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INTRODUCTION

The Riemann-Stieltjes integral plays an important
role in mathematics. In Ref. 1, Alomari used

£ {u(zla+bD—u(@)}+f (a+b—x){u(b)~u(z[a+
b])} to approximate the Riemann-Stieltjes integral

fab f(t)du(t) and proved that

_3a+b

ID(f,u;a, b, x)| SH[b_a +‘x

| v,

forany x € [a, %(a+b)], provided that f : [a,b] > R
is an (r—H)-Holder type mapping and u : [a,b] = R
is a mapping of bounded variation on [a, b], where
Vab (f) denotes the total variation of f on [a, b], and

b
D(f,u;a,b,x) :=ff(t)du(r)—f(x)[u(“;b)

—u(a)}—f(a+ b—x)[u(b)—u(a ; b)} )

is the error functional, H > 0 and r € (0,1] are
given.

If the integrand f : [a,b] — R is of bounded
variation on [a, b] and the integrator u(t) = ¢t,t €
[a, b], then the following companion of Ostrowski’s
inequalities for functions of bounded variation has
been considered by in Ref. 2, in which they obtained
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the bound

b
U f(x)+fla+ b—x)]—b—ia ff(t)dt

< b%a[(x —aQ)V(f)+ (“ JZ“ b —x)v;”"x(f)
=Vl 0]
[%+ % ]Vab(f), and
G2+ (5=)] v
B A '2) e VNl
bi_faa> 1,§+%: 1, and

T V() V),
—a

Vi (F)}

for any x € [a, %(a +b)].

In Ref. 3, Dragomir developed Ostrowski’s type
integral inequality for the complex unit circle
C(0,1).

Theorem 1 Assume that f : C(0,1) — C satisfies the
following Hélder’s type condition

If(@)—f(b)| <Hla—bl", 2

forany a,b € C(0,1), where H>0and r € (0,1] are
given. If [a, b] € [0, 2] and the functionu : [a, b] —
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C is of bounded variation, then

b
f(E)u(d)—u(@)]— ff(e“) du(t)

s—t
< 2"H max ‘sinr (—)
tela,b] 2

Vi(w), (3)

forany s €[a,b].

For other inequalities for the Riemann-Stieltjes inte-
gral, see Refs. 4-19.

Motivated by the above facts, we consider in
the present paper the problem of approximating the

Riemann-Stieltjes integral fab f(e*)du(s) by the rule

f)|u( 52 ) -u@]
1 f (el [u(b)—u (“ . b )] )

where the continuous complex valued function f :
C(0,1) — C is defined on the complex unit circle
C(0,1) and the function u : [a,b] € [0,27t] — C is
of bounded variation.

We denote the error functional

T(f,u;0,b35,0) :=f(e“)[u(a;b )—u(a)]

a+b

# £ ) ul) —u %5 Jf(e“)du(t)

()

where t € [a,b] and f is of (r—H)-Holder type and
u is the function of bounded variation.

The outline of this paper is as follows. First,
we show some inequalities for the Riemann-Stieltjes
integral. Second, we apply them to a composite
quadrature rule. Third, the study of applications to
unitary operators is discussed.

SOME COMPANIONS OF OSTROWSKI’S TYPE
INEQUALITY

The following companions of Ostrowski’s inequality
for Riemann-Stieltjes integrals hold.

Theorem 2 Suppose that f : C(0,1) — C satisfies
the following Holder’s type condition:

If(@—f() <Hla—bl", (6)
forany a,b e C(0,1), where H>0and r € (0,1] are
given. If [a,b] € [0,2%] and u : [a,b] — C is the
function of bounded variation, then

‘f( 9|u(45)-ut@) f () du(t)

55

) +b
+f(e1(a+b—s)) [u(b)—u(a > )]
_t r
< er{ max sin(s—)| V(@b
te€la,((a+b)/2)] 2 a
_(a+b—s—t\|"_,
(20 )

3“: b }va”(u), %

+ max
te[(a+b)/2,b]

<2rHsinr[ﬂ+l s—
8 2

for any s € [a, %(a +b)].
Proof: Clearly, we have from Ref. 1

s u( 52 )-u@] - J Fe)du(o)
+ f(elert=) [u(b)—u (“ . b )]

b
=f [ (£+2)) — F ()] du(t)
(a+b)/2

(@+b)/z '
+J [f(e")—f(e)]du(t), (8)

for any s € [q, %(a +b)].

If q : [c,d] — C is a continuous function and
v : [c,d] — C is the function of bounded varia-
tion, then there exists the Riemann-Stieltjes integral

fcd q(t)dv(t) and

d
Jq(t)dV(t)

< ) vIiw).
[2}?,2‘]"1( IVEW) )

Applying inequality (9) to identity (8) and using
Holder’s type condition (6), we obtain

a+b

)—u(a)] —L;(e“)du(t)

el (7]

< |f () —f(e

tela, ((a+b)/2)]
|f(eerb=))— f(e”)| Vo2

‘f(e‘“)[u(

te[(a+b)/2 b]

<H { max |e“ — e“|r Va‘”b(u)
t€la,((a+b)/2)]

|ei(a+b—s) 1t| a+b)/2(u)}
(10)

max
te[(a+b)/2,b]

From Ref. 3, we have

r

|eis—e“|r=2r , 11

"(5)
sin| —
2
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for anys,t € R.
Applying (11) to (10), we deduce

a+b

)—u(a)]— J Fe)du(o)

)]

‘f(e“) [u(

T f(elerr) [u(b)—u (“ i

< 2rH{ max | ASLIETCN)
tela, ((a+b)/2)] 2 a
. (a+ b —s—
Fer@on2) Sm( ) (a+b)/ z(u)}
(12)

for any s € [a, %(a +b)].
We now prove

J— t r
er{ max |sin(s—)| V(a+b)/2(u)+
tela,((a+b)/2)] 2 a

. (a+b—s—t
sin T (a+b)/2(u)

Sa:b ]Vab(u), (13)

+ max
te[(a+b)/2,b]

b—
<2’Hsin’[—a+% s—
8

for any s € [a, %(a +b)].

By[a,b]c[0,2n]ands €[a, %(a+b)], we have
a+b—se [%(a+ b),b]. When t € [a, %(a+ b)], we
have %It—sl < %I%(a+b)—a| < %rc. Whent € [%(a+
b), b], we have %|a+b—s—t| < %Ib—%(a+b)| < %77:.
Since the function sin(x) is monotone increasing on

max

[o, %rc], we have that
n(5)
sin[ —
te[a,((a+b)/2)] 2
=sin( max %lt—sl)
tefa,((a+b)/2)]

(1m0 0]
=S| ; max —Ss,s—a

2
:Sin(b;a+%s—3a+b ), (14)

4
for any s € [q, %(a +b)]. In a similar way, we obtain

. (a+b—s—t)
sin| ——
2

. b_a 1
=Ssin 3 +5 s—

for any s € [a, %(a + b)].
desired result (13). If we choose s =

max
te[(a+b)/2,b]

3a+b
4

), (15)

Hence we deduce the
3(a+b) in
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(7), we recapture Remark 2 of Ref. 3. In particular,
if we choose s = (3a + b)/4 in (7), then we obtain

‘f(ei((3a+b)/4))[u(a;b)—u(a)]—fbf(e“)du(t)

)
2
<2'H sinr( b

;a)v;’(u), (16)

which is more precise than Remark 2 of Ref. 3. O

We can consider the following situation: for any
w, 2 € C(0, 1), the Lipschitz condition | f (z)—f (w)| <
L|z —w]| is satisfied, where f : C(0,1) > C and L >
0. In this case, we can show the sharpness of the
corresponding version of (17).

Corollary 1 Suppose that f : C(0,1) — C is Lips-
chitzgian with the constant L > 0 on the circle C(0, 1).
If[a,b] c[0,2n] and u: [a,b] — C is a function of
bounded variation on [a, b], then we have

f(ei((3a+b)/4))[ (a—;—b) u(a) ff(elt)du(t)

+ f(ei<(a+3b)/4))[u(b) - u( ath )]’

2

b—
<2L sin( - )Vab(u), a7
where the constant 2 on the right-hand side cannot be
replaced by a smaller constant.

Proof: We only need to prove the sharpness of the
constant 2. Assume that (17) holds with a constant
C > 0, that is,

f(ei((3a+b)/4))[ (a;b) u(a) ff(e”)du(t)

e ]

<CLsin(b_a)Va”(u). (18)
Choose f : C > C,f(z) =2z and u:[0,2n] > R
given by
0, 0<t<2m,
t) = 1
u(t) {1, t =2rm. (19

Clearly, f is Lipschitzian with the constant L = 1. At
the same time, we consider a =0 and b = 27. By
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using integration by parts for the integral, we have

271 21
f e du(t) = e"u(t)3" —iJ el‘u(t)de
0

0
27
=u(2m)—u(0) —iJ el‘u(t)dt
’ (20)
and
V2T (W) =1. (21)

Consequently, by (20) and (21), we obtain C =
2. O

Remark 1 Under the assumption Theorem 2 and
u(t)=t, t €la,b] £[0,2n], we have

b
f(eiS) +f(ei(a+b—s))_ ﬁ ff(eit)dt

J— t r
< 2’H{ max sin(s—)
tela,((a+b)/2)] 2
+b—s—t\|"
sin(%) } (22)

for any s € [q, %(a+ b)], provided that f : C(0,1) —
C satisfies Holder’s type condition (6).

+ max
te[(a+b)/2,b]

Remark 2 If f : C(0,1) — C satisfies (6), and
p :[a,b] €[0,2n] — C is Lebesgue integrable on
[a, b], then we have

(a+b)/2 b
f(e'“)f p(t)dt + f(el@P=)) p(t)dt

(a+b)/2

b
—ff (e“)p(r)dt
a
H { max sin (ﬁ)
tela,((a+b)/2)] 2

. (a+b—s—t)
sin| ——
2

Theorem 3 On the circle C(0,1), suppose that f :
C(0,1) — C is Lipschitzian with the constant L > 0.
If [a,b] € [0,27] and the function u : [a,b] = C is

<2

. (at+b)/2
J Ip(6)l dt
a

r b
f Ip(o)l dt} :
(a+b)/2

(23)

+ max
te[(a+b)/2,b]

57

Lipschitzian with the constant K > 0 on [a, b], then

‘f(e“)[u(%)—u(a)}— f Fe)du(o)

+f (lerb=y [u(b)—u (a il )]'

2

< 32K sin? (—b;a), (24)

foranys € [a, %(a +b)].

Proof: If w: [a,b] — C is a Riemann integrable
function and the function v : [a,b] —» C is M-
Lipschitzian, then there exists the Riemann-Stieltjes

integral fab w(t)dv(t) and

b b
fw(t)dv(t) < Mf [w(t)| dt. (25)

Making use of (25), we have from (8) that

f(eiS)[u(“;b)—u(a)]— f Fe)du(o)

(<)

(a+b)/2
<KL{J \eis—e“|dt+
a

b
f(a+b)/2 |

for any s € [q, %(a + b)]. By (11), for any t,s € R,
we have |e* —e'*| = 2|sin(3(s — £))|. Then

ei(‘”b*s) _ eit| dt} , (26)

(a+b)/2

a+b
< — b _g
le® —e''|dt =8 sinz(s—a)+sin2 2
4 4
h—
<16sin2(—a),
8

foranys € [q, %(a+ b)]. In the similar way, we have

a

27)

b
. 1 b —
f |el@*t) —elt| dt < 16 sinZ(Ta), (28)
(

a+b)/2

for any s € [a, %(a + b)]. Plugging (27) and (28)
into (26), we complete the proof of (24). O
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Remark 3 Under the assumptions in Theorem 3,

‘f@““%V“{u(a;b)—uw)—if;@“nmu)
+f(ei((3b+ﬂ)/4))[u(b) u(“ b )]'

). 29)

b_
< 32KL sinz(—a
16

Remark 4 If u(t)=t,t €[a, b], then

b
2 it
mﬁf(e )de
atb _
)+sin2( 2 S)]
4

f(eIS) +f(ei(a+b—s))_

32L

<= — {sin2 (s;a

L —
< :iasinz(%), (30)
for any s € [a, %(a+ b)] and
b
f(ei((3a+b)/4))+f(ei((3b+a)/4))—Lff(eit)dt
b—a ),
64L b—a
< in?[ — ). 1
b_asm( 16 ) 3D

Remark 5 If w : [a,b] € [0,2n] — C is essen-
tially bounded on [a,b] and f : C(0,1) —» C is
Lipschitzian with the constant L > 0 on the circle
C(0,1), then for any s € [a, %(a +b)],

(a+b)/2 b
‘f(e“)J w(t)dt—ff(ei‘)w(t)dt

b
+f(€P) | w(t)dt

(a+b)/2

b_
<32L||w||oosin2(Ta), (32)

where ||w||oo = esssup,¢p, p1lw(t)|.

Theorem 4 On the circle C(0,1), suppose that f :
C(0,1) — C is Lipschitzian with the constant L > 0.
Ifu:[a,b] C€[0,2n] and the function u : [a,b] > R
is monotonic nondecreasing on [a, b], then for any
s €]a, %(a + b)),

P@ﬂ )uw) fﬂwmww

o)
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(a+b)/2 -
<L f sgn(s— t)cos(T)u(t) dt

b
b—s—t
+L f sgn(a+b—s— t)cos(“—s)u(t)dt
(a+b)/2 2

+2L sm( )[u(b) u(a)]. (33)
Proof: If p : [a,b] — C is a continuous function
and v : [a,b] — R is monotonic nondecreasing on
[a, b], then there exists the Riemann-Stieltjes inte-

gral fabp(t) dv(t) and

b b
p(t)dv(t) <f (D) dv(c).  (34)

Making use of (34), we have from (8) that
V(ﬂ 2 )-u@] fﬂwmmo

+f(ei<a+b—s))[u(b)—u(“ sl )”

2

b
<f |£ (@) — £ ()| du(t)

(a+b)/2

(a+b)/2 . _
+J | (%)= £ ()| du(t)
b a
<L f |e
(a+b)/2

(a+b)/2
+LJ |e‘5—e“| du(t),
a

for any s € [q, %(a + b)]. By (11), for any t,s € R,
we have |e* —e'*| = 2[sin(3(s — t))|. Then

(a+b)/2
a
s s—t (a+b)/2 t—s
=2Jsin(7)du(t)+2j sin(T)du(t),
a S

(36)

i(a+b—s) __

(35)
el| du(t)

for anys € [a, %(a+b)] C€[0,2r]. Using integration
by parts for the Riemann-Stieltjes integral, we have

Jssin(s_Tt)du(t)
= —sin(%)u(a) + % Ls cos(%)u(t)dt

(37)
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and

(a+b)/2 a+b
— o2 —s
sin(:)du(t)zsin( 2 )u(a+b)
s 2 2 2
1

(a+b)/2 f—s
—3 £ cos(T)u(t)dt. (38)

Hence, by (36), (37) and (38), we have

(a+b)/2
f |e“—e“| du(t)
a

= ofsin L (2 s 52t

(a+b)/2 ¢
+f sgn(s—t) cos(T)u(t)dt. (39)

In the similar way, we have

b
f(a+b)/2
= Z[Sin(

ei(a+b—s) _ eit| du(t)

*Jor-sn =57 (5]

b
+f sgn(a+b—s—t)cos(m)u(t)dt.
(a+b)/2 2
(40)
By (35), (39) and (40), (33) is proved. O

Remark 6 If we choose s = %(a + b) in (33), we
recapture Theorem 5 of Ref. 3.

Corollary 2 Under the assumptions of Theorem 4, for
any s € [a, %(a +b)],

‘f(eis)[ ;b) u(a) f £(e)du(t)

+ f(ee+r9) [u(b)—u (“ il )]'

2

2Lsm( )[u(b) u(a) +u(s)—u(a+ b—s)]

atb

+ 2L sin( 2

’ )[u(a +b—s)—u(s)]
=:B(s), (41)
where

3a+b

B(s)<2Lsin|:b_

H[ (b)—u(a)]

59
and 4Lsin|:b_a]cos|:% (s— 3a: b)]
9 u(b)—u(a) N ) —u(s)+ u(a)—u(b)
2 2 ’
(42)
In particular,

‘f(ei((3a+b)/4))[u(ﬂ) — u(a) —J;(eit) du(t)

e o)

(a+b)/2 3a+b

< LJ sgn( ) ( )u(t)dt
b a+3b
et
+Lf sgn(a+3b —t)cos( )u(t)dt
(a+b)/2 4

+2L sin( b _a)[u(b)—u(a)]
=M, (43)
where

M < 2L sin ( b—a ) [u(b)—u(a)].

Proof: Since 0 < b—a < 21, we have 0 < %(Is—
th < %(%(a+b)—a) < %n foranys,t €[a, %(a—i—b)].
Ifse [a,%(a +b)]and t € [1(a +b),b], then 0 <
%(a+b—s—t) < %(a+b—a——(a+b)) 4(b—
a) < %rc. Hence we have cos 2(|s— t|) = 0 for any
s, t €[a, %(a + b)]; cos %(la +b—s—t|) <O for any
s€]|a, %(a+b)], te [%(a%—b), b]. Using the fact that
u is monotonic nondecreasing on [a, b],

J:COS(SZ )u(t)dt zu(s)sin(%)’
L(aw)/2 Cos(s . t)u(t)dt Zu(s)Sm( &2_5)’

arbs a+b—s—t
f cos(—)u(t)dt
(a+b)/2 2

a+b

<2u(a+b —s)sin( Tz_s ),

b
f (a+b—s—t
CoOS| ———————
a+b—s 2

> 2u(a+b —s)sin(ﬂ). (44)

Applying (44)-(33), we have proved (41). From the
elementary property stating that

ax +fy <max{a, B}(x +y),

)u(t)dt
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where a, 8, x,y = 0, we can obtain the bounds for
B(s). The details are omitted. O

A COMPOSITE QUADRATURE RULE

In this section, we use the results from the previ-
ous sections to approximate the Riemann-Stieltjes
integral fab f(e*)du(t), in terms of the Riemann-
Stieltjes integral fab f(&)du(t).

We consider the following partition of the inter-
val [a, b]

Apta=xog<x; < <Xp_1<Xx,=Db

and the intermediate points & € [x;, %(xk +x101)],
where 0 < k < n—1. We define hy := x4 —x;,0 <
k < n—1 and the norm of the partition A, is v(A,) =
max{h; : 0 <k <n—1}

We define the quadrature rule

2

n—1
. X +Xx
3 F () ) —u B |
k=0

0u(ft, Ay E) 1= ff(eiik)[u(m)—u(xk)]
k=0

2
(45)

where f : C(0,1) —» C is a continuous function
and u : [a,b] € [0,21] — C is a function of
bounded variation on [a,b]. Define the remain-
der R,(f,u,A,,&) in approximating the Riemann-
Stieltjes integral fabf(e“)du(t) by 0,(f,u,A,,&).
Then

b
J‘f(elt)du(t) = On(f’ u’ Am £)+Rn(f’ u’ An! g)‘

(46)
We provide a priory bounds for R, (f,u, A,, &) in sev-
eral instances of f and u as above in the following
result.

Proposition 1 Assume that f : C(0,1) — C satisfies
Holder’s type condition (6). If [a,b] € [0,27] and
u:[a,b] — C is a function of bounded variation on
[a, b], then for any partition A, :a=xy<x; <+ <
X1 < X, = b with the norm v(A,) < m, we have the
error bound

|Rn(f’ uJ An’ g)l
n—1 x —x
< 2rHZsinr [M+
k=0 8
3xk +xk
o= }v;;ﬂ(u)

www.scienceasia.org
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1
Xpy1 —X
< ZrHZ sin” (%) V;‘kk“(u)
k=0

1 n—1
<oH kZ(ka —x;) V5 ()
=0

1
< —HV'(A)VE(W),

<o 47)

for any intermediate points &; € [xy, %(xk + Xp41)),
where 0 S k <n—1.

Proof: Since v(A,) < 7, then on using (7) on each

interval [xy, x;,;] and for any intermediate points
& €1y, %(xk+xk+1)] where 0 < k < n—1, we have

‘f(eiik)[u(m)—u(xk)}

2

. X +Xx
f(el(xk+xk+1_§k))|:u(xk+1)_u(%)]

Xi+1 )
- f(e*)du(t)

Xk

< 2"Hsin” [M+
8

1 3Xk + Xp41 Xen
3 |6 o v

Xy — X
< 2rHsinr(%)kak“(u)

1
< EH(ka —x) V(W) (48)
Summing over k from 0 to n—1 in (48) and using the
generalized Delta inequality, we deduce (47). a

Remark 7 If we choose &; = %(kk + A1), we
recapture Corollary 1 of Ref. 3. In particular, if
we choose &, = (3x; + xi41)/4, then we obtain
IR, (f,u, A, &) < (1/47)Hv"(A,)V/(u), which is
more precise than Proposition 4 of Ref. 3.

Corollary 3 Under the assumption of Proposition 1
and &, = (3x; + x141)/4, we define the special
quadrature rule by

Tn(f’ u, An)
n—1 +
=35 (ei((3xk+xk+1)/4))|:u(%) —u(xk)}
k=0
nl X+ x
N f(ei((xﬁsxkﬂ)/@)[u( Xpat)— u(%)]
k=0

49
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and the error E,(f,u, A,) by

b
Jf(e“)dU(t)Z To(d,u, ) + Ey(f,u, 8,). (50)

Then we have the error bounds

IE(qu)I

<2 HZsm ( ktl

1
—HZ(ka—xk)fv;;m(u)
k=0

= vz ()

< %Hvr(An)Vab(u). (51

In the following result, we consider the case of
both integrator and integrand being Lipschitzian.

Proposition 2 Under the assumption of Theorem 3,
for any partition A, 1 a=xy < x; <+ <X, <
X, = b, we have the error bound

|E,(f,u, Ay, &)l
n—1 gk —x; X+ Xpi1 5k
e =)
ZI:SID Sin 4
32KLZsm ( kil ")

<iKL Z(xk+1 —x)?

k=0

< IKL(b—a)v(A,) (52)

forany & € [xy, %(xk+xk+1)], where 0 < k <n—1.
In particular;

|E,(f>u, Ay)

32KLZsm ( ktl ")

1
< gKL Z(Xk+1 —xi)
k=0

< EKL(b—a)v(A,). (53)

The proof is similar to Theorem 3 and the details are
omitted.

Proposition 3 Under the assumption of Theorem 4,
for any quadrature A, :a=x5<x; <" < Xp_q <
x, = bwiththenormv(A,) < mand &, € [xy, %(xk+
Xi+1)], we have the error bound

IR, (f,u, Ap, &)

61
n—1 g —x
21y sinf S )~ uCxo)]
k=0
n—=1 r(X+xea)/2 Eo—t
+LZJ sgn(ék—t)cos( k )u(t)dt
k=0 v X
n—1 Xk+1
+LZJ sgn(xg + X1 —Ex— 1)
(eptxp11)/2
+ X —E—t
xcos(xk Xk+; Sk )u(t)dt

n—1
<2L ;[sin( Sk ;xk )[u(xkﬂ) —u(o) +u(Ee)
—u(xk + Xpp1— gk)]:l +2L nilliSin (w
k=0
_%) [u(x + x4 —&x) _u(gk)]]

n—1
DX —x
<2L251n[%

k=0

3x; +x
+ 3= 2 u ) —u)
n—1
L (X1 —X
<21y sin (L ()~ u(x)
k=0 4
I n—1
< 3 (k1 — i) [u(xpes1) —ulx)]
k=0
AL
5 [u(b)—u(a)], (54)
where 0 < k < n—1. In particular,
|E,(f,u, AR

< 2L Z sin ( ktl

=) lutsn) —u(xe)]

< %Z(xkﬂ —x)[u(xen) — ()]
=0
% (ADu(b) —u(@)]. (55)

The proof is similar to Corollary 2 and details are
omitted.

Remark 8 If we choose &, = %(Ak + Apyq), we
recapture Proposition 3 of Ref. 3. If we choose
gk = (?’Ak + A‘k+1)/41 we have |En(f7u’ An)| <
%Lv(An)[u(b) —u(a)], which is more precise than
Proposition 3 of Ref. 3.
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APPLICATIONS FOR FUNCTIONS OF UNITARY
OPERATORS

In Ref. 3, the author used inequality (3) to give
estimates of a unitary operator. In this section, we
apply our previous inequality (7) to give estimates
of unitary operators U defined on complex Hilbert
spaces.

We recall here some basic facts on unitary oper-
ators and spectral families. We say that the bounded
linear operator U : H — H on the Hilbert space H is
unitary if U* = U™,

It is well known that if U is a unitary opera-
tor, there exists a family of projections {Ej } <027
called the spectral family of U with the following
properties2°:

) EA<EHforO<7L<u<2n;
(i) E, =0 and E,, = 1y (the identity operator on

H);

(iii) Ejpo=E, for0< A <2m;
iv) U = 02 "e*dE 2, Wwhere the integral is of

Riemann-Stieltjes type.

Furthermore, if {F; },[0,2, is @ family of projections
satisfying these requirements for the operator U,
then F, =E, forall A €[0,27].

Also, for every continuous complex valued func-
tion f : C(0,1) — C on the complex unit circle
C(0,1), we have

21
f) =J f(e*)dE,, (56)
0

where the integral is taken in the Riemann-Stieltjes
sense. In particular, we have

21
(fWx,y) = f f(eMd(Eyx, y) (57)
0

and

2

If ()x]I? =f £ (M) dIIE; x|

0
2
iry|2
= f |f M) d(Ezx, x),  (58)
0
for any vector x,y € H. We consider the following
partition of the interval [0,27]:
A 0=Ag <A < <A, 1 <A, =27

and the intermediate points &, € [, %(Ak + A 1)],
where 0 < k < n—1. We define h; := A1 — A4,
0 < k < n—1 and the norm of the partition A, is
v(A,) =max{h; :0< k<n—1}.

www.scienceasia.org
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If U is a unitary operator on the Hilbert space H
and {E; },[0,2- is the spectral family of U, then

O0,(f,U,A,,E5x,y)

n—1
=D f(€) <(E(Ak+xk+1)/z —Exk)x’ y >
k=0

n—1
+ Z f (el(xk+1 +xk—§k)) < (E?ukﬂ _ E()Lk+kk+1)/2)x> y>
k=0
(59)

and
Tn(f: U; Amx;}’)

n—1
= Zf(e1(31k+lk+1)/4) <(E(lk+7\k+1)/2 _Elk)x; y>
k=0
n—1
(430, B
+Zf(e1( 34 1)/4) <(Elk+l E(Ak+lk+l)/2)x,y>,
k=0

(60)
where x,y € H.

Theorem 5 With the above assumptions for U,
{Ex}aero2n)p An with v(A,) < mand if f : C(0,1)
— C satisfies Holder’s type condition (6), then we have
the representation

(fUx,y) =0,(f,U,A,,&;x,y)
+R,(f,U,A,, & x,y) (61)

with the error R,(f,U, A, &; x, y) which satisfies the
bounds

|Rn(f, U) An! g; x,y)l

n—1
A1 —A
< 2rHZ sin” [M+
8
k=0
34+ Ak

3 S —

1
2

Akr
:|Vlkk "({Eyx, )
1 n—1 N
<o H D e = M) Vi (B, )
k=0

H
< 5V @l

(62)
for any x,y € H and the intermediate points & €
[k, %(Ak+kk+1)], where 0 < k < n—1. In particular
we have

(f(U)x’y> = rI'T'l(.fJ U’ An;x’y)+En(f’ U’ An;x’y)ﬁ
(63)
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with the error

|E,(f,U, An;x A9
<2r HZsm ( ktl ")Vf:”((E(.)x,y))

H
< Ay,

- (64)

for any vector x,y € H.

Proof: For any x,y € H, we define u(1) := (E; x, y),
A €[0,27]. We know that u is of bounded variation,
and from Ref. 3,

V()zn(u) = VOZTE(<E(~)X’ y)) <

lxllllyll- (65)

By (7) and (65), (62) can be proved. O

Remark 9 If we choose &, = %(Ak + Api1), we
recapture Theorem 6 of Ref. 3. If we choose
gk = (3)Lk +)Lk+1)/4: we have IEn(f’ U: An;xa }’)| <
H/4A W (ADNx |y ll, which is more precise than
Theorem 6 of Ref. 3.

Remark 10 In the case when the partition reduces
to the whole interval [0,27], then making use of
(7), for any s € [0, ©] and any vectors x,y € H, we
have the bound

|f (&) Erx, y) + f €)1y —E-)x, )

—(f(U)x, y)I
<oHsin[Z+3s | LG CE ST

If we obtain s = %n, we obtain the best inequality

|f(1)(E17:X7 y) +f(_1)((1H _En)x’ y)
—(f(Wx, y)l

< 2 PHVEZ((Eyx, y) < 272Hxly L (67)

for any vectors x,y € H.

If U is a unitary operator on the Hilbert space
H and {E, },¢[0 27 is the spectral family of U. De-
pending only one vector x € H, we can introduce
the following sums

0.(f,U, A, &5 %)

n—1
=D f(e) <(E<Ak+ak+1)/2 —Exk)x’ x >

k=0

n—1
(A +Ap 1 —
+ D f@hn 5k))<(Em —E(Akwﬂ)/z)x,x >
k=0

(68)

63

Theorem 6 If f : C(0,1) — C is Lipschitzian with
the constant L > 0 on the circle C(0,1), A, with
v(A,) < mand U, {Ej};e[0.2r) are defined above,

then we have the representation
(f(U)x’ x) = én(f7 U’ An’ g; x) +Rn(f’ U} An’ g; x)
(69)

with the error R,(f,U,A,,&;x) which satisfies the
bounds

n» B

n—1
A —A
< 2L Zsin [M+
k=0 8

A+ A
3 §k—% }((EAM—EM)X,X)
v(A,
<X, 70)

for any vectors x € H and the intermediate points &, €
[k, %(Ak+kk+l)], where 0 < k < n—1. In particular,
we have

(f(U)X,X) = Tn(f’ U’ An;x) +En(f: U’ An;x)
(71)
with the error
|Ea(f,U, Ay; x)|
n—1
<L (Ass — A((Ea,, —Ea,)x, X)
k=0
< 3Lv(a)lx|?, (72)

for any x € H.

Proof: The proof follows from Proposition 3 applied
for the monotonic nondecreasing function u(t) :=
(E.x,x), t €[0,27]. O

Remark 11 If we choose &, = %(Ak + Aiy1), We
recapture Theorem 7 of Ref. 3. If we choose
gk = (SAk + kk+1)/4: we have |E~'n(f’ U, An;x)l <
%Lv(An)llxllz, which is more precise than Theo-
rem 7 of Ref. 3.

Remark 12 In the case when the partition reduces

to the whole interval [0,27], then by the above
result, we obtain

|F (€ ){Erx, x) + f (€Y (1 — E)x, x)
—{f(U)x, %)

www.scienceasia.org


http://www.scienceasia.org/2018.html
www.scienceasia.org

64

< Lf sgn(s—t)cos(%)(Etx, x)dt
0

s—t

271
21—
+ Lf sgn(2m—s— t)cos(—

) 5 )(Etx,x)dt

+2I sin(%)llxllz, 73)

foranys €[0,7] and x € H.

Example 1 We choose two complex functions as
follows to provide some simple examples for the
inequalities above.

(a) Consider the power function f : C\{0} —
C, f(2) = 2™ where m is a non-zero integer. Then,
clearly, for any z, w belonging to the unit circle
C(0,1), we have the inequality

If (2) = f (W)| < [m] |z —w],

which shows that f is Lipschitzian with the constant
L = |m| on the circle C(0,1). Then from (63), for
any unitary operator U, we obtain

| (B, y) + € (1, —E)x, y) — (U™, y) |

i s
L S_EHVOZ ((Eyx, ), (74

T
<2|m|sin[—+§
4

for any vectors x,y € H, where {E;};c[02r] is the
spectral family of U. If we obtain s = %n, then the
best inequality is

|im(Eﬂ:x,y> + (_1)m<(1H _En)xr.y> - (Umx,y)|
< V2|m| V™ (Eyx, ) < V2Im| x|l lyll,  (75)

for any vectors x,y € H.

(b) For a # %1, 0, consider the function f :
C(0,1) » C, f,(2) =1/(1 —az). From Ref. 3, we
have

|a

_ 76
a—lal? 76)

fa(z)— faw)l < lz—wl,
for any z,w € C(0, 1), showing that the function f, is
Lipschitzian with the constant L, = |a|/(1—|a|)? on
the circle C(0,1). Then from (63), for any unitary

operator U, we obtain
[(1—ae®) {E.x,y) = {1y —al)'x,y)
+(1—ae® ) (1 —Ex)x, y)

2|a| I T .
S mSIH[Z+% S—EHVOZ (<E(.)X,y)),
(77)
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for any vectors x,y € H, where {E, },¢[0 2] is the

spectral family of U. If we obtain s = %7‘[, then the
best inequality is

|(1 _ai)71 (EnX: y) - ((1H _aU)ilx’.y>
+(1+al) {(1y — Ex)x, y)
< V2|al V2]al

<Goe G L

(78)

V" ((Eyx, ¥)) <

for any vectors x,y € H.
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