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ABSTRACT: In this note, we refine some operator inequalities for positive unital linear maps and then give the p > 1
power inequality of the Ando-Li-Mathias geometric mean.
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INTRODUCTION

Let M , m be scalars and I be the identity operator.
Let B(H ) denote the C∗-algebra of all bounded
linear operators on a Hilbert space (H , 〈·, ·〉).
Throughout this paper, a capital letter means an
operator in B(H ). An operator A is called positive
if 〈Ax , x〉¾ 0 for all x ∈H , and we write A¾ 0. An
operator A is said to be strictly positive if A> 0. For
self-adjoint operators A, B ∈ B(H ), we say B ¾ A
(B ¶ A) if B−A¾ 0 (B−A¶ 0). The operator norm
is denoted by ‖·‖. We identify the absolute value
operator of A with |A| = (A∗A)1/2, where A∗ stands
for the adjoint of A. A linear map Φ is positive if
Φ(A) ¾ 0 whenever A¾ 0. It is said to be unital if
Φ(I) = I .

For A, B > 0, the geometric mean A]B 1, 2 is
defined by

A]B = A1/2(A−1/2BA−1/2)1/2A1/2.

One motivation for such a notion is of course the
operator AM-GM inequality:

A+ B
2
¾ A]B.

We denote the Ando-Li-Mathias geometric
mean3, 4 for A1, . . . , An > 0 by G(A1, . . . , An). There
is no explicit formula for G(A1, . . . , An) in terms of
A1, . . . , An when n¾ 3. However, the only two basic
properties that we need are

G(A−1
1 , . . . , A−1

n ) = G−1(A1, . . . , An), (1)

G(A1, . . . , An)¶
A1+ · · ·+An

n
. (2)

It is well known that for two positive operators
A and B,

A¾ B; Ap ¾ Bp for p > 1.

Let 0<mI ¶ A¶ M I and Φ be positive unital linear
map. Lin (Theorem 2.10 in Ref. 5) proved the
operator inequalities

|Φ(A−1)Φ(A)+Φ(A)Φ(A−1)|¶ 1
2µ, (3)

Φ(A−1)Φ(A)+Φ(A)Φ(A−1)¶ 1
2µ. (4)

where µ= (M +m)2/Mm.
Fu (Theorem 4 in Ref. 6) presented the follow-

ing generalizations of (3) and (4). Let 0<mI ¶ A¶
M I and p ¾ 1. Then for positive unital linear map
Φ,

|Ψp(A)|¶
1
2µ

p, (5)

Ψp(A)¶
1
2µ

p. (6)

where Ψp(A) = Φp(A−1)Φp(A)+Φp(A)Φp(A−1).
Let 0 < mI ¶ Ai ¶ M I for i = 1, . . . , n. Fujii7

proved the reverse operator AM-GM inequality

A1+ · · ·+An

n
¶ 1

4µG(A1, . . . , An). (7)

Lin (Theorem 3.2 in Ref. 8) revealed that the reverse
AM-GM inequality (7) can be squared:

�

A1+ · · ·+An

n

�2

¶ ( 1
4µ)

2G2(A1, . . . , An). (8)

Fu (Theorem 5 in Ref. 6) also generalized (8) as
follows. Let 0 < mI ¶ Ai ¶ M I , (i = 1, . . . , n) and
p ¾ 1. Then for positive unital linear map Φ,

�

A1+ · · ·+An

n

�2p

¶
�

1
4µ

p
�2

G2p(A1, . . . , An). (9)

In this paper, we will give some operator inequalities
which are refinements of (5), (6) and (9).
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MAIN RESULTS

We give some Lemmas before we present the main
theorems of this paper. The following two lemmas
can be found in Ref. 9 (Theorem 1.6.9 and p. 39,
Kadison’s inequality).

Lemma 1 Let A and B be positive operators. Then for
1¶ r <∞

‖Ar + Br‖¶ ‖(A+ B)r‖. (10)

Lemma 2 Let Φ be positive unital linear map. Then
for every self-adjoint operator A

Φ2(A)¶ Φ(A2). (11)

Furthermore, in Lemma 2 if A is positive and 1¶ r ¶
2, then

Φr(A)¶ Φ(Ar). (12)

The next two lemmas are presented in
Refs. 5, 10, 11 (Lemma 2.9 in Ref. 5).

Lemma 3 Let A, B > 0. Then the following norm
inequality holds:

‖AB‖¶ 1
4‖A+ B‖2. (13)

Lemma 4 For any bounded linear operator X

|X |¶ t I ⇔‖X‖¶ t⇔
�

t I X
X ∗ t I

�

¾ 0. (14)

Now we present the first main result in the
following theorem.

Theorem 1 Let A¾ 0. Then for positive unital linear
map Φ,

|Ψp(A)|¶

¨

1
2µp, 1¶ p ¶ 2,
1
2µ

p
2,1, p ¾ 2,

where µa = (M a + ma)2/(Mm)a, µa,b = (M a +
ma)/(Mm)b and

Ψp(A)¶

¨

1
2µp, 1¶ p ¶ 2,
1
2µ

p
2,1, p ¾ 2.

(15)

Proof : We first consider the case of p ¾ 2. Compute

‖Φp(A)M pmpΦp(A−1)‖

¶ 1
4‖Φ

p(A)+M pmpΦp(A−1)‖2 (by (13))

= 1
4‖(Φ

2(A))p/2+(M2m2Φ2(A−1))p/2‖2

¶ 1
4‖Φ

2(A)+M2m2Φ2(A−1)‖p (by (10))

¶ 1
4 (M

2+m2)p (by (11) and8 (4.6)).

So
‖Φp(A)Φp(A−1)‖¶ 1

4µ
p
2,1. (16)

From (14) and (16), we obtain
� 1

4µ
p
2,1 I Φp(A)Φp(A−1)

Φp(A−1)Φp(A) 1
4µ

p
2,1 I

�

¾ 0,

and
� 1

4µ
p
2,1 I Φp(A−1)Φp(A)

Φp(A)Φp(A−1) 1
4µ

p
2,1 I

�

¾ 0.

Summing these two operator matrices, the matrix
� 1

2µ
p
2,1 I Ψp(A)

Ψp(A)
1
2µ

p
2,1 I

�

,

is positive. From (14), we achieve the operator
inequality

|Ψp(A)|¶
1
2µ

p
2,1.

Secondly, we consider the case of 1 ¶ p ¶ 2. Com-
pute

‖Φp(A)M pmpΦp(A−1)‖

¶ 1
4‖Φ

p(A)+M pmpΦp(A−1)‖2 (by (13))

¶ 1
4‖Φ(A

p)+M pmpΦ(A−p)‖2 (by (12))

¶ 1
4 (M

p +mp)2.

The last inequality above holds as follows. Since 0<
mI ¶ A¶ M I and 0< mp I ¶ Ap ¶ M p I , we have

(M p −Ap)(mp −Ap)A−p ¶ 0

⇔ M pmpA−p +Ap ¶ M p +mp,

and hence

M pmpΦ(A−p)+Φ(Ap)¶ M p +mp.

So
‖Φp(A)Φp(A−1)‖¶ 1

4µp.

From (14) and the above inequality, we obtain
�

1
4µp I Φp(A)Φp(A−1)

Φp(A−1)Φp(A) 1
4µp I

�

¾ 0,

and
�

1
4µp I Φp(A−1)Φp(A)

Φp(A)Φp(A−1) 1
4µp I

�

¾ 0.

Summing these two operator matrices, we have
�

1
2µp I Ψp(A)
Ψp(A)

1
2µp I

�

¾ 0.
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From (14) we obtain

|Ψp(A)|¶
1
2µp.

As |X |¾ X for any self-adjoint X , (15) follows from
(1). The desired inequalities follow. 2

Remark 1 For any p ¾ 1 in (1),

1
2µp ¶

1
2
µp,

and
1
2µ

p
2,1 ¶

1
2
µp.

Thus (1) is the refinement of (5). Similarly, (15) is
tighter than (6).

In the next theorem, we show a refinement of
the reverse operator AM-GM inequality (9).

Theorem 2 Let 0 < mI ¶ Ai ¶ M I (i = 1, . . . , n).
Then for positive unital linear map Φ,

�

A1+ · · ·+An

n

�2p

¶

¨

( 1
4µp)2G2p(A1, . . . , An), 1¶ p ¶ 2,

( 1
4µ

p
2,1)

2G2p(A1, . . . , An), p ¾ 2.
(17)

Proof : Firstly, consider the case of p ¾ 2. Compute












�

A1+ · · ·+An

n

�p

M pmpG−p(A1, . . . , An)













¶ 1
4
















�

�

A1+ · · ·+An

n

�2
�p/2

+

(M2m2G−2(A1, . . . , An))
p/2
















2

(by (13))

¶ 1
4













�

A1+ · · ·+An

n

�2

+

M2m2G−2(A1, . . . , An)













p

(by(10))

¶ 1
4













A2
1+ · · ·+A2

n

n
+

M2m2G−2(A1, . . . , An)













p

(by operator convexity of A2)

¶ 1
4 (M

2+m2)p.

The last inequality above is obtained as follows.
From

0< m2 I ¶ Ai ¶ M2 I

and
(M2−A2

i )(m
2−A2

i )A
−2
i ¶ 0,

it suffices to show that, for i = 1, . . . , n,

A2
i +M2m2A−2

i ¶ M2+m2

and

A2
1+ · · ·+A2

n

n
+M2m2

A−2
1 + · · ·+A−2

n

n
¶ M2+m2

hold. Furthermore, by (1) and (2), we have

A2
1+ · · ·+A2

n

n
+M2m2G−2(A1, . . . , An)¶ M2+m2.

Thus












�

A1+ · · ·+An

n

�p

G−p(A1, . . . , An)













¶ 1
4µ

p
2,1.

From Ref. 12 (p. 40), we know that the last inequal-
ity is equivalent to
�

A1+ · · ·+An

n

�2p

¶
�

1
4µ

p
2,1

�2
G2p(A1, . . . , An).

Next, consider the case of 1¶ p ¶ 2. Compute












�

A1+ · · ·+An

n

�p

M pmpG−p(A1, . . . , An)













¶ 1
4













�

A1+ · · ·+An

n

�p

+

M pmpG−p(A1, . . . , An)













2

(by (13))

¶












Ap
1+ · · ·+Ap

n

n
+M pmpG−p(A1, . . . , An)













2

(by operator convexity of A2)

¶ 1
4 (M

p +mp)2.

As with the proof of the case of p ¾ 2, the last
inequality is obtained. So













�

A1+ · · ·+An

n

�p

G−p(A1, . . . , An)













¶ 1
4µp,

which is equivalent to
�

A1+ · · ·+An

n

�2p

¶
�

1
4µp

�2
G2p(A1, . . . , An).

2

Remark 2 For any p ¾ 1 in (17), the following
inequalities always hold:

�

1
4µp

�2
¶ ( 1

4µ
p)2,

and
�

1
4µ

p
2,1

�2
¶ ( 1

4µ
p)2.

Thus (17) is sharper than (9).
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