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ABSTRACT: We present a boundary integral equation method for the numerical conformal mappings and their inverses
of bounded multiply connected regions onto circular and parallel slits regions. The method is based on two uniquely
solvable boundary integral equations with Neumann-type and generalized Neumann kernels. These boundary integral
equations are constructed from a boundary relationship satisfied by a function analytic on a multiply connected region.
A method to calculate the inverse mapping functions from circular and parallel slits regions onto the original region is
presented. Some numerical examples and numerical results with the graphical user interface are presented to illustrate
the efficiency of the presented method.
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INTRODUCTION

There are several types of canonical slit regions of
conformal mapping 2. Reformulations of confor-
mal mappings from bounded and unbounded mul-
tiply connected regions onto the five canonical slit
regions as Riemann-Hilbert (RH) problems are dis-
cussed in Refs. 3-5. An integral equation with the
generalized Neumann kernel is then used to solve
the RH problem as developed in Ref. 6. Amano’
and DelLillo et al® have constructed charge simula-
tion method and least squares method, respectively,
for approximate conformal mapping onto circular
and radial slits regions.

A different integral equation approach for con-
formal mapping of bounded multiply connected re-
gions onto canonical slits regions have been dis-
cussed in Refs. 9,10. Two papers are concerned
with disc!! and annulus '? with slits which improve
the work of Murid and Hu %14,

This paper presents a new integral equation
method with the adjoint generalized Neumann
and Neumann-type kernel for conformal mappings
and their inverses of bounded multiply connected
regions onto a circular slits region and parallel
slits region which extends the work presented
in Refs. 9,10. Unlike the methods presented in
Refs. 9, 10 that require solving three integral equa-
tions, this paper involves two integral equations
only.

We derive integral equations related to f’ for
circular slits region Q; and parallel slits region €,
where f is a conformal mapping of bounded multi-
ply connected regions onto 2, and ,. Methods to
compute the interior and inverse mapping functions
for Q; and Q, are also given. We give some ex-
amples to illustrate our boundary integral equation
method. We also give some descriptions about
graphical user interface for circular and parallel slits
maps.
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Fig. 1 Mapping of a bounded multiply connected region
Q onto the canonical slits regions 2; and €,.

NOTATION AND AUXILIARY MATERIALS

Let Q be a bounded multiply connected region of
connectivity M + 1 with 0 € Q. The boundary T
consists of M + 1 smooth Jordan curves I}, j =
0,1,...,M (Fig. 1).

The curves I are parameterized by 27-periodic
twice continuously differentiable complex functions
z;(t) with non-vanishing first derivatives

z;(t) =dz;(t)/dt #0,

where t € J; =[0,27] for each j =0,1,...,M. The
total parameter domain J is the disjoint union of
M +1 intervals Jy, ...,Jy. We define a parameteri-
zation 2(t) of the whole boundary I' on J by

z(t) =z;(t) (t€J;)). (D

Let H* be the space of all real Holder continuous
2m-periodic functions w(t) of the parameter t on J;
for j=0,1,...,M, i.e.,

w(t)=w;i(t) (teJd;)).

Suppose that c(z), Q(z), H(z), T(z) are
complex-valued functions defined on I' such that

c(z) #0, H(z) #0, Q(2) # 0, T(2(1)) = 2"(¢)/|z'(¢)]
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and Iﬁ/ (T(2)Q(2)) satisfies the Holder condition
on I'. Then the interior relationship is defined as
follows.

A complex-valued function P(z) is said to satisfy
the interior relationship if P(z) is analytic in Q and
satisfies the non-homogeneous boundary relation-
ship

T(2)Q(2)

G(z

P(z) = c(z) P(z)+H(z) (zel), (2

where G(z) is analytic in 2, Holder continuous on T,
and G(z) # 0 on I'. The boundary relationship (2)
also has the following equivalent form:
PR’ G@HE)
PE)I* Pz)

G(2) = c(z)T()Q(z) 3)

The following theorem from Ref. 9 gives an
integral equation for an analytic function satisfying
the interior non-homogeneous boundary relation-
ship (2) or (3).

Theorem 1 If the function P(z) satisfies the interior
non-homogeneous boundary relationship (2) or (3),
then

P(2) +J[ K(z,w)P(w)|dw|
T
oY P(w) @
+c(@)TERE) Y. RS o)

a;€Q
= —T()QR)L(z) (z€T),

where

K(z W):i[ c(2)T(2)Qz) _T(W)i|
) 27 [ c(w)w—2)Qw) w—2]

when z # w and

-1 HE)
=5 @
L1 J[ c(x)HW)

21 c(w)(w—2)QW)T(w)
For every fixed points z,w € T, the limit K(z, w) exists
asw— gz and

dw.

: __ 1 g\, p'(t)
MKW = o) [(q(t) )+25 }
where q(t) = Q(z(t)), p(t) = c(z(t)), and the minus

sign in the superscript denotes the limit from the
exterior.
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Let A(t) be a complex continuously differen-
tiable 27-periodic function for all t € J. The gen-
eralized Neumann kernel formed with A is defined
by6,9

. 1. (A !
N(t,s)= —Im( ) _ =) )
. A(s) 2(s)—=(¢)

This kernel is continuous with

1 7 A/
N(t, t)= (llm (©) m&)
2/(t) A(t)
The adjoint function to the function A is given by
/
A==,
A(t)

The generalized Neumann kernel N(s,t) formed
with A is given by

1 (AD £
N(s)= Im(A(s) - z(r))

v

Then
N(s, t) =—N*(s, t),
where N*(s, t) = N(t,s) is the adjoint kernel of the

generalized Neumann kernel N(s, t) ©. Define the
Fredholm integral operator N* by

Nep(t) = f N*(t,s)p(s)ds  (t €J).
J

In this paper A(t) = z(t). It is known that A = 1
is an eigenvalue of the kernel N with multiplicity 1
and A = —1 is an eigenvalue of N with multiplicity
M5, The eigenfunctions of N corresponding to
the eigenvalue A = —1 are {y[% y[1 ... M}
where 1

. 1 EeT,
x[”(S):{ $<h i=0,1,...,M.

0 otherwise,
Define the space $ by
8 =span{y1%, xy11,..., yM1} (5)

and define an integral operator J by?

Ju f Zx”(S)x“ (Dv(s)ds. (6

The following theorem will be useful in the

following sections for calculating the piecewise real

function h(t) in canonical slit representation®.

81

Theorem 2 Suppose the functions y € H, h,u € §
are such that
Ag=y+h+iu @)

are boundary values of an analytic function g(z) in
Q. Then the function h = (hy, hq,...,hy,) is given by

hy=(y,¢) = —f r()eUl(t)de,  (8)

where U1 are solutions of the following integral
equations

I+N + Dol =—4Ul (G=0,1,...,M). (9

CIRCULAR SLITS MAP

Assume that an analytic function w = f (z) maps the
boundaries T}, for j =0,1,..., M, of Q onto the cir-
cular slits of 2, (Fig. 1). The mapping function f (z)
is uniquely determined by assuming that f(a) =0
and f(0) = oo, where 0 € Q and a # 0 is a fixed
point in  such that the residue of the function f at
0 is equal to 12. Hence f can be written in the form

f=(2-2 ),

where g is an analytic function on 2%,
Note that the boundary values of f can be
represented in the form

f&(0) =u; e, I

for j =0,1,...,M, where 0 <t < f3;, 6; are the
boundary correspondence functions of I, and u; are
the radii of the circular slits. From (10) and (11) we
obtain the following equation

(10)

4 :zj(t), an

z(t)g(z(1)) = In|f (2(t))| —In

L1
z(t) a

—11n(% — %) +i0(t).

This equation can be written as

A(D)g(z(£)) = y(t) +h(t) +iv(t),

where

A(t) ==(1),

H0)==In| ==,
h(t) =Inu(t) = (nug, Inpq, ..., Inu,,),
(6) = —m(% - %) +0(t).
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By obtaining hy,hy,...,h,, from (8), we obtain
pj=ev  forj=0,1,...,M. (12)

The unit tangent to T' at z(t) is denoted by
T(z(t)) =2'(t)/|2’(t)]. It can be shown that®

F @016 (=)
i 0'(t) If'(=)I°

and squaring both sides gives

fl2)= (2)

F@? =TGP If )P l;g; zer). a3
Then the function D(z) defined by
D(z) =2°f'(2)
=5 f(2)[28'(2) +g(x)]—2€® (14

is analytic in Q.
Combining (14), (13) and (10) we obtain the
following boundary relationship

%2 228(2) _ [E|z|

a?

D(z) T
|f(z)|T(z)|D(z)|] . as)
for z € I. Comparing (15) and (3) leads us to
the choice of P(z) = D(2), Q(z) = T(2), c(z) =
—(zlz]If (2)I/(a—2))%, G(z) = z*e*¢®)/a? and
H(z) = 0. Theorem 1 yields

a—z

T(2)D(2)+ LJ[ K(z,w)T(w)D(w)|dw|
2mi r

_ P fE)f
= WT(Z),
for z € T, where
Kow) = _CEIF@V@wPTE 1)

C wiwl[fF w2 (a—2)2(w—z) Wz

Write the preceding integral equation as

a2 |f (2))* —
WT(Z),

(16)

F(2) +j Nr(z, w)F(w)|dw| =
r

where
F(z) =T(2)D(z),
D(z) =2°f'(2),
11
2nilz—w
zlz° |f (2)I* (a —w)2T(2) ]

T wwPf WP a—2)2G—w)

N;(z,w) =
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are such that

Nr(z(t),2(t))
1 . 2 (t) 1 |:

_ _ z'(t) ]
T2nlz(t)] 2(6)  milz/(6)|La—z(¢b)

_ 1 [z’(t)]_ 3 2'(t)
2milz/ ()| L z(t) | 2milz/(¢)] z(t)

Using the single-valuedness of f leads to the follow-
ing conditions

1 F(w)

3
27 - w

|dw|=0 forj=0,1,...,M.

Applying Cauchy’s integral formula we obtain the
following conditions

! J—F(V:)Idwl =i,
r w

2n
and
1 F
L )20
27 r W

Thus the integral equation (16) should give a
unique solution provided the parameters u;, j =
0,1,...,M, that appear in N;(z,w) are known. By
solving the integral equation (9) we obtain, for j =
0,1,...,M, ¢Ul, which then gives h; through (8),
which in turn gives u; through (12). By solving
(16) with the known values of u; we obtain F(z).
Substituting (10) into (13) to get

2
(3-2) =9 ——TGrR I

z a

&P
F/(2)?
Then taking the complex logarithm gives
—(azTE) IfE? f(=)° ]
(a—z) IF@)1* 1

where z € T, and the complex logarithm is defined
by

8@)=5 log[

Log(z) = In|z| +iArg(z),

such that 0 < Arg(z) < 27. Finally, the approximate
boundary values of f (z) are obtained from (10), i.e.
f2)=22e2® (zeT). 17)

az
The approach presented here is an improvement

over Sangawi et al® such that no integral equation
for 6’(t) is required here for the computation of

f(@).


http://www.scienceasia.org/2017.html
www.scienceasia.org

ScienceAsia 43S (2017)

PARALLEL SLITS MAP

Assume a parallel slit region Q, in the w-plane
subtending a given angle 6 with the positive real
axis. Assume that an analytic function w = f(z)
maps  in the z-plane onto Q. Itis uniquely
determined by assuming that f (0) = oo so that the
Laurent expansion of f near z = 0 has the form?

2 1
fE)=-+az+a®+---.
Z
Hence the function f can be written in the form

A 1 .

f@)==+eDz5(2), (18)
Z

where $ is analytic in Q>*. Note that the boundary

values of f can be represented in the form

Fz, () =D [r, +iS,(0)], T, 1z =z,(t),
(19)
where 0 < t < 3, for p=0,1,....M. Let F(z) =
A @) _ orp#iS,(0) With A — e—i(7/2-0)
From (18) and (19) we obtain the following
equation

A
z2(0)§(=() =T, —Re(—)
z(t)
— (20)
+i| S,(t)—Im 4
p 2(t) ) )’
This equation can be written as
ADEEO) =y +h(D+iv(), (2D
where
A =2=(v),
7(t) = —Re(A/2(1)),
h(t)=r,,
v(t) = Sp(t)—Im(Z/z(t)).
By using hy, hy, ...,y from (8), we obtain
ri=h; forj=0,1,...,M. (22)

Using the unit tangent to I' at z(t): T(z(t)) =
z'(t)/|2'(t)], it can be shown that'°

_ F'(z)
F(z)= S;(t) T(2) F ) (ze€Tl). (23)
Define the function E(z) by
— o3 (@A)
E(z)=ze F'(2) 24

=2°e* @28 (2) + §(2)] —2Ae™),

83

which is analytic in Q.
Combining (24) and squaring both sides of (23)
we obtain the following boundary relationship

peio _ _PIFEPTE? B@® o

o @2Re(A/z) |E(z)|2

By comparing (25) and (3), we are led to the

choice of P(z) = E(z), Q(z) = T(2), c(z) =
—(Z|F(2)?)/(ze* W), G(z) = z2e*%®, and
H(z) =0. Theorem 1 yields
1
T(2)E(z)+ —JL K(z,w)T(w)E(w)|dw|
(26)
24
_ 2@ AT o,
22 @2Re(A/z)
where K(z,w) is equal to
wz? [F(@)]? e®OWT(E)  T(2)
Zw? |F(w)|? e2Re@/2)(w—z) W—2
Write the integral equation (26) as
2 |F(2)]* AT
F1(Z)+J Ny (z,w)Fi(w)|dw| = —————T(2),
r 22 @2Re(A/z)

27
where z € T and

Fy(2) = T(2)E(=2),

Ny(z,w) = L [ )

2miLg—w
wz® |F(z)|* 4T (2) ]

Zw3 |F(w)|? e2Re@/2) (z —w) |’

so that N,(z(t),z(t)) is equal to
Z”(t)

2/()
RETON ﬁ)
3. Z(1) 1 Re[;\z/(t)}

271 |2/ (t)] (

 2mi lz/(6)] 2(t)  milz’(t)] z(t)?

Using the single-valuedness of the mapping function
f, we are led to the following conditions

1 (A/W)F
_J € 1(W)|d =0,
r W

2mi (28)

)
forj=1,2,...,M. By Cauchy’s integral formula, we
obtain the following conditions

i.f Fl(w)ld =4 29)
2mi r

www.scienceasia.org
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and

L J B0 4wl = 0 (30)
2mi . ow
Thus the integral equation (27) should give a unique
solution provided the parameters |F(z(t))| = "1,
j=0,1,...,M, that appear in N;(z,w) are known.
By solving the integral equation (9) we obtain
$Ul j=0,1,...,M, which gives h; through (8)
which in turn gives r; through (22). By solving
integral equation (27) with the known values of rj
we obtain F;(z). From the definition of F,(z), we
obtain B
F'(2) = F1(2) e*? /2° T (2).

Taking the complex logarithm on both sides of (25)
gives the explicit form of g(z) as

(31)

sty — L 1oo| _ a2z F'(z) \°
ét2) = o tog |~ (F@ITE L) .

where the complex logarithm is explained in the
previous section. Finally, from the preceding explicit
form of g(z) and (18), the approximate boundary
values of f(z) and f’(z) are given by

fe) =2 +A24(2), (32)

AF'(z(t))='(t)
e@/z(0)+2()g(0)

z€T,

Fae)'(0)= (z(t) €T). (33)

The approach presented here is an improvement
over Sangawi et al '° so that no integral equation for
S’(t) is required here for the computation of f (z).

INTERIOR AND INVERSE MAPPING FUNCTIONS

The approximate interior values of the functions
f(2) and f(z) are calculated by Cauchy’s integral

formula® 10
a—zfawf(w) 1 dw
az Jp a—w w—z
fz)= N , (34)
j dw
rw—z
2 1
1 1 w)—
- — de
R z 2mi ). w—z
f)= , (35)
1 1
2mi rw—z2

where z € Q. Numerically, the formulas (34) and
(35) have the advantage that the denominators
compensate for the error in the numerators '®. The
integrals in (34) and (35) are approximated by the
trapezoidal rule.

www.scienceasia.org
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The inverse mapping function f~'(w) = z are
computed by Cauchy’s integral formula together
with the fact that f‘l(oo) =0, i.e.,

1
Zf_l(W) — ﬁ fC (Vi) C
By introducing £(t) = f(z(t)), we obtain z € Q by
z(t)
ff(z( ) —w f'E()e'(0)de,  (36)

where f = f for circular slit region £, and f = f for
parallel slit region Q,.

NUMERICAL EXAMPLES

The trapezoidal rule is the most accurate method
for integrating periodic functions numerically'”
Nystrém’s method with the trapezoidal rule'® is
used for solving the above integral equations.
The computational details are similar to those in
Refs. 3,4,13, 14.

For numerical experiments, we have used some
test regions of connectivity one, four, eight and
fifteen. All the computations were done using MAT-
LAB 7.12.0.635(R2011a). The number of points
used in the discretization of each boundary compo-
nent I} is n. The test regions and their correspond-
ing images are shown in Figs. 2-9.

Example 1 Consider the region 2 bounded by the
unit circle T': {z(t) = e''},

a=-0.2+0.2i, b=0.1—0.6i, 6 = 7/5.

Then the exact mapping functions for circular slit
and parallel slit, respectively, are given by?

_(a—z)

(2)=

SO~ iy P T
and r = 0. Fig. 2 and Fig. 3 show the numerical

results based on our method. See Table 1 and
Table 2 for the results.

+ e219

f(Z)——

Example 2 Let Q be the region bounded by?

T, : {z(t) = (10+3cos3t)el'},

I, : {2(t) = —3.546i+0.5e " ™/4(el* + 4e71)},

I, : {2(t) =5+0.5e™4(el + 4e71)},

Iy : {z(t) = —3.5—6i+0.5e™/4(el + 4e71*)},
where 0 < t < 2n. We chose a = 8.5+ 0.1i and
0 = /2 in circular and parallel slits regions, respec-
tively. Fig. 4 and Fig. 5 show the numerical results
based on our method. See Table 3 and Table 4 for
the comparison between our computed values of u;,

r;,i=0,...,3, with those computed in Nasser>.
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-5
-1 —— -10
-1 0 1 5 0 5 10 -10 0 10

5 2
4 1
3 ™~
0
2
N
1 -1
0 2
0 2 4 2 0 2
Fig. 3 Inverse images (02, and 2, to ©2) for Example 1.
Example 3 Consider a region Q with complicated T, : {z(t)=0.1—i+(0.8+0.6cos2t)e '},
boundaries, L, {z(t) =2.9+1.4i+(1.0+0.6cos4t)e '},

. 1A it
lo:{z(t)=-0.1 0'.41 +(6+0.8cos18t) it}’ where 0 < t < 27 and the values of the complex con-
I :{2(t) =2.6—2.6i+(1.0+0.6cos4t)e ™}, stants are £, s = (—3.5—1.8i,—3.3+1.3i,—0.3 +

Dys: {2(t) = &3 +(1.0+0.4cos6t) e}, 2.71,—0.8 — 3.5i). We chose a = 0.4 + 1.2i and
Iys:{z(t)=&45+(1.2+0.4cos8t) e}, 0 = m/4 in circular and parallel slits regions, respec-
0.5
10 3
o [fEEPRHEEEE 0
. i p
= 0.5 -2
-10 0 10 -0.5

Fig. 4 Mappings of a bounded region of connectivity four onto canonical regions for Example 2.

10 0.6 10
05
0.4
5 I 5
0.2 :
0 0 0
0
5 5
0.2 |
05 |
-10 o -10
05 0 05 -10 0 10 05 0 05 -10 0 10

Fig. 5 Inverse images (£, and £, to ©2) for Example 2.
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& H
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2
e 2
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T '/ / 1
0 (
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1t EH ;
-2 i
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Fig. 7 Inverse images (02, and 2, to Q) for Example 3.
Table 1 Error norm for Example 1. Table 3 Error norm of ||u; — |l for Example 2.
n b — il o If = fa(®Olloo n j=0 j=1 j=2 j=3
8 1.8x107° 3.5x1072 64 6.8x107"% 1.0x107? 9.8x107" 9.7x107"
16 3.7x1071° 8.1x107° 128 1.9x107® 1.0x107° 2.7x107'® 4.9x 107

32 8.8x 10716 5.0x 1074

Table 4 Error norm of ||r; —r;,|lc for Example 2.

Table 2 Error norm for Example 1 (unit circle).

n j=0 j=1 j=2 j=3
. Ir=rallos 1 = fn(Blleo 64 27x1072 2.0x107% 3.8x1072 2.0x107'2
8 1.0x 107" 2.3x1072 128 3.5x107'° 2.0x107'® 55x107'° 4.6x107'°
16 - 6.2x1071
32 —— 1.9x 1071

of the complex constants &; and the real constants

aj, bj, and o; are as in Table 6. The numerical
tively. Mapping function from the original region results are presented in Figs. 8-9. See Table 7 for
onto the circular and parallel slits regions and the  our computed values of u; and r;, i =0,1,...,14.
inverse mapping functions from the circular and
parallel slits regions onto the original region. The
numerical results are presented in Fig. 6 and Fig. 7.
See Table 5 for our computed values of u; and r;,
i=0,1,...,7.

Table 5 The numerical values of u;, r;,and 6;,i =0,...,7
for Example 3. (n =128.)

~.

Wi T 6;

0.994440701200 —0.284029138730 3.129809929215
1.110985767458 —0.353863261497 2.292945228462
1.063686515027 —0.331000782992 2.930879259314
0.973612244749 —0.275287566318 3.171420702460
0.753837456220 —0.139417069130 3.636139048989
1.148572821992 —0.382534199792 2.650117907058
1.546876218974 —0.590383326758 1.978126115467
0.938039072007 —0.208599570836 4.573498974480

Example 4 Consider the region of connectivity fif-
teen with boundaries

zi(t) =¢&; +ei°f(aj cost+ib;sint) (j =0,...,14).

We chose a = —2+ 1.2i and 6 = 7/2 in circular
and parallel slits regions, respectively. The values

NOUuh WM~ O
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Fig. 9 Inverse images (2, and £, to ©2) for Example 4.
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Table 6 The values of constants a;, b;, §;, and o; in  Table 7 The numerical values of y;, r;, and 6;, i =
Example 4. 0,...,14 for Example 4. (n = 128)

j a; b; &; o; i U r; 6;

0 8.0000 7.0000 —0.5000—i0.5000 1.0000 0 0.5023222796 0.0008589109 0.3587111366
1 0.2976 —0.6132 3.1670—i3.1650 5.7197 1 0.6086785849 0.0799766244  0.4382073558
2 0.5061 —0.6053 4.2941+1i0.3423 0.5778 2 0.6055849127 0.1247855487  0.2768221012
3 0.6051 —0.7078 4.3577+1i3.0154 4.1087 3 0.5474464053 0.0547912084  0.2466426059
4 0.7928 —0.3182 —5.0000+i1.2668 2.6138 4 0.3734163069 —0.0912331525 0.5310740652
5 0.3923 —0.4491 2.0694—i5.5663 4.4057 5 0.5491862962 0.0172876271 0.4385971607
6 0.3626 —0.1881 —2.8379+i3.2940 3.3108 6 0.3324241335 —0.0907118361 0.1035010586
7 0.2126 —0.1281 2.1621—-i0.1940 1.3108 7 0.8438900618 0.3832088812  0.2438605063
8 0.1026 —1.0881 1.7379+4+14.3960 0.3108 8 0.5410588262 0.0332667860 0.0627077746
9 0.4026 —0.1481 —1.7621+1i5.2940 0.8108 9 0.4591054253 —0.0237558527 0.1653659457
10 0.4323 —0.3091 —4.9306—i3.0663 4.4057 10 0.4873520274 —0.0656146300 0.5919062426
11 0.5626 —0.1881 —2.8162—i5.7060 3.3108 11 0.5249755441 —0.0287033882 0.5158620847
12 0.7126 —0.3281 0.1621—i2.6940 1.3108 12 0.7420010973 0.0175966334  0.7842061900
13 0.1343 —0.6088 —2.6262—i12.6040 0.3108 13 0.5267875577 —0.1397473330 0.8848907532
14 0.9826 —0.1481 —0.0621+1i1.9294 1.5108 14 0.6102168256 —0.0481344748 —0.8175689388
GRAPHICAL USER INTERFACE

In this section, we presented a graphical user in-
terface (GUI) to illustrate our finding. The graph-
ical user interface was created by using MATLAB.
More numerical results including graphical and im-
age transformation can be computed by using GUIL.
There are two modes in the GUI which is graph
mode or image mode. To have a graphical result,
we choose the graph mode and set the input values
for the numbers of nodes and the parameters for

the boundaries. There are three kinds of boundary
available in the GUI which are circles, ellipses and
star shape. The interior points are then selected
after the boundaries had been selected. There are
two modes of mapping available, which include
circular slits and parallel slits. The transformations
are computed based on clicking a point a inside
the region. For image transformation, we choose
the image mode and load the image with selected
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Fig. 10 GUI graphical presentation based circular slits
map and parallel slits map.

size. The image can be cropped based on the
boundaries selected on the image or the growcut
algorithm'°. The parameterization of the cropped
image by growcut algorithm is based on parametric
cubic spline, which approximate two real functions
x(t) and y(t) using periodic cubic spline and the
parameterization z(t) is defined as?%2!

z(t)=x(t)+iy(t) (0<t<2n).

The computation of the transformation is similar as
the graph mode. The quality of the transformed
image improves with increasing number of nodes.

Fig. 10 presents a GUI about slits mapping. The
boundary options in GUI are circle, ellipse and star
shapes. Fig. 11 presents image transformation re-
sults from GUI for image cropped based on selected
boundaries. Fig. 12 presents image transformation
results from GUI for image cropped based on grow-
cut algorithm.

CONCLUSIONS

In this paper, we have constructed new bound-
ary integral equations for conformal mapping of
bounded multiply connected regions onto a circular
slit region and parallel slit region. The advantage of
our method is that our boundary integral equations
are all linear and continuous. Several mappings of
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Fig. 11 GUI image processing presentation based circular
slits map and parallel slits map.
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Fig. 12 GUI image processing with cropped face based
circular slits map and parallel slits map.

the test regions of connectivity one, four and fif-
teen were computed numerically using the proposed
method. After the boundary values of the mapping
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function are computed, the interior values of the
mapping function and its inverse are calculated by
means of Cauchy integral formula. The numerical
examples presented for the three canonical regions
have illustrated that our boundary integral equation
method has high accuracy.
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