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ABSTRACT: The authors establish several new inequalities of the Fejér-Hermite-Hadamard type for mappings which

have absolute values of the first derivatives which are (a, m)-preinvex. The results presented provide extensions of
some known results. These new established inequalities are also applied to construct inequalities for special means.

KEYWORDS: integral inequalities, convex mappings

MSC2010: 26A51 26D07 26D15 26D20

INTRODUCTION

Let f : I CR — R be a convex mapping and a,b € I
with a < b. The inequality

a+b 1 (P f(a@)+£(b)
5 )<mﬁf(x)dx<T m

is referred to as Hermite-Hadamard’s inequality and
is one of the most famous results for convex map-

pings.
Fejér provided a weighted generalization of

M

b b
f(a+b)f w(x)dx SJ fOw(x)dx

2
b
< f(a);rf(b)f wx) dx
’ @

where f :[a,b] — R is a convex function and f :
[a, b] — R is nonnegative, integrable and symmet-
rical about %(a +b).

Definition 1 A set S C R" is said to be an invex set
with respect to the mapping n : S xS — R" if x +
tn(y,x) €S forevery x,y €S and t €[0,1] .

Definition 2 The function f defined on the invex
set K € R" is said to be preinvex with respect to 7 if
for every x,y €K and t €[0,1] 2

fle+tm(y,x) <A-0f)+cf (). 3)
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Definition 3 The function f on the invex set K C
[0,b*], b* > 0, is said to be (a, m)-preinvex with
respect to 1) if

Ot tn(y,x)) < (1—t“)f(x)+mr“f(%) @

holds forall x,y €K, t € [0,1] and (a,m) € (0,1] x
(0,17 3.

Theorem 1 (Ref. 4) Let f : [a,a + n(b,a)] —
(0, ©0) be an open preinvex function on the interval
of real numbers K° (the interior of K) and a,b € K°
with a < a+n(b,a). Then

2a+n(b,a) 1 atn(b.a)
f( ) S n(b,a)L flx)dx

2
L f@+£(b)
2

()

In Ref. 5, they found the right-sided integral
inequalities of Fejér type concerning the product
of an s-convex mapping and a symmetric function.
In Ref. 6 some left-sided Fejér-Hermite-Hadamard
type inequalities for preinvex mappings were also
established.

In recent years, many researchers have stud-
ied bounds for both Hermite-Hadamard and Fe-
jér type inequalities via different classes of convex
mappings; for generalizations, refinements, varia-
tions and new inequalities for them, see Refs. 7-19.
Based on this literature and especially the idea in
Refs. 5,6, by discovering a weighted identity in-
volving a symmetric mapping and a differentiable
preinvex mapping defined on open invex subset, we
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derive the right-sided new Fejér-Hermite-Hadamard
type inequalities for mappings which have absolute
values of the first derivatives which are (a,m)-
preinvex. Our results give extensions of some
known results. The new integral inequalities are
also applied to special means.

MAIN RESULTS

Lemma 1 Let K € R be an open invex subset with
respect to 1 : K xK - R and a,b € K, a < b with
1n(b,a) > 0. Assume that f : K — R s a differentiable
mapping on K such that f’ € L([a,a+n(b,a)]). If
g :[a,a+n(b,a)] — [0, o) is an integrable mapping
and symmetrical about a + %n(b, a), then

b a+n(b,a)
[Lastasnt ,a))Ua " oodx

a+mn(b,a)
—J f(x)g(x)dx

B T](b,a) 1 e(t)

x[f’(cp(r))—f'(w(t))]dt} ©

where ¢(t) = a+ %tn(b,a) and Y(t) =a+(1—
%t)n(b, a). In particular,

a+n(b,a)
‘f(a)+f(az+n(b,a))f e

a+n(b,a)
—J f(x)g(x)dx

1 w(t)
< M{ f f g(x)dx
4 0 [ (o) ]

x[1f/(so(t))|+|f/(w(t))|]dt} @)

and
a+n(b,a)
‘f(a)+f(az+n(b,a))f " dx
a+n(b,a)a
—f f(x)g(x)dx
2
<) e,

1
x f (1—t)[{f’(<p(t))|+{f’(w(t))|]dt (8)
0

where ”g“oo = SUP¢e[q,a+n(b,a)] g(t)

259

Proof: Since g(x) is symmetrical about a+ %n(b, a),
g(y(t)) = g(p(t)) for all t € [0,1]. Hence

) (7 (7
I —TL [L}m g(x)dx]

| £on - ) |ae

b 1 @(t)
_ 4’“)[ [ f g(x)dX]f’(w(t))dt
0 Y(t)

1 @(t)
_@ J [ J g(x)dx]f’(w(t))dt
0 P(t)

= Il _Iz.

Via integration by parts we obtain

1
I = n(l:a)
)
1 o(t)
- E{UM g(x)dx]f(so(t))

@(t)
” g(X)dX]f’(so(t))dt

0 P(t)

1 o(t)
U g(X)dx]d[f(w(t))]
P(t)

1
2

1
0

1
- @f [g(so(r))+g(¢(t))]f(«p(t))dt}
0
1 a+n(b,a)
- E{f(a) f ¢(x)dx

1
—n(b,a)f g(w(t))f(w(t))dt}
0

1 a+n(b,a)
= E{f(a)f g(x)dx

a+(1/2)n(b,a)
—ZJ g(x)f(x)dx}

and similarly,

a+n(b,a)

=3 { fla (e, J g0 dx

a+mn(b,a)
—Zf g(x)f(x)dx}.
a+(1/2)n(b,a)
From I; and I,, it follows that
I* = Il _ Iz
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b a+n(b,a)
[Lla+flanl ,a))”a o

a+n(b,a)
- f f(x)g(x)dx

which is the required result (6). Using Minkowski’s
inequality, it is straightforward to obtain (7) and
(8). O

Remark 1 If g(x) = 1, x € [a,a + n(b,a)] in
Lemma 1, then (6) reduces to

a+n(b,a)
UORSICLL GRS a)J ey dx

_ @ Ll(t—l)[f’(a+ %n(b,a))

_f/(a + (1 _ %)n(b’ a))] de. (9)

Remark 2 If n(b,a) = b—a in Lemma 1, then (6)
becomes

b b
[L0+/0)] f <) dx— f £ (g0 dx

<)1), ol (e o)
—f’(%w%b)]dt}
2[00
X [f’((l— t)a+ t#)

_f,(ta—;-b +(1—t)b)]dt}

where ¢(t) = (1—t)a+%t(a+b) and Y (t) = %t(a+
b)+(1—1t)b.

(10)

The second integral identity in (10) is proved in
Ref. 5 [page 754, Lemma 2.1].

With the help of Lemma 1, a new upper bound
for the right-hand side of (2) via (a, m)-preinvex
mappings is shown with the following inequality.

Theorem 2 Let K C R, be an open invex subset with
respectton :KxK - R, a,b €K and 0 < a < b with
1n(b,a) > 0. Suppose f : K — Ry is a differentiable
mapping on K such that f’ € L([a,a+n(b,a)]) and
g:la,a+n(b,a)] — [0, oo)is an integrable mapping
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and symmetrical about a+ %n(b, a). If |[f'|9 forq= 1
is (a, m)-preinvex on [a,b/m], a € (0,1] and m €
(0,1] with (b/m) € K, then

a+n(b,a)
‘f(a)+f(c; +n(b,a)) J " oodx

a+n(b,a)
- J f(x)g(x)dx

2 1-1/q
<T29(2) Vel

AG-ramms el

LGk

Lom
2¢(a+1)(a+2)

| rrrEm @
m(1+ a2**)

(1D

b q 1/q
/ —_—
T
Proof: By (8) in Lemma 1 and the power mean
inequality, we have

2¢(a+1)(a+2)

a+n(b,a)
‘f(a)+f(az+n(b,a)) f e

a+n(b,a)
- f f(x)g(x)dx

< "Z(Z’“)ngnoo( fo 1(1—t)dt)“/q
f’(a + %n(b, a))|q dt}l/q

X {[le—t)
0
o[ ool (s (1-&aeo) ] )

n*(b,a) 1\
:Tng”oo 5

x {[ Jozl —t) f’(a + %n(b,a))‘q dt]l/q
+U21 —t) f’(a+ (1— %)n(b,a))‘th]l/q}-
0

(12)
Since |f’|? is (&, m)-preinvex in the second sense on
[a,b/m], for any t € [0, 1], we have

1
J(l—t)
0

q
de

/(s gn00.0)
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01 1—t)(1—;—2)dt

(&) [ma-oka
. 0

‘m)

sl ()l

. (1——) )

fl(l—t)
1-(1-2) Jae

+

Nl

g

(13)

and

+ff(%) L ma—o(1-4)
m(1+ a2%*1)

(14)

G

Using (13) and (14) in (12), we deduce the required
inequality (11). O

Corollary 1 If g =1 in Theorem 2, we obtain

a+n(b,a)
‘f(a)+f(c; (b, (00
a+mn(b,a)
—f f(x)g(x)dx
(b a) 1+ a2“
5 e ”°°[( 2<H(a+1)(a+2))
m(1+ a2%)

b
1T—=1]. @as
2¢-1(a+1)(a+2) f (m)” (15)
Corollary 2 If g(x) =1 in Theorem 2, we obtain

a+n(b,a)
‘f(a)+f(az+n(b’a))_n(b1 . J £ d

<526 swme)
()"
1+ q20+1 , q

A o

Loom
2¢(a+1)(a+2)

o[-

m(1+ a2*+1)
2¢(a+1)(a+2)
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Corollary 3 With the same assumptions given in The-
orem 2, if |[f'(x)| < T on [a,a+n(b,a)] with m =1,
we deduce

a+n(b,a)
‘f(a)+f(az+ n(b,a)) 2 (0)dx
a+mn(b,a) 2
—J f)glx)dx| < %Tllgllw. 17)

Corollary 4 Ifq=1, a=1, m=1,and g(x)=11in
Theorem 2, we obtain

a+n(b,a)
‘f(a)+f(az+ o)t a)J e dx

< gn(b,)(f (@I +If' (D)) (18)

which is Theorem 2.1 from [Ref. 20 page 3].
On the basis of Lemma 1 and by using Holder’s
inequality, we obtain the result below.

Theorem 3 Under the conditions of Theorem 2, if
|f'|9 for ¢ > 1 is (a,m)-preinvex on [a,b/m], a €
(0,1] and m € (0,1] with (b/m) € K, then

a+mn(b,a)
’f(a)+f(az+n(b,a)) s
a+n(b,a)
—f f(x)g(x)dx

y(zq 1)(q anguoo
Azl
sl G
(s i@l

T o

2¢(a+1)
Proof: By (8) in Lemma 1 and Hoélder’s inequality,
we have

a+mn(b,a)
’f(a)+f(az+n(b,a)) o
a+n(b,a)
—J f(x)g(x)dx
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nz(b,a)

1 1-1/q
f(l—t)q/(q—”dt) lgloo
{[ a+ n(b a))‘ ]Uq
HO a+(1-5 Jatv.)["ac ]Uq}

e 1)(q "l
[ Feso
A eyl

(20)
Since |f’|? is (a, m)-preinvex in the second sense on
[a,b/m], for any t € [0, 1], we have

r

q

f’(a+ En(b,a))

q t
J (1——)dt+
2a
, q

q 1 a
t
J m—adt
0 2

()

(sl sl G
2D
and
[ (e (-5 o)
1 a
i (1-5)
A [ -5
a+l _
S ) e

Using (21), (22) in (20), we deduce the result
(19). |

Corollary 5 If g(x) =1 with a = m = 1 in Theo-
rem 3, we obtain

a+n(b,a)
Harflasntoa) ! a)f o dx
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n(b a) (¢—1)/q
4 (2q—1)

e

]1/q

1/q
#[5lr@| + f(b)H |
<”“j;“)(2qq__11)q T (@1 + B,

(23)

Here, 0 < 1/q < 1 for ¢ > 1. To prove the second
inequality above, we use the fact that Z?zl(ai +

<Y ai+> bl for0<r<1l,a,...,a, >
0 and by,...,b, = 0.

Corollary 6 With the same assumptions given in The-
orem 3, if |[f'(x)| < YT on [a,a+n(b,a)] withm =1,
we deduce

a+n(b,a)
g(x)dx

‘f(a)+f(a+n(b,a))
2

a+n(b,a)
- f f(x)g(x)dx

2 b,a -1 (¢-1)/q
<1b.a) )(—q ) Tllgleo. (24)
2g—1

2

Theorem 4 Let K C R, be an open invex subset with
respectton :KxK - R, a,b €K and 0 < a < b with
1n(b,a) > 0. Suppose f : K — Ry is a differentiable
mapping on K such that ' € L,([a,a+n(b,a)]) and
g :[a,a+n(b,a)] — [0, c0) is an integrable mapping
and symmetrical about a+ %n(b, a). If|f’|? is (a, m)-
preinvex on [a,b/m]withq=p/(p—1),p>1, ac
(0,1], me€(0,1] and (b/m) €K, then

a+mn(b,a)
‘f(a)+f(az+'n(b,a)) e
a+n(b,a)
—J f(x)g(x)dx

< @(ﬁ)wnguw
s rer
()T
_gatl

[ rer

Lm
2¢(a+1)
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L[ b\|214 we obtain
"l } @

m(2a+1 _ 1)

20‘((1 + 1) a a
’fm)fﬂa+mmanj*“§&yh
Proof: By (8) in Lemma 1 and Holder’s inequality 2 a
for p > 1, we obtain a+n(b,a)
- —f fx)g(x)dx
a+n(b,a a
'f@)ﬁﬂa+Mhan e ey 1\
2 a <129 =) gl 29)
a+n(b,a) p+ 1
—f f)g(x)dx wherep l+q1=1.
12(b,a) ! ) 1/p Theorem 5 Suppose that all the assumptions of The-
< T”g”oo( (1-1) dt) orem 4 are satisfied. Then
0
1 1/q a+n(b,a)
x{[f £/(a+ gn0.0))|[ a ‘f@)ﬁﬂz+n@xﬂ{[+ngwﬁh
0 a
1 ) ¢ q 1/q a+n(b,a)
+[JO f (a+(1—§)7’l(b,a))‘ dt] } _Ja F(0)2(x) dx
2(b, 1 \/P 2 _ (@-1)/
:Mﬂgllm(—) < (b,a)( q—1 )q q”g”oo
4 p+1 4 2q—p—1
1 1/q
X {U f’(a + E’r)(b,a))‘q dt] X [(L - l/5(oc+ 1,p+ 1)) f'(a) !
0 2 p+1 2¢ ’
1 1/q 1/q
+U f’(a+(1—5)n(b,a))(th] } + M Ba+1,p+1) f’(ﬁ)(q]
0 2 2¢ m
0 (5 Sl |r@)|
p+1 2¢
Using (21) and (22) in (26), we obtain the result m(—1)¢ b\ a1
25). o — T Blatlp+1) f’(;)‘ ] } 29)

Corollary 7 If taking g(x) =1 with a=m=11in  where
Theorem 4, we obtain

a+n(b,a)
‘fwyfﬂ2+MhaD_n£¢0f £ dx

1
Blx,y) = f 11—ty dt, VYx,y > 0.
0

Proof: By (8) in Lemma 1 and Holder’s inequality

b,a 1 \Y°(r3y,, ¢ 1y, a7"a forp>1, we obtain
<291 ﬁ—fm)+—fwﬂ]
toerts ! F(@)+ fla+ncb,a) [0
1., 9 3., |97 ‘ 3 ’ J g(x)dx
OO .
a+n(b,a)
n(b,a)( 1 )I/Psl/q +1 ., , —f fl)g(x)dx
< + b
2 o5) e r@isren 2 - -
b _
27 < n (4’a)||g”oo(J (1_t)(q—p)/(q—1)dt)
0
where p~' +q~' = 1. To prove the second inequality 1 ; ¢ e
above, we use the same method as in Corollary 5. X {[J (1—¢t) f’(a + En(b, a))| dt]
0

Corollary 8 With the same assumptions given in The- + ! 1=t
orem4, if |[f'(x)| < YTon[a,a+n(b,a)]withm=1, o

f’(a+ (1— %)n(b,a))rdt]l/q}
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_ ,',’Z(b (1)” | ( g—1 )(q—l)/q
° 2q—p—1

4
{ fu r (a+ Lo, a))| dt]l/q
o[ [[a-erlpor (- o) o]}

(30)

Since |f’|? is (&, m)-preinvex in the second sense on
la,b/m], for any t € [0, 1], we have
! t
f 1—op f’(a+ ~n(b, a))
o 2
1 a
q ) t
[(a-or(1-)a
0
q 1 a
f’(ﬁ) f m(1— t)pt—dt
m 0 20

=(L——ﬁ(a+1 p+1))

p 1
/( )
m |

and
[fo-ofes(o-gponn)]
oo (o-5) o
(B [ ra-or(o-)a
&) o

_m(=1)!
Using (31) and (32) in (30), we obtain (29). O

q
dt

+

+ Z_a 3D

dt

+

Bla+1,p+1)

2(1

Corollary 9 If g(x) =1 in Theorem 5, we obtain

a+n(b,a)
‘f(a)+f(c;+n(b,a))_n(; - f £ dx

<n(b,a)( q—1 )(q—”/q
R 2q—p—1

X {[(lﬁ——ﬁ(a+1 p+1))

I

m
+ —
2a
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|+

B m(—1)?
20

—pB(a+1,p+ 1))
’(%)(q]”q} (33)

Corollary 10 With the same assumptions given in
Theorem 5, if |f'(x)| < T on [a,a + n(b,a)] with
m = 1, we obtain

‘f(a)+f(a+”f)(b,a))
2

B

where pt+q7 = 1.

a+n(b,a)
g(x)dx

a+n(b,a)
- f f(x)g(x)dx
qg—1

nz(b,a)( - )(q‘”/q( 1 )”qT” |
2 2q—p—1 p+1 §lleo
(34)

where p~l+q7 1 =

Theorem 6 Suppose that all the assumptions of The-
orem 4 are satisfied. Then

a+n(b,a)
‘f(a)+f(az+n(b,a)) e
a+n(b,a)
- f f(x)g(x)dx

2
<7 (b,a)
4

llgllo

x {[(q%——ﬂ(owl q+ 1))
G
+[(q%

pla+1, q+1))
m( 1)‘1

T} e

1
Blx,y)= J t*'(1—t)’"'dt, Vx,y>0.
0

= l)q

where

Proof: Using Lemma 1 and Holder’s integral in-
equality for p > 1, we obtain

a+n(b,a)
‘f(a)+f(az+n(b,a)) e
a+n(b,a)
- f f(x)g(x)dx
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nz(i,a)”g“m(fldt)l/p
x {[Ll(l—t)q f’(a+§n(b,a))|th]l/q
+[ 01(1—t)‘1 ’(a+(1—%)n(b,a))rdt]l/q}.

(36)

Replacing p in (31) and(32) by q and substituting
them into (36), we deduce (35). O

Corollary 11 If g(x) =1 in Theorem 6, we obtain

a+n(b,a)
‘f(a)+f(c;+n(b,a)>_n(bl . f () dx

<2 (r—gwrrenly
+2—’Zﬂ(a+1,q+1) ’(%)\q]l/q
e arsarsfpo
m( 2l (”)Hl/q}. (37)
m

Corollary 12 With the same assumptions given in
Theorem 6, if |f'(x)| < T on [a,a + n(b,a)] with
m = 1, we obtain

@[

pla+1,q+1)

a+n(b,a)
g(x)dx

‘f(a)+f(a+n(b,a))
2

a+n(b,a)
—J f(x)g(x)dx

<nz(b,a)( 1
2 q+1

1/q

) Thelle 39
Corollary 13 From Corollaries 8, 10 and 12, we
have

a+n(b,a)

g(x)dx

‘f(a)+f(a+n(b,a))
2

a+n(b,a)
—f f(x)g(x)dx| < min{Ky, Ky, K3}

where

2(b,a)( 1
) gl
p+1
qg—1

nz(b,a) _ (¢—1)/q 1 1/q
>3 — ) Tlglleo,
qg—p—1 p+1

K1=

KZZ

265

and
2 1/q
n(b,a)( 1 )

Ky=—""— — T .

=15 ) sl

APPLICATION TO SPECIAL MEANS

Definition 4 [Ref. 21] A function M : R?2 — R,

is called a mean function if it has the following

properties.

(i) Homogeneity: M(ax,ay) = aM(x,y) for all
a>0.

(i) Symmetry: M(x,y) = M(y, x).

(iii) Reflexivity: M(x,x) = x.

(iv) Monotonicity: if x < x’ and y <
M(x,y) < M(xX",y").

(v) Internality: min{x, y} <

y’, then

M(x,y) < max{x,y}.

For arbitrary positive real numbers a > 0 and

b > 0, we define A := A(a,b) = %(a +b), G :=
G(a,b) = +vab, H :=H(a,b)=2ab/(a+b),

T4 pT 1/r
Pr::Pr(a,b):(a; ) ,r=1

1 b~N1/(b—a)
M), as
e

I(a,b)= aa
a, a=hb,
b—a
11 1. b:
La,b)={ mb—tmna’ 7
a, a=b,
and
bs+1_as+1 %
_— 0,—1 b
|0 ) s#o-1 a%b
Li(a,b) =1 L(a, b), s=—1, a#b,
I(a, b), s=0 a#b,
a, a=h.

Clearly, L, is monotonic nondecreasing over p €
R, with L_; :=L and L, :=1I. In particular, we have
H<GSL<I<A

Now, let 0 < a < b. Suppose that the function
M :=M(a,b):[a+n(b,a)]x[a,a+n(b,a)] > R",
which is one of the abovementioned means. Then
one can obtain different inequalities below.

Letting 1n(b,a) = M(b,a) in (18), (23) and
(27), one can derive the following significant in-
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equalities.
f(@+f(a+M(b,a))
2
1 a+M(b,a)
_mja f(x)dx
<MD @i 69
f(@)+ f(a+M(b,a))
2
1 a+M(b,a)
_Mﬁﬂﬁil flx)dx
M(b,a)( qg—1 @D/
< 4 (2q—1)
1/q
x 341—/:,r1(|f’(a)l +If'(B)) (40
and
f(@)+f(a+M(b,a))
2

1 a+M(b,a)
_—M(b,a)L f(x)dx

< M(b,a)( 1 )”P 3141

i or1) a (@i,

(41)

Letting M =A, G, H, P,, I, L, L in (39), (40),
and (41), one can obtain the required inequalities.
The details are left for the reader to explore.
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