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ABSTRACT: In this paper, we establish a necessary and sufficient condition for two algebraic integers in complex
quadratic number fields to be consecutive terms of generalized Fibonacci numbers. We use this result to obtain all
solutions of the Diophantine equation x2− ax y + b y2 = c over Gaussian integers, where b and c are units in Z[i] and
a ∈ Z[i] with |a|2 ¾ 10.

KEYWORDS: Fibonacci numbers, second order recurrence, Gaussian integers

MSC2010: 11D09 11B37

INTRODUCTION

The second order recurrence {Wn(a, b; p, q)} is de-
fined by

W0 = a, W1 = b, Wn+1 = pWn− qWn−1

for n¾ 1 where a, b, p, q are arbitrary integers. The
well-known Fibonacci and Lucas sequences are the
sequences {Wn(0,1; 1,−1)} and {Wn(2, 1;1,−1)}
and are denoted by {Fn} and {Ln}, respectively.
Here a generalized Fibonacci sequence means the
sequence {Wn(0, 1; p, q)}.

Lucas1 proved that if x and y are consecutive
Fibonacci numbers then

y2− x y − x2 = ±1

and the converse was proved in Ref. 2. The same
results were proved again by Jones3 and he also
concluded that the set of all Fibonacci numbers is
identical to the set of positive numbers of the form

y(2− (y2− y x − x2)2),

as the variables x and y range over the positive
integers. Jones4 proved similar results for a Lucas
sequence. He showed that for any positive integer
n,

L2
n+1− Ln+1 Ln− L2

n = 5(−1)n

and if two positive integers x and y satisfy

y2− y x − x2 = ±5

then x and y are two consecutive terms of a Lucas
sequence.

Kiss5 extended the results of Jones and proved
that, for given integers p and q such that either p >
0, q = −1 or p > 3, q = 1, two nonnegative integers
x and y satisfy the equation

|x2− px y + q y2|= 1

if and only if x and y are consecutive terms of
a sequence {Wn(0, 1; p, q)}. A similar result was
proved in Refs. 6–8 using different approaches.
They proved that a pair of positive integers (x , y)
is a solution of y2 − px y − x2 = ±1 if and only
if there exists a positive integer n such that x =
Wn(0,1; p,−1) and y = Wn+1(0, 1; p,−1). Further-
more McDaniel6 established that for p > 2, the pair
of positive integers (x , y) with x < y is a solution
of y2 − px y + x2 = 1 if and only if there exists a
positive integer n such that x =Wn−1(0,1; p, 1) and
y = Wn(0, 1; p, 1). The same result but with p > 3
was proved in Refs. 7, 8.

Motivated by Kiss’s result, we will extend his
work to the ring of algebraic integers of any com-
plex quadratic number field. Here we establish a
sufficient and necessary condition for two algebraic
integers in a complex quadratic number field to
be consecutive terms of a generalized Fibonacci
sequence. As a consequence of our result, we can
determine whether an equation

x2− ax y + b y2 = c
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has solutions over Z[i], when a ∈Z[i]with |a|2 ¾ 10
and b, c ∈ {±1,±i}. We also show that all solutions
to this equation, if there are any, can be expressed
in terms of two consecutive generalized Fibonacci
numbers.

PRELIMINARY RESULTS

Let K be a complex quadratic number field. Thus
K = Q(

p
−d) for some square-free positive integer

d. Let OK be a ring of its algebraic integers and UK
be a group of units in K . Thus
(i) if K = Q(

p
−1) then OK = Z[i] and UK =

{±1,±i};
(ii) if K = Q(

p
−3) then OK = Z[ω] and UK =

{±1,±ω,±ω2} where ω= 1
2 (−1+

p
−3);

(iii) if K = Q(
p
−d) where d ≡ 1, 2 mod 4 then

OK = Z[
p

d] and UK = {±1};
(iv) if K =Q(

p
−d) where d ≡ 3 mod 4 then OK =

Z[ 1
2 (−1+

p
d)] and UK = {±1}.

Lemma 1 Let K be a complex quadratic number field.
Let β and α be elements in OK such that |β |2 = 1 and
|α|2 ¾ 10. If x and y are in OK , |x |2 > |y|2 ¾ 1, and

|x2−αx y +β y2|2 = 1,

then |αy − x |2 < |y|2.

Proof : Let z = β−1(αy − x). We want to show that
|z|2 < |y|2. Since |x2−αx y +β y2|2 = 1, we have

x2−αx y +β y2 = x(−βz)+β y2 = ε,

for some unit ε in OK . This gives z = (y2−β−1ε)/x .
Since β−1ε is a unit, we have

|z|2 =
|y2−β−1ε|2

|x |2
¶
(|y|2+1)2

|x |2
.

Let |x |2 = |y|2+k for some positive integer k. Then

|z|2 ¶
(|y|2+1)2

|y|2+ k
= |y|2+

1− (k−2)|y|2

|y|2+ k
. (1)

If either k ¾ 4 or k = 3 and |y|2 ¾ 2, then (1− (k−
2)|y|2)/(|y|2 + k) < 0, which implies |z|2 < |y|2 as
needed. We now consider when k = 3 and |y|2 = 1.
From (1), we have |z|2 ¶ |y|2 = 1. However, since
z = β−1(αy − x) and |α|2 ¾ 10, we have

|z|¾ |αy| − |x |¾
p

10−2> 1,

a contradiction. Hence the case k = 3 and |y|2 = 1
never happens.

It remains to consider when k = 2 and k = 1.
Now let k ∈ {1,2}. Then from (1) we obtain

|z|2 ¶ |y|2+1. (2)

Since |x |2 = |y|2 + k, k ∈ {1,2}, and |y|2 ¾ 1, we
have

|x |= |y|
√

√

1+
k
|y|2
¶
p

3|y|.

Since z = β−1(αy − x) and |α|¾
p

10,

|z|¾ |αy| − |x |¾ |αy| −
p

3|y|¾
�p

10−
p

3
�

|y|.

This gives |z|2 > 2|y|2 ¾ |y|2 + 1 which contradicts
(2). Hence these cases never happen. 2

Let α be a non-zero element in OK and β be
a unit. From now on, we denote the sequence
{Wn(0,1;α,β)} by {Un} or {Un(α,β)} if the values
ofα and β are needed in that context. We now prove
that |U2

n+1−αUn+1Un+βU2
n |= 1.

Lemma 2 For every nonnegative integer n, |U2
n+1 −

αUn+1Un+βU2
n |

2 = 1. Indeed,

U2
n+1−αUn+1Un+βU2

n = β
n.

Proof : Since U2
1 − αU1U0 + βU2

0 = 1, the lemma
holds for n = 0. For some n ¾ 1, assume that
U2

n −αUnUn−1+βU2
n−1 = β

n−1. Then

U2
n+1−αUn+1Un+βU2

n

= (αUn−βUn−1)
2−α(αUn−βUn−1)Un+βU2

n

= β(U2
n −αUnUn−1+βU2

n−1)

= ββn−1

= βn.

2

MAIN THEOREM

Theorem 1 Let K be a complex quadratic number
field. Let α, β , x and y be algebraic integers such
that |α|2 ¾ 10, |β |2 = 1 and |x |2 > |y|2. Then x and
y satisfy the equation

|x2−αx y +β y2|2 = 1 (3)

if and only if there exists a unit u and a positive integer
m such that x = uUm(α,β) and y = uUm−1(α,β).

Proof : The necessary condition follows from
Lemma 2. We prove the sufficient condition as
follows. If y = 0, then y = U0 and x = uU1 for some
unit u. The result holds in this case. Next assume

www.scienceasia.org

http://www.scienceasia.org/2017.html
www.scienceasia.org


ScienceAsia 43 (2017) 385

that |y|2 ¾ 1. Let y0 = x and y1 = y and define
yn = β−1(αyn−1− yn−2) for n¾ 2. First we will show
that

|y2
n−1−αyn−1 yn+β y2

n |
2 = 1

for all n ¾ 1. By the hypothesis, we already have
|y2

0 −αy0 y1+β y2
1 |

2 = 1. For n¾ 1,

y2
n −αyn yn+1+β y2

n+1

= y2
n −αyn(αβ

−1 yn−β−1 yn−1)

+β(αβ−1 yn−β−1 yn−1)
2

= y2
n −αβ

−1 yn−1 yn+β
−1 y2

n−1

= β−1(y2
n−1−αyn−1 yn+β y2

n ).

Since |β−1|= 1, the result |y2
n−αyn yn+1+β y2

n+1|= 1
follows by induction.

As a consequence of Lemma 1, there exists
a positive integer m such that |ym|2 = 0 and the
sequence {|y j |2}mj=0 is a strictly decreasing sequence.
For 0 ¶ j ¶ m, let Yj = ym− j . Since yn−2 = αyn−1 −
β yn for 2¶ n¶ m, we have

Yj = αYj−1−βYj−2 (4)

for 2¶ j ¶m with Y0 = ym = 0 and Y1 = ym−1. Since
ym and ym−1 satisfy (3), ym−1 must be a unit, say
u. Since the sequence {Yj}mj=0 satisfies a recurrence
relation (4) with Y0 = 0 and Y1 = u, it is easy to see
that Yj = uU j for 0 ¶ j ¶ m. Hence x = y0 = uUm
and y = y1 = uUm−1, as desired. 2
Notice that the result of Kiss in Ref. 5 is a special
case of our main result. Kiss gave an example in
Ref. 5 that the condition |α|2 ¾ 10 is necessary. For
instance, if α= 3 and β = 1 then (x , y) = (2,1) is a
solution to (3), but 2 is not in the sequence {Un}.

APPLICATIONS

In this section, we will use the results of our main
theorem to determine whether the Diophantine
equation

x2−αx y +β y2 = ε (5)

has solutions over Z[i], where α,β ,ε ∈ Z[i] with
|α|2 ¾ 10 and |β |2 = 1 = |ε|2. If its solutions exists,
we will find all of its solutions. First notice that if
(x , y) is a solution to (5), then |x | 6= |y|. To see this,
suppose that |x | = |y|. Then |x | ¾ 1 and because
|α|2 ¾ 10, we must have

1= |x2−αx y +β y2|

¾ |α‖x‖y| − |x |2− |y|2

= (|α| −2)|x |2 ¾ |α| −2> 1,

a contradiction. Hence if (x , y) is a solution, then
|x |2 6= |y|2. If |x |2 > |y|2, it follows from Theorem 1
that

(x , y) = u
�

Un+1(α,β), Un(α,β)
�

for some unit u and some nonnegative integer n. For
the case |x |2 < |y|2, (5) can be written as

y2−αβ−1 x y +β−1 x2 = εβ−1.

Hence again by Theorem 1, the solution of (5) is of
the form

(x , y) = u
�

Un(αβ
−1,β−1), Un+1(αβ

−1,β−1)
�

for some unit u and some nonnegative integer n. It
is easy to see that (x , y) is a solution to (5) if and
only if (x i, y i) is a solution to the equation

x2−αx y +β y2 = −ε.

The previous paragraph gives us the idea of
the forms of solutions to (5). It leads us to the
answer about the existence of the solutions. As a
consequence of Lemma 2, we have that

U2
n+1−αUn+1Un+βU2

n = ε

if and only if βn = ε. This give a necessary and
sufficient condition for (5) to have solutions over
Z[i].

Theorem 2 Let α, β and ε be Gaussian integers such
that |α|2 ¾ 10 and |β |2 = 1= |ε|2. The equation

x2−αx y +β y2 = ε

has a solution over Z[i] if and only if either βn = ε
or βn = −ε for some nonnegative integer n. Further-
more, all solutions are given by

(x , y) =



































±
�

Un+1(α,β), Un(α,β)
�

, βn = ε,
±i
�

Un+1(α,β), Un(α,β)
�

, βn = −ε,
±
�

Un(αβ−1,β−1),
Un+1(αβ−1,β−1)

�

, β1−n = ε,
±i
�

Un(αβ−1,β−1),
Un+1(αβ−1,β−1)

�

, β1−n = −ε,

with n¾ 0.

The following is an immediate consequence of The-
orem 2.

Corollary 1 For any Gaussian integer α with |α|2 ¾
10, the equations

x2−αx y + y2 = ±i, x2−αx y − y2 = ±i

have no solutions over Z[i].
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We end this section with some explicit examples
of the solutions to (5). First consider the equation

x2−αx y + y2 = 1. (6)

Here β = 1 and ε= 1, so βn = ε for all nonnegative
integers n. Hence all solutions of (6) over Z[i] are
given by

(x , y) = ±
�

Un+1(α, 1), Un(α, 1)
�

,

±
�

Un(α, 1), Un+1(α, 1)
�

for all nonnegative integers n.
Next consider the equation

x2−αx y + y2 = −1. (7)

In this case β = 1 and ε=−1. It is clear that βn 6= ε
for any integer n, but βn = −ε for all nonnegative
integers n. Thus all solutions of (7) over Z[i] are
given by

(x , y) = ±i
�

Un+1(α, 1), Un(α, 1)
�

,

± i
�

Un(α, 1), Un+1(α, 1)
�

with n¾ 0.
We next solve the equation

x2−αx y − y2 = 1. (8)

Since here β =−1 and ε= 1, βn = ε and β1−n =−ε
when n is even. Furthermore, βn =−ε and β1−n = ε
if n is odd. Hence the solutions to (8) over Z[i] are
given by (x , y) = ±(U2n+1(α,−1), U2n(α,−1)),
±i(U2n+2(α,−1), U2n+1(α,−1)),
±(U2n+1(−α,−1), U2n+2(−α,−1)),
±i(U2n(−α,−1), U2n+1(−α,−1)), with n¾ 0.

For the last example, let us consider the equa-
tion

x2− ax y + iy2 = 1. (9)

In this case β = i and ε= 1. So we have

βn =

¨

ε, n≡ 0 mod 4,

−ε, n≡ 2 mod 4,

β1−n =

¨

ε, n≡ 1 mod 4,

−ε, n≡ 3 mod 4.

Hence the solutions to (9) over
Z[i] are given by (x , y) =
±(U4n+1(α, i), U4n(α, i)), ±i(U4n+3(α, i), U4n+2(α, i)),
±(U4n+1(−αi,−i), U4n+2(−αi,−i)),
±i(U4n+3(−αi,−i), U4n+4(−αi,−i)), with n¾ 0.
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