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ABSTRACT: A simple graph G = (V, E) admits an H-covering if every edge in E(G) belongs to a subgraph of G isomorphic
to H. The graph G is said to be H-magic if there exists a bijection v : V(G)UE(G) — {1,2,...,|V(G)| + |E(G)|} such
that for every subgraph H’ of G isomorphic to H, the sum Zvev(H,) YP(v)+ ZceE(H,) 1 (e) is constant. Furthermore, G
is said to be H-supermagic if ¢(V(G)) = {1,2,...,|V(G)|}. In this paper, we study the cycle-supermagic labelling of
a pumpkin graph and two classes of planar maps containing 8-sided and 4-sided faces or 6-sided and 4-sided faces,

respectively.
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INTRODUCTION

An edge covering of G is a family of subgraphs
H,,...,H, such that each edge of E(G) belongs to
at least one of the subgraphs H;, 1 <i < r. Then
it is said that G admits an (H;,H,,...,H,)-(edge)-
covering. If every H; is isomorphic to a given
graph H, then G admits an H-covering. Suppose G
admits an H-covering. A total labelling v : V(G)U
E(G) - {1,2,...,|V(G)| + |E(G)|} is called an H-
magic labelling of G if there exists a positive integer
k (called the magic constant) such that for every
subgraph H’ of G isomorphic to H,

PRIGEDRIGES

veV(H’) e€E(H’)
A graph that admits such a labelling is
called H-magic. An H-magic labelling
1 is called an H-supermagic labelling if

YP(V(G)) =1{1,2,...,|V(G)|}. A graph that admits
an H-supermagic labelling is called H-supermagic.
The sum of all vertex and edge labels on H (under
a labelling ) is denoted by >.v(H).

The H-supermagic labelling was first introduced
by Gutiérrez and Lladé®. They proved that some
classes of connected graphs are H-supermagic; e.g.,
the stars K;, and the complete bipartite graphs
K, are Kjp-supermagic for some h. They also

proved that the paths P, and the cycles C,, are P,-
supermagic for some h. Jeyanthi and Selvagopal?
proved that a one point union of n copies of
a 2-connected graph G is H-supermagic for any
positive integer n. Lladé and Moragas® studied
some C,-supermagic graphs. They proved that the
wheels W,, the windmill graphs W(r, k), and the
prisms C, x P, are Cy-supermagic for some h. P,-
supermagic labellings of some classes of trees such
as the subdivision of stars, shrubs, and banana trees
can be found in Ref. 4. Ngurah et al” studied cycle-
supermagic labellings of chain graphs, fans, triangle
ladders, graphs obtained by joining a star K; , with
one isolated vertex, grids, and books. In Ref. 6
it is proved that the disjoint union of an arbitrary
number of copies of a C,-supermagic (C,-magic)
graph is also a C,-supermagic (C,-magic) graph.
Further results can be found in Refs. 7, 8.

For H £ K,, an H-supermagic graph is also
called a super edge-magic graph. The notion of a
super edge-magic graph was introduced in Ref. 9
as a particular type of edge-magic graph given in
Ref. 10. The H-magic labelling is related to a face-
magic labelling of a plane graph introduced by Lih !
(see also Refs. 12-14). A labelling of type (1,1,0)
(i.e., a total labelling) of a plane graph is said to be
face-magic if for every positive integer s, all s-sided
faces have the same weight. The weight of a face
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under a labelling of type (1,1,0) is the sum of labels
carried by the edges and vertices surrounding that
face. When a plane graph G contains only n-sided
faces, then the face-magic labelling of G is also a
C,-magic labelling.

In this paper, we study cycle-supermagic la-
belling of subdivided graphs and two classes of
planar maps containing 8-sided and 4-sided faces or
6-sided and 4-sided faces, respectively.

SUBDIVIDED GRAPHS

Consider the graph S(G) obtained by subdividing
some edges of a graph G (and thus inserting some
new vertices to the original graph G). Equivalently,
the graph S(G) can by obtained from G by replacing
some edges of G by paths.

Let G be a graph admitting an H-covering
given by t subgraphs H;,H,,...,H, isomorphic to
H. Consider the subgraphs S;(H;), i = 1,2,...,t
corresponding to H; in S(G). If these subgraphs
are all isomorphic to a graph (let us denote it by
the symbol S;(H)), then the graph S(G) admits an
Sq(H)-covering.

The next theorem shows that the property of
being H-supermagic is hereditary according to the
operation of subdivision of edges. This result is a
generalization of the results proved in Refs. 15, 16.

Theorem 1 Let G be an H-supermagic graph and let
H;,, i =1,2,...,t be all subgraphs of G isomorphic
to H. If S¢(H;), i =1,2,...,t are all subgraphs of
S(G) isomorphic to S;(H) then the graph S(G) is an
S(H)-supermagic graph.

Proof: Let G be an H-supermagic graph and let H;,
i=1,2,...,t be all subgraphs of G isomorphic to
H. Let f be an H-supermagic labelling of G. Thus
f:V(G)UE(G) — {1,2,...,|V(G)| + |[E(G)|} such
that the vertices of G are labelled with numbers
1,2,...,|V(G)| and the weights of subgraphs H; are

D0+ D fle)=> f(H)

veV(H;) e€E(H;)

for every i =1,2,...,t, where Y. f(H) is the magic
constant of f.

Consider the graph S(G) obtained from G by in-
serting p new vertices, say vy, Vs, ..., V,. Let Sq(H;),
i=1,2,...,t be all subgraphs of S(G) isomorphic to
S¢(H). Then S(G) admits the S;(H)-covering. Let
r denote the number of new vertices inserted into
every subgraph S;(H;),i=1,2,...,t.
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We define a labelling g of S(G) in the following
way:

(fo,
s)= {|V(G)| i,

v eV(G),
v=vj,j=1,2,...,p.

Evidently, the vertices of S(G) are labelled with
distinct numbers 1,2,...,|V(G)| +p.

Let us choose an orientation of edges in the
graph G. According to this orientation we orient
the edges in S(G). To an arc uv in G there will
correspond the oriented path P, with initial vertex
u and terminal vertex v in S(G). We label the arcs
of S(G) such that

fw)+p,
ifue V(G) and uw is an arcon P,,,,
guw) = .
V(G)I+IE(G)+2p+1—],
ifu=v;,j=12,...,p.

The edges are labelled with distinct numbers from
the set [V(G)|+p+1, [V(G)|+p+2,...,|V(G)| +
|E(G)|+2p. Furthermore, under the labelling g, the
weights of subgraphs S;(H;),i=1,2,...,t are

wt (GH)) = Y. g+ Y. gle)

veV(G(H))  ecE(GH))

= D> g+ > g+ Y g(e)

vev(H;) v;€V(G(H;))  e€E(P(uv)),
uveE(H;)

= 2 f0+ 2 (VE@I+ )+ D (F@)+p)

VeV(H)  veV(G(H,)) ecE(H;)

+ > (VG +IEG) +2p+1—))
v;EV(G(H,))

= > FW)+ D F(@)+IEH)Ip

veV(H;) ecE(H;)
+2IV(G)| + |E(G)|+2p+1)r

= FHE)+IEH)p
+(2|V(G)| + |E(G)|+2p+ 1)r.

As |[E(H;)|=|E(H)| fori=1,2,...,t, we obtain that
the S;(H;) weights are all the same. Thus g is an
S(H)-supermagic labelling of S(G) with the magic
constant Y. f (H)+|E(H)|p+(2|V(G)|+|E(G)|+2p+
Dr. O

Combining Theorem 1 with known results on
cycle-magicness of some graphs we immediately ob-
tain new classes of graphs that are cycle-supermagic.
Note that it is not necessary to consider only regular
subdivisions of graphs.
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CYCLE-SUPERMAGIC LABELLING OF
SUBDIVIDED WHEELS

A wheel W, is a graph obtained by joining a single
vertex to all vertices of a cycle on n vertices. The
vertex of degree n is called the central vertex, or
the hub vertex, and the remaining vertices are called
the rim vertices. The edges adjacent to the central
vertex are called spokes and the remaining edges
are called rim edges. Let us denote by the symbol
W, (r,s) the graph obtained by inserting r, r = 0
new vertices into every rim edge and s, s = 0 new
vertices into every spoke in the wheel W,,. The graph
isomorphic to the subdivided wheel W, (r,0) is also
known as the Jahangir graph J, ;.

Proposition 1 (Ref. 3) For odd n, n = 5, the wheel
W, is Cz-supermagic.
Thus we obtain

Corollary 1 Let r, s be non-negative integers. For
odd n, n =5, the subdivided wheel W,(r,s) is Cp 405"
supermagic.

Note that this result was proved in Ref. 3. The Cs-
supermagicness of wheels was studied in Ref. 17.

Proposition 2 (Ref. 17) For odd n, n = 5, the wheel
W, is C4-supermagic.
Immediately, we obtain

Corollary 2 Let r, s be non-negative integers. For
odd n, n = 5, the subdivided wheel W,(r,s) is
Cpor425-SUpErmagic.

Theorem 2 The subdivided wheel W,(1,0), n= 3, is
Copro-supermagic for 1 <k <n—1.

Proof: Let us denote vertices and edges of W, (1,0)
as follows:

V(W,(1,0)) = {c, vi,ui :i=1,2,...,n},
E(W,(1,0)) ={cv;, viui,uiviﬂ :i=1,2,...,n},
where the indices are taken modulo n. We define
a total labelling g : V(W,(1,0)) U E(W,(1,0)) —

{1,2,...,5n+ 1} in the following way:
glc)=1,
g(vi) = 21;
g(u)=2n—2i+3,
glev))=3n+2—1,

I

-

e Sy
N N ININN
N IN NN

~.

gvu) =3n+1+i,
fWvi)=5n+1—i, 1<i
gu"v;)=5n+1.

-

=
|
= =
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We denote by the symbol C,,,,
the (2k + 2)-cycle such that C, ., =
ut*ly, ,c, where the index
Under the labelling g, the

are as follows:

1<i<n,

cviu v u v, ..
i is taken modulo n.

weights of C}, .,

k k—1
th(czilwz) =g+ Zg(vi+j) + Zg(qu)
j=0 j=0
k—1 .
+glev) +glevig) + Z g ut)
=0

k—1
+ Z g™ Vi+j+1)-
j=0

It is easy to prove that for every i, 1 < i < n, the
cycle weights are constant:

wtg(Ci

siiz) = (10n+6)k +6n+5.

Hence W,(1,0) is Cyy,o-supermagic. m|
Combining Theorem 2 and Theorem 1 we im-
mediately obtain the following result.

Theorem 3 The subdivided wheel W,(r,s), n = 3,
r21ands 2 0is Cyqq)405-Supermagic for 1 < k <
n—1.

TWO CLASSES OF PLANAR MAPS

Let n, m be positive integers. Let O;" denote a planar
map with m rows and n columns of octagons and 4-
sided faces between them (Fig. 1). More precisely,
the graph O7" has the vertex set

1271

v ={d,bl:1<i<n1<j<m+1}
<

Fig. 1 The planar map OJ.
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and the edge set

_ [pitl 4] P J+1 Jj.
E(Or:n)_{bi d1+1’ 11’b1 i+10 4 d .
1<i<n, \]\m}
U{c dJ <Sn+1,1<j< m}
U{a bJ <nl<j< m+1}.

The map O;" is of order 4mn + 2n + 2m and of size
6mn+n-+m.

Theorem 4 Let m, n be positive integers. Then the
planar map O is Cg-supermagic.

Proof: Define a total labelling ¢ : V(OT)UE(O]") —
{1,2,...,10mn+3n+3m} as follows. We first label
the vertices of the graph OT'. For 1 < j < m and
1<is<n+1

cp(c{) =n+1)(G—1)+1,
go(dl.j) =nm+1)@2m—j)+i.

Forl1<j<m+land1<i<n

p(a]) =

(b)) =

Evidently, the vertices of the graph O, are labelled
with distinct numbers from the set {1,2,...,4mn+
2n+2m}.

The edges of O;" are labelled such that for 1 <
jSmand1<i<n

2m(n+1)+2n(m+1—j)+2i—1,
2m(n+1)+2nj+2—2i.

e(bI"'d ) =2m@2n+1)+2n+nj+1—i,

cp(a.c.) =2m(3n+1)+3n—nj+1—i,

go(bl z+1) =2m(3n+1)+2n+nj+1—i,
¢(@™'d)) = 7mn+2n+2m+nj+1—i

andforl1<js<m+land1<i<n

cp(afb{) =3n(3m+1)+2m—nj+i.

To label the edges c; dl <Sm,1<i<n+1we
distinguish two cases accordlng to the parlty of n. If
n is odd then

10mn+4n+3m—jn+1)+2—1i,
ieven,2<is<n+1,

Imn+2m+3n+(n+1)j+1—1i,
iodd,1<i<n,

o(c/d)) =
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and if n is even then

10mn+4n+3m—j(n+1)+2—i,
iodd,1<i<n+1,

9mn+2m+3n+(n+1)j+1—i,
ieven, 2<is<n.

p(c/d) =

It is easy to see that the edges are labelled with
distinct numbers from the set {4mn + 2n + 2m +
1,4mn+2n+2m+2,...,10mn+ 3n+ 3m}.

The planar map O admits a Cg-covering given
by mn cycles on 8 vertices We denote these cycles
by CJ » for 1 <j<m,1<1i<n,with the following
vertex sets and edge sets.

v(cy)={al,c/,dl,al"!,b]", & b!

i+1° 1+1’
11<i<n1<j< m}

— ]J JJ+1 J+1 4 j
E(C ) {al l’ ldl’dl i b dl+1’dl+1 i+1°
j ] j J+1 j+1
bl 1+1’a1bz’ by ilsisn,

It is not difficult to verify by a routine procedure
that the supermagic constant under the labelling ¢,
for every 1 <i < n, 1 <j<m, has the following
value:

>oech ) =p(a)+o(c)+e(d)+e(a™)
+w@f5+¢wwﬂ+¢kHJ+¢@D
+cp(a c! )-Hp(c d])+cp(dja{+1)+cp(afbf)
(b{+1di’+l)+¢(dl+l l'+1)+cp(b{cf+1)
+g0(a{+lb{+1)= 76mn+29m+23n+ 8.

O
Fig. 2 depicts Cg-supermagic labellings of 032.

Fig. 2 Cg-supermagic labellings of 032.
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Fig. 3 The planar map H.

We now consider a planar map H;" withn,m > 1
illustrated in Fig. 3 with m rows and n columns of
hexagons and 4-sided faces between them. Let

V(H,T)z{u{,v{:1<i<n,1<j<m+1}
U{wj' <isn+1,1< m}
EHM) = {v/"! {H,ulwf, VJW{H,wJuJ“
1<i< \]\m}
u{ulv] :1<l<n,1<j<m+1}

be the vertex set and the edge set of H', respec-
tively. Thus |V(H]")| = 3mn+2n+m and |E(H]})| =
smn+n.

Theorem 5 Let m, n be positive integers. Then the

planar map H}" is Cg-supermagic.
Proof: We define a total labelling ¢ : V(H') U
E(H') — {1,2,...,8mn +3n+ m} in the following
way. Forl<jsm+land1<i<n
e(u)=2n(G—1)+2i—1,
o(v]) =
p(ulv]) =

2n(m+2—j)+2—2i,
8mn+3n+m—jn+i.

Forl<j<mandl<i<n+l1
i 2n(m+1)+(n+1)(m—j)+i, iodd,
cp(wl.) {2n(m+1)+(n+1)(]—1)+1 i even.
Forl<j<mand1<i<n
(p(vgﬂwfﬂ)=3mn+2n+m+jn+1—i,

(

w)) =
=5mn+2n+m+jn+1—1i,

l+1

( uf) =

Smn+3n+m—jn+1—i,

émn+2n+m+jn+1—i.
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It is easy to check that the labelling ¢ is a bijection
and that the vertices are labelled with the numbers
1,2,...,3mn+2n+m.

The planar map H;" admits a Cg-covering and is

covered by the cycles CJ sforl<j<m,1<i<n,
with the following Vertex sets and edge sets:

j ]+1 j+1 j
)_{ul’ Wil VY Wl+1’ i

<m},

j _ joj+1 41 j+1 41
E(C()l) {uw wou U v LY W,

:1<i<n,

w{Hvl,vJuJ 11<i<n1<j<m}
We observe that under the labelling ¢, for every 1 <
i <nand1 < j < m, the supermagic constant attains

the value

Do) =e(w)+e(w)+ (™)
(v )+ (W) + e (V) + o (ulw)
+e(w™ )+ () + (v w0

+§0( 1+1 l)+¢(u V; )
=44mn+7m+21n+6.

O
Fig. 4 gives a C4-supermagic labelling of Hg.

CONCLUSIONS

We have examined the existence of cycle-
supermagic labelling for subdivided graphs. We
proved that the property of being cycle-supermagic
is hereditary under the operation subdivision of
edges. We showed that the subdivided wheel
W,(r,s) admits cycle-supermagic labellings for all
cycles Cy(r41)42s for 1S k<n—1,n=3,r > 1 and
s = 0. Furthermore, we examined the existence
of Cg-supermagic and Cg-supermagic labellings of

Fig. 4 Cg-supermagic labelling of H;f.
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planar maps O" and H,". We suggest the following
open problem.

Problem 1 Prove that the subdivided wheel W,(0,s)
i Cpyos4o-supermagic for 1< k<n—1,n= 3.
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