of transformations restricted
by an equivalence σ. Observe that E(X ,σ) is a

subsemigroup of T (X ,σ). They also characterized
Green’s relations on the largest regular subsemi-
group of E(X ,σ) and showed that if |X | ¾ 2 and
σ 6= IX , then E(X ,σ) is not isomorphic to T (Z) for
any set Z .

Let σ and ρ be equivalence relations on a set X
with ρ ⊆ σ. We define a generalization of T (X ,σ)
as follows:

T (X ,σ,ρ) = {α ∈ T (X ) : ∀x , y ∈ X , (x , y) ∈ σ
implies (xα, yα) ∈ ρ}.

It is easy to see that T (X ,σ,ρ) is a subsemigroup of
T (X ). Notice that the identity mapping need not
be in T (X ,σ,ρ). If σ = IX or ρ = X × X , then
T (X ,σ,ρ) contains the identity mapping on X . And
if ρ = IX , then T (X ,σ,ρ) is a right ideal of T (X ).

The relationships between the semigroups
T (X ,σ,ρ) and E(X ,σ), T (X ,σ) and T (X ) are now
described.

Proposition 1 The following statements hold.
(i) E(X ,σ) ⊆ T (X ,σ,ρ) ⊆ T (X ,σ).
(ii) T (X ,σ,ρ) = E(X ,σ) if and only if ρ = IX .
(iii) T (X ,σ,ρ) = T (X ,σ) if and only if σ = ρ.
(iv) T (X ,σ,ρ) = T (X ) if and only if σ = IX or ρ =

X × X .

A subsemigroup Q of a semigroup S is called
a quasi-ideal of S if SQ ∩ QS ⊆ Q, and by a bi-
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ideal of S we mean a subsemigroup B of S such
that BSB ⊆ B. Quasi-ideals are a generalization
of left ideals and right ideals and bi-ideals are a
generalization of quasi-ideals. A BQ-semigroup is
a semigroup S whose bi-ideals and quasi-ideals co-
incide. It is known that regular semigroups4, left
(or right) simple semigroups5, and left (or right) 0-
simple semigroups5 are BQ-semigroups.

For a nonempty subset A of a semigroup S, (A)q
and (A)b denote, respectively, the quasi-ideal and
the bi-ideal of S generated by A, that is, (A)q is the
intersection of all quasi-ideals of S containing A and
(A)b is the intersection of all bi-ideals of S containing
A 6.

Proposition 2 (Ref. 7) For a nonempty subset A of
a semigroup S,

(A)q = A∪ (SA∩AS), (A)b = A∪A2 ∪ASA.

Calais8 gave a characterization of the BQ-
semigroups as follows.

Proposition 3 (Ref. 8) A semigroup S is a BQ-
semigroup if and only if (x , y)b = (x , y)q for all x,
y ∈ S.

Let Y be a fixed nonempty subset of X . Symons9

considered the subsemigroup of T (X ) defined by

T (X , Y ) = {α ∈ T (X ) : Xα ⊆ Y }

and described all the automorphisms of this semi-
group. Furthermore, he determined when the two
semigroups of this type are isomorphic. Nenthein
et al10 characterized regular elements of T (X , Y )
and determined the numbers of regular elements
in T (X , Y ) for a finite set X . It was also proved
that T (X , Y ) is a BQ-semigroup11. Sanwong and
Sommanee12 described T (X , Y ) to be regular and
determined Green’s relations on T (X , Y ). They also
obtained a class of maximal inverse subsemigroups
of T (X , Y ).

In this paper, we first prove that T (X ,σ,ρ) is
a BQ-semigroup in terms of equivalence relations.
Secondly, we show that the semigroup T (X ,σ,ρ)
can be embeddable in T (Y, Z) for some sets Y, Z
with Z ⊆ Y and prove that if σ = IX or ρ = X × X ,
then T (X ,σ,ρ) ∼= T (Y, Z) for some sets Y, Z with
Z ⊆ Y .

In the remainder of this paper, let σ and ρ be
equivalence relations on a set X such that ρ ⊆ σ.

MAIN RESULTS

Firstly, we characterize when T (X ,σ,ρ) is a BQ-
semigroup in terms of equivalences. The following
lemmas are needed.

Lemma 1 Let α ∈ T (X ). Then α ∈ T (X ,σ,ρ) if and
only if for each A ∈ X/σ there exists B ∈ X/ρ such
that Aα ⊆ B.

Proof : Suppose that α ∈ T (X ,σ,ρ). Let A ∈ X/σ
and a ∈ A. Then there exists B ∈ X/ρ such that aα∈
B. Let y ∈ Aα. Then xα = y for some x ∈ A. Since
(a, x) ∈ σ and α ∈ T (X ,σ,ρ), we have (aα, y) =
(aα, xα)∈ρ. This means that y ∈ B. Hence Aα⊆ B.

Conversely, suppose that for each A ∈ X/σ,
there exists B ∈ X/ρ such that Aα ⊆ B. Let x , y ∈ X
be such that (x , y) ∈ σ. Then x , y ∈ A for some
A∈ X/σ. By assumption, there exists B ∈ X/ρ such
that xα, yα ∈ Aα ⊆ B. It follows that (xα, yα) ∈ ρ.
Hence α ∈ T (X ,σ,ρ), as required. 2

Lemma 2 (Ref. 11) Every bi-ideal of a regular semi-
group is a BQ-semigroup.

As was mentioned, if ρ = IX , then T (X ,σ,ρ)
is a right ideal of T (X ). Hence T (X ,σ,ρ) is a bi-
ideal of T (X ) if ρ = IX . From Lemma 2 we have the
following result.

Corollary 1 If ρ = IX , then T (X ,σ,ρ) is a BQ-
semigroup.

Proposition 4 Let α ∈ T (X ,σ,ρ). If for each A ∈
X/σ there exists B ∈ X/σ such that A∩ Xα ⊆ Bα,
then (α)b = (α)q.

Proof : Suppose that for each A ∈ X/σ, there exists
B ∈ X/σ such that A∩ Xα ⊆ Bα. Let β ∈ (α)q. If
β = α, then β ∈ (α)b. Assume that β 6= α. Then
β = αγ = λα for some γ, λ ∈ T (X ,σ,ρ). Let A ∈
X/σ be such that A∩ Xα 6= ∅. Then A∩ Xα ⊆ BA
for some fixed BA ∈ X/σ. For each y ∈ A∩ Xα, we
choose and fix ay ∈ BA such that ayα= y . For fixed
bA ∈ BA and define µA : A→ X by

xµA =

¨

axλ, x ∈ Xα,

bAλ, otherwise.

Let µ : X → X be defined by

µ|A =

¨

µA, A∩ Xα 6=∅,

cA, otherwise

for all A∈ X/σ and cA is a constant map from A into
X . Since X/σ is a partition of X , µ is well-defined.
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For each A ∈ X/σ with A∩ Xα 6= ∅, by Lemma 1
we have that AµA ⊆ BAλ ⊆ C for some C ∈ X/ρ. It
follows from Lemma 1 that µ ∈ T (X ,σ,ρ). Let x ∈
X . Then xα ∈ A for some A∈ X/σ. Since β = αγ=
λα, we deduce that

xαµα= xαµAα= axαλα= axααγ= xαγ= xβ .

This means that β = αµα and so β ∈ (α)b. Hence
(α)q ⊆ (α)b. We conclude that (α)q = (α)b. 2

As a consequence of Proposition 4, the following
result follows readily.

Corollary 2 If σ = X × X , then (α)b = (α)q for all
α ∈ T (X ,σ,ρ).

The following theorem characterizes when
T (X ,σ,ρ) is a BQ-semigroup.

Theorem 1 T (X ,σ,ρ) is a BQ-semigroup if and
only if σ = X × X or σ = IX or ρ = X × X or ρ = IX .

Proof : Suppose that σ,ρ /∈ {X × X , IX }. Since ρ 6=
IX , there exist distinct elements a, b ∈ X such that
(a, b) ∈ ρ. It follows from ρ ⊆ σ that a, b ∈ A for
some A ∈ X/σ. Since σ 6= X × X , there is B ∈ X/σ
such that A 6= B. Let c ∈ B. Define α,β ,γ : X → X by

xα=

¨

a, x ∈ A,

b, otherwise,

xβ =

¨

a, x = b,

b, otherwise,

xγ=

¨

c, x ∈ A,

b, otherwise.

Clearly, α, γ ∈ T (X ,σ,ρ). Since (a, b) ∈ ρ, β ∈
T (X ,σ,ρ). We will show that αβ = γα. Let x ∈ X .
If x ∈ A, then xαβ = aβ = b = cα = xγα. If x /∈ A,
then xαβ = bβ = a = bα = xγα. This means that
αβ = γα ∈ (α)q. Suppose that (α)q = (α)b. Since
aαβ = aβ = b 6= a = aα and aαβ = b 6= a = aα =
aαα, it follows that αβ 6= α and αβ 6= α2. Since
(α)q = (α)b = {α,α2} ∪ αT (X ,σ,ρ)α, there exists
µ ∈ T (X ,σ,ρ) such that αβ = αµα. Hence b =
aαβ = aαµα = aµα and a = cαβ = cαµα = bµα.
It follows that aµ ∈ (aµα)α−1 = bα−1 and bµ ∈
(bµα)α−1 = aα−1. Since µ∈ T (X ,σ,ρ) and (a, b)∈
ρ ⊆ σ, we deduce that (aµ, bµ) ∈ ρ. Then there is
C ∈ X/ρ such that aµ, bµ ∈ C . Thus C ∩ aα−1 6= ∅
and C ∩ bα−1 6= ∅. Hence a, b ∈ Cα. This is a
contradiction. Hence (α)q 6= (α)b. By Proposition 3,
we conclude that T (X ,σ,ρ) is not a BQ-semigroup.

Conversely, assume that the converse conditions
hold. If σ = IX or ρ = X ×X , then by Proposition 1,
we have T (X ,σ,ρ) = T (X ) is a regular semigroup.
Thus T (X ,σ,ρ) is a BQ-semigroup. If ρ = IX , then
T (X ,σ,ρ) is a BQ-semigroup by Corollary 1.

Suppose that σ = X × X . Let α, β ∈ T (X ,σ,ρ).
If α = β , then by Corollary 2 we have (α)b = (α)q.
Assume that α 6= β . Let γ ∈ (α,β)q. We consider
four cases as follows.

Case 1: γ ∈ αT (X ,σ,ρ)∩T (X ,σ,ρ)α. Then by
Proposition 2, we have γ ∈ (α)q. Since σ = X × X ,
γ ∈ (α)q = (α)b by Corollary 2. By minimality of
(α)b, we deduce that γ ∈ (α,β)b.

Case 2: γ ∈ βT (X ,σ,ρ) ∩ T (X ,σ,ρ)β . Then
γ ∈ (β)q. Since σ = X × X , γ ∈ (β)q = (β)b by
Corollary 2. It follows that γ ∈ (α,β)b.

Case 3: γ ∈ αT (X ,σ,ρ) ∩ T (X ,σ,ρ)β . Then
γ = αα′ = β ′β for some α′, β ′ ∈ T (X ,σ,ρ). For
each y ∈ Xα, we choose and fix ay ∈ X such that
ayα= y . Define µ : X → X by

xµ=

¨

axβ
′, x ∈ Xα,

xβ ′, otherwise.

Since σ = X × X and β ′ ∈ T (X ,σ,ρ), we have that
µ ∈ T (X ,σ,ρ). Let x ∈ X . Since γ= αα′ = β ′β , we
deduce that

xαµβ = axαβ
′β = axααα

′ = xαα′ = xγ.

Hence γ= αµβ ∈ αT (X ,σ,ρ)β ⊆ (α,β)b.
Case 4: γ ∈ βT (X ,σ,ρ) ∩ T (X ,σ,ρ)α. Then

γ = α′α = ββ ′ for some α′, β ′ ∈ T (X ,σ,ρ). For
each y ∈ Xβ , we choose and fix ay ∈ X such that
ayβ = y . Define µ : X → X by

xµ=

¨

axα
′, x ∈ Xα,

xα′, otherwise.

Since X/σ = {X } and α′ ∈ T (X ,σ,ρ), we deduce
thatµ∈ T (X ,σ,ρ). Let x ∈ X . Since γ=α′α= ββ ′,
we obtain that

xβµα= axβα
′α= axβββ

′ = xββ ′ = xγ.

Then γ= βµα ∈ βT (X ,σ,ρ)α ⊆ (α,β)b.
We deduce that (α,β)b = (α,β)q. It fol-

lows from Proposition 3 that T (X ,σ,ρ) is a BQ-
semigroup. 2

Next, we show that the semigroup T (X ,σ,ρ)
can be embeddable in T (Y, Z) for some sets Y , Z
with Z ⊆ Y .

Theorem 2 T (X ,σ,ρ) can be embeddable in
T (Y, Z) for some sets Y , Z with Z ⊆ Y .

www.scienceasia.org

290

http://www.scienceasia.org/20??.html
www.scienceasia.org


ScienceAsia 44 (2018)

Proof : Let Y = σ and Z = ρ. Then Z ⊆ Y . For each
α ∈ T (X ,σ,ρ), we define βα ∈ T (Y ) by

(x , y)βα = (xα, yα) for all (x , y) ∈ Y.

Sinceα∈ T (X ,σ,ρ), it follows that Yβα ⊆ Z . Hence
βα is well defined. Define φ : T (X ,σ,ρ)→ T (Y, Z)
by

αφ = βα for all α ∈ T (X ,σ,ρ).

Let α1, α2 ∈ T (X ,σ,ρ) be such that α1φ = α2φ.
Then βα1

= βα2
. If x ∈ X then (x , x) ∈ Y and

(xα1, xα1) = (x , x)βα1
= (x , x)βα2

= (xα2, xα2).

Hence xα1 = xα2 for all x ∈ X and so α1 = α2. This
shows thatφ is injective. Next we claim that βα1α2

=
βα1
βα2

. If (x , y) ∈ Y then

(x , y)βα1α2
= (xα1α2, yα1α2)

= (xα1, yα1)βα2

= (x , y)βα1
βα2

,

as required. 2

Theorem 3 Let ϕ : S → T be a semigroup isomor-
phism. If S is a BQ-semigroup, then T is also a BQ-
semigroup.

Nenthein and Kemprasit11 proved that T (X , Y )
is a BQ-semigroup. As a consequence of Theorem 3,
the following result follows readily.

Corollary 3 If T (X ,σ,ρ)∼= T (Y, Z) for some sets Y ,
Z with Z ⊆ Y , then T (X ,σ,ρ) is a BQ-semigroup.

The following result follows immediately from
Corollary 3 and Theorem 1.

Corollary 4 If T (X ,σ,ρ)∼= T (Y, Z) for some sets Y ,
Z with Z ⊆ Y , then σ= X×X or σ= IX or ρ = X×X
or ρ = IX .

Finally, we give the necessary conditions for the
semigroups T (X ,σ,ρ) and T (Y, Z) to be isomor-
phic. In what follows, |A| means the cardinality of a
set A.

Theorem 4 (Ref. 7) T (X ) ∼= T (Y ) if and only if
|X |= |Y |.

Proposition 5 If σ = IX or ρ = X × X , then
T (X ,σ,ρ)∼= T (Y, Z) for some sets Y , Z with Z ⊆ Y .

Proof : Suppose that σ = IX or ρ = X × X .
Case 1: σ = IX . Then σ = ρ. By Proposition 1,

we obtain T (X ,σ,ρ) = T (X ). Let Y = Z = σ. Then
T (Y, Z) = T (Y ). Since σ = IX we deduce that |X |=
|IX | = |σ| = |Y |. This implies that T (X ) ∼= T (Y ) by
Theorem 4.

Case 2: ρ = X × X . Then σ = ρ. Thus
T (X ,σ,ρ) = T (X ). Let Y = Z = IX . Then T (Y, Z) =
T (Y ). Since Y = IX it follows that |X | = |IX | = |Y |.
Hence T (X )∼= T (Y ). 2
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