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ABSTRACT: Let T(X) be the full transformation semigroup on a nonempty set X. For an equivalence relation o on
X, Pei introduced and studied the subsemigroup of T(X) defined by T(X,0) ={a € T(X) : Vx,y € X,(x,y) € o
implies (xa, ya) € o'}, which is called a transformation semigroup preserving the equivalence o. In this paper, for two
equivalence relations o, p with p € o on a nonempty set X, we introduce the subsemigroup T(X,0,p)={a e T(X):
Vx,y € X,(x,y) € o implies (xa,ya) € p} of T(X) which generalizes the notation of the subsemigroup T(X, o)
of T(X). A necessary and sufficient condition under which T(X,o,p) is a BQ-semigroup (a semigroup whose bi-
ideals and quasi-ideals coincide) is given. We also prove that T(X, o) of T(X) can be embedded into a semigroup of

T(Y,Z)={aeT(Y):Ya CZ} for somesets Y and Z with Z C Y.
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INTRODUCTION

For a nonempty set X, let T(X) be the full transfor-
mations semigroup on X, i.e., T(X) is the semigroup
under composition of all mappings a : X — X. Miller
and Doss! proved that T(X) is a regular semi-
group and described its Green’s relations. It is well
known that every semigroup is isomorphic to a sub-
semigroup of some full transformation semigroups.
Hence in order to study structure of semigroups, it
suffices to consider in subsemigroups of T(X).

Let o be an equivalence relation on a nonempty
set X. Pei? has studied a family of subsemigroups of
T(X) determined by o, namely,

TX,0)={aeTX):Vx,yeX,(x,y)eo
implies (xa,ya) € o}.

It is clear that if o € {Iy,X x X}, where Iy is the
identity relation on X, then T(X,0) = T(X). He
discussed regularity of elements and Green’s rela-
tions for T'(X, o). Mendes-Gongalves and Sullivan®
introduced a subsemigroup of T(X) defined by

EX,0)={acTX):Vx,yeX,(x,y)e0

implies xa = ya}

and call it the semigroup of transformations restricted
by an equivalence o. Observe that E(X,0) is a

subsemigroup of T(X,c). They also characterized
Green’s relations on the largest regular subsemi-
group of E(X,o0) and showed that if |X| = 2 and
o # Iy, then E(X, o) is not isomorphic to T(Z) for
any set Z.

Let o and p be equivalence relations on a set X
with p € 0. We define a generalization of T(X, o)
as follows:

T(X,0,p)={aeTX):Vx,y€X,(x,y)€0
implies (xa,ya) € p}.

It is easy to see that T(X, o, p) is a subsemigroup of
T(X). Notice that the identity mapping need not
be in T(X,0,p). If o =1y or p =X x X, then
T(X,o, p) contains the identity mapping on X. And
if p = I, then T(X, 0, p) is a right ideal of T(X).

The relationships between the semigroups
T(X,o0,p)and E(X,0), T(X,0) and T(X) are now
described.

Proposition 1 The following statements hold.

(i) EX,0)CTX,0,p) CT(X,0).

(i) T(X,o0,p)=E(X,c)if and only if p = Ix.

(iii) TX,o0,p)=T(X,o) if and only if 0 = p.

(iv) TX,0,p)=TX)ifandonlyif c =Ix or p =
X xX.

A subsemigroup Q of a semigroup S is called
a quasi-ideal of S if SQ N QS € Q, and by a bi-
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ideal of S we mean a subsemigroup B of S such
that BSB € B. Quasi-ideals are a generalization
of left ideals and right ideals and bi-ideals are a
generalization of quasi-ideals. A BQ-semigroup is
a semigroup S whose bi-ideals and quasi-ideals co-
incide. It is known that regular semigroups®, left
(or right) simple semigroups®, and left (or right) O-
simple semigroups® are BQ-semigroups.

For a nonempty subset A of a semigroup S, (4),
and (A), denote, respectively, the quasi-ideal and
the bi-ideal of S generated by A, that is, (A), is the
intersection of all quasi-ideals of S containing A and
(A), is the intersection of all bi-ideals of S containing
A°.

Proposition 2 (Ref. 7) For a nonempty subset A of
a semigroup S,

(A); =AU (SANAS), (A), =AUA*> UASA.

Calais® gave a characterization of the BQ-

semigroups as follows.

Proposition 3 (Ref. 8) A semigroup S is a BQ-
semigroup if and only if (x,y), = (x,y)q for all x,
Yy €E€S.

Let Y be a fixed nonempty subset of X. Symons®
considered the subsemigroup of T(X) defined by

TX,Y)={aeT(X):Xa CY}

and described all the automorphisms of this semi-
group. Furthermore, he determined when the two
semigroups of this type are isomorphic. Nenthein
et al'® characterized regular elements of T(X,Y)
and determined the numbers of regular elements
in T(X,Y) for a finite set X. It was also proved
that T(X,Y) is a BQ-semigroup'!. Sanwong and
Sommanee'? described T(X,Y) to be regular and
determined Green'’s relations on T(X,Y). They also
obtained a class of maximal inverse subsemigroups
of T(X,Y).

In this paper, we first prove that T(X, o, p) is
a BQ-semigroup in terms of equivalence relations.
Secondly, we show that the semigroup T(X,o,p)
can be embeddable in T(Y,Z) for some sets Y,Z
with Z C Y and prove thatif 0 =1y or p =X x X,
then T(X,o0,p) = T(Y,Z) for some sets Y,Z with
ZCY.

In the remainder of this paper, let o and p be
equivalence relations on a set X such that p C o.
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MAIN RESULTS

Firstly, we characterize when T(X, o, p) is a BQ-
semigroup in terms of equivalences. The following
lemmas are needed.

Lemma 1 Let a € T(X). Then a € T(X, 0, p) if and
only if for each A € X /o there exists B € X /p such
that Aa C B.

Proof: Suppose that a € T(X,0,p). Let Ae X/o
and a € A. Then there exists B € X /p such that aa €
B. Let y € Aa. Then xa = y for some x € A. Since
(a,x) € o and a € T(X,0,p), we have (aa,y) =
(aa,xa) € p. This means that y € B. Hence Aa C B.

Conversely, suppose that for each A € X/o,
there exists B € X /p such that Aa CB. Let x, y € X
be such that (x,y) € 0. Then x,y € A for some
A€ X /o. By assumption, there exists B € X/p such
that xa, ya € Aa C B. It follows that (xa, ya) € p.
Hence a € T(X, 0, p), as required. O

Lemma 2 (Ref. 11) Every bi-ideal of a regular semi-
group is a BQ-semigroup.

As was mentioned, if p = Iy, then T(X,0,p)
is a right ideal of T(X). Hence T(X,o,p) is a bi-
ideal of T(X) if p = Ix. From Lemma 2 we have the
following result.

Corollary 1 If p = Iy, then T(X,0,p) is a BQ-
semigroup.

Proposition 4 Let a € T(X,0,p). If for each A €
X /o there exists B € X/o such that AnXa C Ba,
then (a), = (a)q.

Proof: Suppose that for each A € X /o, there exists
B € X/o such that ANXa € Ba. Let € (a)q. If
p = a, then B € (a),. Assume that f§ # a. Then
B = ay = Aa for some v, A€ T(X,0,p). Let A€
X /o be such that ANXa # @. Then ANXa C B,
for some fixed B, € X/o. For each y e ANXa, we
choose and fix a, € B, such that a,a = y. For fixed
b, € B, and define u, : A— X by

a, A, x€Xa,
XUa =

bsA, otherwise.

Let u : X — X be defined by

Ua, ANXa 75 ®>
pla= .
¢4, Otherwise

forall A€ X /o and ¢, is a constant map from A into
X. Since X /o is a partition of X, u is well-defined.
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For each A € X /o with AnXa # &, by Lemma 1
we have that Au, € B,A € C for some C € X/p. It
follows from Lemma 1 that u € T(X,0,p). Let x €
X. Then xa € Afor some A€ X/o. Since f = ay =
Aa, we deduce that

XU = XAUAQ = Ay A = A0y = Xay = xf3.

This means that f = aua and so f§ € (a),. Hence
(a)q € (a),. We conclude that (a), = (a)y.- ]

As a consequence of Proposition 4, the following
result follows readily.

Corollary 2 If 0 =X x X, then (a), = (a) for all
aeTX,o,p).

The following theorem characterizes when
T(X,o,p) is a BQ-semigroup.

Theorem 1 T(X,0,p) is a BQ-semigroup if and
onlyifco=XxXoro=Iyorp=XxXorp=I.

Proof: Suppose that o,p ¢ {X x X,Ix}. Since p #
Iy, there exist distinct elements a, b € X such that
(a,b) € p. It follows from p C o that a,b € A for
some A€ X/o. Since 0 #X x X, thereisBe X /o
such that A# B. Let ¢ € B. Define a, 8,7 : X — X by

a, xE€A,
xa=
b, otherwise,
a, x=2>b,
xp = .
b, otherwise,
c, X€EA,
Xy = .
b, otherwise.

Clearly, a, y € T(X,0,p). Since (a,b) € p, B €
T(X,o0,p). We will show that a8 =ya. Let x € X.
If x €A thenxaf =af =b=ca=xya. If x ¢A,
then xafl = b = a = ba = xya. This means that
afy =ya € (a),. Suppose that (a), = (a),. Since
aaf=af=b#a=aaand aaf =b#a=aa=
aaa, it follows that aff # a and aff # a®. Since
(@) = (@), = {a,a’} UaT(X,0,p)a, there exists
u € T(X,o,p) such that af = aua. Hence b =
aaf} = aaua = aua and a = caff = caua = bua.
It follows that au € (aua)a™ = ba™! and bu €
(bua)a™! =aa™!. Since u € T(X,0,p)and (a,b) €
p € o, we deduce that (au, bu) € p. Then there is
C € X/p such that au, bu € C. Thus CNaa™' # @
and CNba~! # @. Hence a,b € Ca. This is a
contradiction. Hence (a), # (a),. By Proposition 3,
we conclude that T(X, o, p) is not a BQ-semigroup.
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Conversely, assume that the converse conditions
hold. If ¢ = I or p =X x X, then by Proposition 1,
we have T(X,0,p) = T(X) is a regular semigroup.
Thus T(X, o, p) is a BQ-semigroup. If p = I, then
T(X,0,p) is a BQ-semigroup by Corollary 1.

Suppose that c =X xX. Leta, B € T(X,0,p).
If a = 3, then by Corollary 2 we have (a), = (a),-
Assume that a # . Let y € (a, 8)q. We consider
four cases as follows.

Case 1: yeaT(X,o0,p)NT(X,o,p)a. Then by
Proposition 2, we have y € (a),. Since 0 =X x X,
v € (a)q = (a), by Corollary 2. By minimality of
(a)p, we deduce that y € (a, B)y.

Case 2: y € fT(X,0,p)NT(X,0,p)B. Then
Y € (ﬂ)q Since 0 = X x X, Y € (ﬂ)q = (ﬁ)b by
Corollary 2. It follows that y € (a, )s.

Case 3: y € aT(X,0,p)NT(X,0,p)B. Then
y =aa’ = B'p for some o', p’ € T(X,0,p). For
each y € Xa, we choose and fix a, € X such that
aya=y. Define u:X — X by

0.,
xXu =
7B
Since 0 =X xX and 3’ € T(X, 0, p), we have that

UWET(X,0,p). Let x €X. Since y = aa’ = 'S, we
deduce that

xeXa,
otherwise.

xauP =a,,pB'p =a.aa =xaa’ =xy.

Hence y = auf € aT(X,0,p)p € (a,B)p-

Case 4: vy € BT(X,0,p)NT(X,0,p)a. Then
y =d'a = BB’ for some a’, B’ € T(X,o0,p). For
each y € X3, we choose and fix a, € X such that
a,fp =y. Define u: X — X by

a,a,
Xy = ,
xa/,

xeXa,
otherwise.

Since X/o = {X} and o’ € T(X,0,p), we deduce
thaty € T(X,0,p). Letx €X. Sincey =d’a= B/,
we obtain that

xﬁua = axﬁa/a = axﬁﬁﬁ/ = xﬁﬂ/ =Xy.

Then y = fuacBTX,o0,p)a < (a, ).

We deduce that (a,B), = (a,f)q. It fol-
lows from Proposition 3 that T(X,o,p) is a BQ-
semigroup. O

Next, we show that the semigroup T(X,o,p)
can be embeddable in T(Y,Z) for some sets Y, Z
with Z CY.

Theorem 2 T(X,0,p) can be embeddable in
T(Y,Z) for some sets Y, Z with Z C Y.
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Proof: LetY =0 and Z = p. Then Z C Y. For each
aeT(X,o,p), we define B, € T(Y) by

(x,¥)By = (xa,ya) for all (x,y) €Y.

Since a € T(X, 0, p), it follows that Y 8, € Z. Hence
B, is well defined. Define ¢ : T(X,0,p) — T(Y,Z)
by

ap =P, forallae T(X,o,p).

Let a;, a, € T(X,0,p) be such that a;¢ = ay¢.
Then B,, = f,. If x € X then (x,x) € Y and

(xal)xal) = (xax)ﬂal = (X,X)/jaz = (xa2>xa2)'

Hence xa; = xa, for all x € X and so a; = a,. This
shows that ¢ is injective. Next we claim that 8, ,, =

ﬁalﬁaz' If (X, y) €Y then

(x, y)ﬂa1a2 = (xa;0y, ya,a3)
= (xalﬁyal)ﬂaz
= (x:y)ﬂalﬂaza

as required. a

Theorem 3 Let ¢ : S — T be a semigroup isomor-
phism. If S is a BQ-semigroup, then T is also a BQ-
semigroup.

Nenthein and Kemprasit!! proved that T(X,Y)
is a BQ-semigroup. As a consequence of Theorem 3,
the following result follows readily.

Corollary 3 If T(X,0,p) = T(Y, Z) for some sets Y,
Z with Z C Y, then T(X,0,p) is a BQ-semigroup.

The following result follows immediately from
Corollary 3 and Theorem 1.

Corollary 4 If T(X,0,p) = T(Y,Z) for some sets Y,
ZwithZ CY,theno=XxXoro=Iyorp=XxX
or p =1Ix.

Finally, we give the necessary conditions for the
semigroups T(X,o,p) and T(Y,Z) to be isomor-
phic. In what follows, |A| means the cardinality of a
set A.

Theorem 4 (Ref. 7) T(X) = T(Y) if and only if
IX|=1v|.

Proposition5 If 0 = Iy or p = X x X, then
TX,0,p)=T(Y,Z) for somesets Y, ZwithZ CY.
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Proof: Suppose that 0 =1y or p =X x X.

Case 1: 0 = Iy. Then o = p. By Proposition 1,
we obtain T(X,0,p)=T(X). Let Y =Z = ¢. Then
T(Y,Z)=T(Y). Since o = Iy we deduce that |X| =
|Iy| =|o| =1|Y|. This implies that T(X) = T(Y) by
Theorem 4.

Case 2: p =X xX. Then o0 = p. Thus
TX,0,p)=T(X).LetY =Z =1I4. Then T(Y,Z) =
T(Y). Since Y = I it follows that |X| = |Iy| = |Y|.
Hence T(X) = T(Y). a
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