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Yinghui He, Yao Long*

Department of Mathematics, Honghe University, Mengzi, Yunnan, 661100, China

*Corresponding author, e-mail: yaolong04@163.com

Received 14 May 2014
Accepted 16 Jun 2016

ABSTRACT: A KdV equation with drifting describes solitary waves propagating on an interface (liquid-air) with wave
motion induced by a harmonic forcing. In this work, exact travelling wave solutions of this equation are studied using

the G’/G-expansion scheme and its variants. Many new exact travelling wave solutions can easily be derived from the

general results under certain conditions.
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INTRODUCTION

Nonlinear evolution equations (NLEEs) have been
applied in fields such as optical fibres, quantum me-
chanics, quantum field theory, high-energy physics,
fluids dynamics, biophysics, and plasma physics.
A lot of physical models have supported a wide
variety of solitary wave solutions. Thus the in-
vestigation of the solitary wave solutions to NLEEs
plays an important role in mathematical physics.
In particular, there has been considerable interest
in investigating exact travelling wave solutions of
NLEEs. In the recent years, many significant di-
rect methods have been established to find exact
solutions of NLEEs such as the Painlevé expansion
method?!, Bicklund and Darboux transform?, soli-
tary wave ansatz method?®, homogeneous balance
method*, Jacobi elliptic function method?®, and the
F-expansion method®.

The G’ /G-expansion method proposed by Wang
ML1’, is one of the most effective direct methods to
obtain travelling wave solutions of NLEEs®!°. This
method can also be applied to fractional ODEs'!.
To extend the range of its applicability, the gen-
eralized G’/G-expansion method!?, the extended
G’ /G-expansion method '* and the improved G’/G-
expansion method !4 have been developed.

The nonlinear shallow water surface waves sat-
isfy the Korteweg-de Vries (KdV) equation

W, +cow, Faww, +a,w,,, = 0. @))]
This equation is only valid for long waves. Solitary

waves in film flows were studied by Liu'®> and
Heining'°. These flows also show a transition to
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turbulence. This process is better understood if the
dynamics of nonlinear waves are traceable. Rees!”
derived a new NLEE for waves propagating on a
liquid-air interface driven by a horizontal harmonic
forcing:

2
Worx + KW, +ecAg(w? —ww, ) — %wt =0. (2)
This equation is more nonlinear than (1). The
nonlinear term ww,, in (1) does not appear in (2),
and the reconstruction of this term from (w2 —ww,,.)
is not possible by order approximation equivalences.
The nonlinear term in (2) is also steeper. Exact trav-
elling wave solutions of (2) have not been reported.
The aim of this paper is to derive travelling wave
solutions to (2) using the G’/G-expansion scheme
and its variants.

The organization of the paper is as follows.
Firstly, a brief account of the G’/G-expansion
method and its variants, i.e., the generalized, im-
proved and extended versions, for finding the trav-
elling wave solutions of NLEEs are given. We then
study (2) using these schemes.

DESCRIPTION OF METHODS
The G’ /G-expansion method:

Step 1: Consider a general nonlinear PDE in the
form
(u’ux,ubuxx’uxt,"') = 0 (3)

Using u(x,t) = U(&),E = ax + Bt, we can
rewrite (3) as the nonlinear ODE

(u,uv,u”,..)=0, 4
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where the prime denotes differentiation with
respect to &.

Step 2: Suppose that the solution of ODE (4) can
be written as

i=0
or

n

n G i G’ —j

uég)=>» aq| ——— |+ b| —— | ,
(6)

where 0, q;, b; are constants to be determined
later, n is a positive integer, and G = G(&)

satisfies
G'+AG +uG =0, 7

where A, u are real constants. The general
solutions of (7) can be listed as follows. When
A = A% —4u > 0, we obtain the hyperbolic
function solution of (7)

G(§) = e W2E (Al cosh g& +A,sinh gg)

(8
When A = A2 —4u < 0, we obtain the trigono-
metric function solution of (7)

G(&) = e’Wz)i(A1 cos ;A E+A,sin ;A E).
©)]
When A = A2 —4u = 0, we obtain the solution

of (7)

G(E)=e M2 +4,8),  (10)
where A; and A, are arbitrary constants.

Step 3: Determine the positive integer n by balanc-
ing the highest order derivatives and nonlinear
terms in (4).

Step 4: Substituting (5) or (6) along with (7) into
(4) and then setting all the coefficients of
(G'/G)* (for k = 1,2,...) of the resulting sys-
tem’s numerator to zero yields a set of over-
determined nonlinear algebraic equations for ¢
and a;, b;.

Step 5: Assuming that the constants ¢ and q;, b; can
be obtained by solving the algebraic equations
in Step 4, substituting these constants and the
known general solutions of (7) into (5) or (6),
we can obtain the explicit solutions of (3) im-
mediately.
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The generalized G’/G-expansion method:

In the generalized version 2, one makes the ansatz
for the solution U(&) as

n G/ i n G/ —j
U(€)=Zojai(5) +2 bj(E) . an
i= j=1
where G = G(&) satisfies
(G')> =hy+h,G+hyG* +hG> +h,G*,  (12)

where hy, hy,h,, hy and h, are arbitrary constants to
be determined later and a, b,, # 0. Substituting (11)
into (4) and using (12), we obtain a polynomial
in G', G'Gi(i = 1,2...). Equating each coefficient
of the resulting polynomial to zero yields a set of
algebraic equations for a;, b; and h;. Substituting
a;, b; and the general solutions of (12) into (11),
we obtain travelling wave solutions of the nonlinear

3).
The extended G’/G-expansion method

In the extended form of this method '3, the solution
U(&) of (4) can be expressed as

1 . ) 1
U)=ay+ {al-glﬁ—bl-gl_l a(1+—g2)},
0 le m

(13)
where ¢ = G'/G and ay,q;, b;(i = 1,2,...,n) are
constants to be determined later, 0 = +1, n is a
positive integer, and G = G(&) satisfies

G’ +uG=0, (14)

where u is a constant. Substituting (13) into (4) and
using (14) and collecting all terms with the same or-
der of (G’/G)* and (G'/G)* /o (1 + (1/u)(G'/G)?)
together, and then equating each coefficient of the
resulting polynomial to zero yields a set of algebraic
equations for u, ay, a;, b;(i =1,...,n). On solving
these algebraic equations, we obtain the values of
the constants u, a,, a;, b;(i = 1,...,n) and then
substituting these constants and the known general
solutions of (14), which can be obtained by setting
A =0 in (8)-(10), into (13), we obtain the explicit
solutions of nonlinear differential (3).

NEW EXACT SOLUTIONS TO KdV EQUATION
WITH DRIFTING

Making the transformation w(x, t) = ¢ (&) with § =
ax + ft, (2) reduces to

2k2p

a2 +k*ad’ +ecAs(a’p?—a’p ¢”)——C ¢’'=0

(15)
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where a, 3, k, c, €, and A5 are non-zero constants.
Balancing ¢’ and ¢ ¢” in (15), we obtain n+3 =
n+n+ 2 which gives n = 1.

Using the G’/G-expansion method

Suppose that (15) have solutions in the form

/ /N\—1
¢(§)=ao+al%+b1(%) . (16)
Substituting (16) along with (7) into (15) and
then setting all the coefficients of (G’/G)* for k =
0,1,... of the resulting system’s numerator to zero
yields a set of over-determined nonlinear algebraic
equations about ay, a;, b;,a, . Solving the over-
determined algebraic equations we obtain

a’c’eb;A; + alcA? + ack? — 2k

a():

a2c2Aer, ’
alzoy b1=b1> a=a, /‘5 Zﬁ’ AZA; ‘U,ZO,
a7
where A # 0. Otherwise
A A
ao_ﬂ’ by=0, a=——<3% o,
2 6 (18)
f= c2ea; A5(c2A%€%a; %52 — 18k?)
216k2 '
k%(28 — ac)
a1=0,blzm,l=0,u=0. (19)
When u =0, A # 0, (7) has the solution
G(E) =A; +Ae7%, (20)

where A; and A, are arbitrary constants. Substi-
tuting (17) and (18) into (16) and using (20), we
can obtain exponential function solutions of (2) as
follows:

A’ +ack? =2k*B  biA o8
a2c2Aer, A,

w(x,t) =

where £ = ax + ft and

G Aa a;, A, e
W(X, t) =a0+a1_ = _1_;,
G 2 A +Aje M

where £ = ax+ft, a and 3 are determined in (18).
When A =0, u =0, (7) has the solution
G(E)=AE+A,, @21

where A; and A, are arbitrary constants.
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Substituting (18) and (19) into (16) and using
(21), we obtain rational function solutions

G’ a,A,
wlx,t)=a,— = ———-—,
where £ = —%ce?tgalx— %cze)LBalt and
k(2 —ac) ( Az)
wx,t)=ay+ ———7—|5+-=,
(x0)=d a2c2enq < Ay

where £ = ax + f3t.
Suppose that (2) has the solutions in the form

-1
) , (22)

where G = G(&) satisfies (14). Substituting (22)
along with (14) into (15) and then setting all
the coefficients of (G’/G)* for k = 0,1,... of the
resulting system’s numerator to zero yields a set
of over-determined nonlinear algebraic equations
about ay, a;, by, a, 3. Solving the over-determined
algebraic equations we obtain

G G’
=g+ ay—— + by ———
P)=ata o 1(G+UG’

ap(uoc?+1) agCEAS
a1: -, blzo, a:—,
uo 6uoc 23)
apc?ers(2a2ce?A5” + 9k*uo?)
= 108u203k2 ’
where o # 0. Otherwise
biceA
ay=—0b;, q; =0, a= ﬂ,
ou 24)
b1c2613(2bfc262132 +9k2u) (
B 108u2k2 '

Substituting (23) and (24) into (22) and using
solutions of (14) which can be obtained by setting
A =0 in (8)-(10), we can obtain exact solutions
of (2) as follows. When u > 0, we obtain the
trigonometric function solutions

ag(uoc?+1) G
uo G+oG’

w(x,t) =ay—

where G = A, cos(/u&)+A, sin(/ué), & = ax+pt,
a and 3 are determined in (23) and
G+0oG’ G
=b,—
G’ G’
_ A; cos(/u&) +A, sin(/u)
! VI(—A; sin(/BE) + A, cos(/E))’

where § = ax+ft, a and 3 are determined in (24).

w(x,t)=—0ob; +b;

(25)
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It is easy to see that the trigonometric function
solution (25) can be rewritten when A3 +A3 # 0 as

Wi, t) = b—fl tan(y/EE + &)

where &, = tan"!(A; /A,). When u < 0, we obtain
the hyperbolic function solutions

ag(uoc?+1) G’
uo G+oG’
where G = A; cosh(y/—u&) + A, sinh(/—ug), & =
ax + ft, a and B are determined in (23) and
G+oG’ G
= b1
G’ G’
_ b, (A, cosh(y/—u&) + A, sinh(/—ug))
V=H(A; sinh(y/=p&) + A, cosh(y/—p&))’
where £ = ax+ft, a and 3 are determined in (24).

It is easy to see that the hyperbolic function solution
(26) can be rewritten as

;’_1_” tanh(+/ "R + &),

w(x,t)=ay+

w(x,t)=—0ob;+ b,

(26)

w(x,t) =
where &, = tanh™' (A, /A,) when A,% < A,? and as

w(x,t) =

f_l_u coth( v =HE +&,),

where £, = coth™!(A,/A,) when A,% > A,2.
Using the generalized G’/G-expansion method

Suppose that (15) has solutions in the form

/ /
¢(§)=a0+a1GG+b(GG) 27)
In this case, G = G(&) satisfies the Jacobi elliptic
(12). Substituting (27) along with (12) into (15)
and then setting all the coefficients of G', G'G'(i =
1,2...) of the resulting system’s numerator to zero,
yields a set of over-determined nonlinear algebraic
equations about ay, a;, b;,a, . Solving the over-
determined algebraic equations, we can obtain the
following results:

2

=0,a,=0,hy=0, h; =0, hy = —,
Ao a; 0 1 4 4h, ©8)
p= ac(—abjceA; + a’hy + k?)
2k2 '
h2
a,=0,a, =0, hy=—, h3=0, h, =0,
4ho (29)
_ ac(4abycehods + a’h,* + 4k2h0)
8k2h,
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Considering (28), (12) becomes

h2
2 _ 2 4, 3 -4
(G')> =h,G*+h;G*+ 4th (30)
The general solutions of (30) are
G,(&)= _—hz(lﬂ:coth(\/h_2 )), 31
GZ(E)— (1it nh(£§+£0)) (32)

where h, > 0, &, are arbitrary constants.

Substituting (28) into (27) and making use of
(31) and (32), we can obtain hyperbolic function
solutions of (2).

w(x,t)= —2b,
Vi (cotn( G2+ £) +1)
w(x,t)= —2b,

VI (ranh(32E + €)% 1)

where & = ax + (ac(—ab;ceA; + a’h, + k?)/2k?)t.
Considering (29), (12) becomes

hZ
(G =hy+h,G+—G>. (33)
4h,
The general solutions of (33) are
Ceihl/Zw/h_oi —92h
G(E) = - 2, (34)
1

where hy > 0, C are arbitrary constants.

Substituting (29) into (27) and making use of
(34), we can obtain exponential function solutions
of (2):

L 2b \/_0 4b,y/hy /2 /RE

hy hy €

w(x,t) =

where & = ax + (ac(4abjcehg)y + a®hy? +
4k2h,)/8k?hy)t.

Remark 1 Besides (28) and (29), we can also ob-
tain many other cases. Because of the similarities
with the results discussed in the previous section,
we do not list them in detail.

www.scienceasia.org


http://www.scienceasia.org/2016.html
www.scienceasia.org

294

Using the extended G’/G-expansion method

Suppose that (15) has solutions in the form

¢(&) = a0+a1%/ + bl\l 0'(1+ i(%)z), (35)

where a,, a;, b; are constants to be determined
later, 0 = £1, n is a positive integer, and G = G(&)
satisfies the second order linear ODE (14).
Substituting (35) along with (14) into (15)
and then setting all the coefficients of (G’/G)k
and (G'/G)*/o(1+(1/u)(G'/G)?) (k=0,1,...) of
the resulting system to zero yields a set of over-
determined nonlinear algebraic equations about ay,
ay, by, a, B. Solving the over-determined algebraic
equations, we can obtain the following results:

-3 3 /
aOZO:alz a:blzi 2 E;
CEA3 ceAs ¥V O 36)
8 ca(2a?u +k?)
a=a,f=—F7"5>"",
2k2
where ou > 0. Otherwise
—6a 8acu + ack?
= O’ = —, = 0’ =
do “ CEAq ! P 2k2
(37)

Using (36) and the general solutions of (14), we
can find the following travelling wave solutions of
(2). When u < 0,0 = —1, we have the hyperbolic
function solution

G’ 1(G"?
w(x,t) = 4= + blq 0(1 + E(E) )
_ “3ay—u {A1 sinh(y/—p&) +A; cosh(y/=p&)
"~ ceM; | A, cosh(y/—&) +A, sinh(y—HE)

" _1+(AlSinh(«/—_MEHAzcosh(«/—_uﬁ))z}
A, cosh(y=p&) + Ay sinh(y=pg) ) )’

(38)
where £ = ax+(ca(2a?u+k?)/2k?)t. In particular,
setting A; # 0, A, = 0, then (38) can be written as

W, 0= 2V (cani( /=) isech(yTE)).
3

Setting A; = 0, A, # 0, then (38) can be written as

W, 0= V=L corh(y/7aE) & esch(yTED).
3

When y > 0,0 = 1, we have the trigonometric
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function solution

/ 7\ 2
w(x,t) = al% + bl\l 0(1 + i(%) )
_ —Baﬂ{—Al sin(,/p&) + A, cos(,/u&)
CEAq Aj cos(/E) + A, sin(,/&)

14 (—Al sin( /&) +A, cos(/u&) )2}
A; cos(y/E) +A, sin(/p&)

(39
where £ = ax+(ca(2a?u+k?)/2k?)t. In particular,
setting A; # 0, A, =0, then (39) can be written as

3ayh
CEAs

w(x,t) =

(—tan(y/ug) £ sec(y/ul)),

setting A; = 0, A, # 0, then (39) can be written as

_3a/E

wlx, )= cel
3

(cot(v/m&) = ese(/ug)).

Using (37) and the general solutions of (14),
we can find the exact travelling wave solutions of
(2). The process is similar to (36). Hence we omit
it for convenience. Note that o can be a non-zero
constant.

The correctness of all the solutions is verified by
substituting them into (2).

Acknowledgements: This study is supported by the
Natural Science Foundation of China (Nos. 11461022,
11161020 and 11361023), Science Foundation of Yunnan
province (2014FA037) and Middle-Aged Academic Back-
bone of Honghe University (No. 2014GG0105).

REFERENCES

1. Weiss J, Tabor M, Carnevale G (1983) The Painlevé
property for partial differential equations. J Math
Phys 24, 522-6.

2. Matveev VB, Salle MA (1991) Darboux Transforma-
tions and Solitons, Springer, Berlin.

3. Triki H, Crutcher S, Yildirim A, Hayat T, Aldossary
OM, Biswas A (2012) Bright and dark solitons of the
modified complex Ginzburg Landau equation with
parabolic and dual-power law nonlinearity. Rom Rep
Phys 64, 367-80.

4. Wang M, Zhou Y, Li Z (1996) Application of a ho-
mogeneous balance method to exact solutions of
nonlinear equations in mathematical physics. Phys
Lett A 216, 67-75.

5. Bhrawy AH, Abdelkawy MA, Biswas A (2013)
Cnoidal and snoidal wave solutions to coupled non-
linear wave equations by the extended Jacobi’s ellip-
tic function method. Comm Nonlin Sci Numer Simulat
18, 915-25.


http://www.scienceasia.org/2016.html
http://dx.doi.org/10.1063/1.525721
http://dx.doi.org/10.1063/1.525721
http://dx.doi.org/10.1063/1.525721
http://dx.doi.org/10.1007/978-3-662-00922-2
http://dx.doi.org/10.1007/978-3-662-00922-2
http://dx.doi.org/10.1016/0375-9601(96)00283-6
http://dx.doi.org/10.1016/0375-9601(96)00283-6
http://dx.doi.org/10.1016/0375-9601(96)00283-6
http://dx.doi.org/10.1016/0375-9601(96)00283-6
http://dx.doi.org/10.1016/j.cnsns.2012.08.034
http://dx.doi.org/10.1016/j.cnsns.2012.08.034
http://dx.doi.org/10.1016/j.cnsns.2012.08.034
http://dx.doi.org/10.1016/j.cnsns.2012.08.034
http://dx.doi.org/10.1016/j.cnsns.2012.08.034
www.scienceasia.org

ScienceAsia 42 (2016)

6.

10.

11.

12.

13.

14.

15.

16.

17.

Ebadi G, Fard NY, Bhrawy AH, Kumar S, Triki H,
Yildirim A, Biswas A (2013) Solitons and other solu-
tions to the (3+1)-dimensional extended Kadomtsev-
Petviashvili equation with power law nonlinearity.
Rom Rep Phys 65, 27-62.

. Wang MX, Li XZ, Zhang JL (2008) The G’/G-

expansion method and traveling wave solutions
of nonlinear evolution equations in mathematical
physics. Phys Lett A 372, 417-23.

. Sardar A, Husnine SM, Rizvi STR, Younis M, Ali K

(2015) Multiple traveling wave solutions for elec-
trical transmission line model. Nonlinear Dynam 82,
1317-24.

. Younis M, Rizvi STR, Zhou Q, Biswas A, Belic M

(2015) Optical solitons in dual-core fibers with G’/ G-
expansion scheme. J Optoelectronics Adv Mater 17,
505-10.

Younis M, ur Rehman H, Iftikhar M (2014) Traveling
wave solutions to some time-space nonlinear evolu-
tion equations. Appl Math Comput 249, 81-8.

Bekir A, Giiner O (2013) Exact solutions of nonlinear
fractional differential equations by G’/G-expansion
method. Chin Phys B 22, 110202.

Jabbari A, Heris JM, Kheiri H, Bekir A (2014) A
generalization of G’/G-expansion method and its
application to nonlinear reaction-diffusion equations
arising in mathematical biology. Int J Biomathematics
7, 1450025.

Guo SM, Zhou YB (2010) The extended G’/G-
expansion method and its applications to the
Whitham-Broer-Kaup-Like equations and coupled
Hirota-Satsuma KdV equations. Appl Math Comput
215, 3214-21.

Naher H, Abdullah FA, Bekir A (2012) Abundant trav-
eling wave solutions of the compound KdV-Burgers
equation via the improved G’/G-expansion method.
AIP Adv 2, 042163.

Liu J, Gollub JP (1994) Solitary wave dynamics of
film flows. Phys Fluids 6, 1702-12.

Heining C, Pollak T, Aksel N (2012) Pattern forma-
tion and mixing in three-dimensional film flow. Phys
Fluids 24, 042102.

Rees JM, Zimmerman WB (2011) An intermediate
wavelength, weakly nonlinear theory for the evo-
lution of capillary gravity waves. Wave Motion 8,
707-16.

295

www.scienceasia.org


http://www.scienceasia.org/2016.html
http://dx.doi.org/10.1016/j.physleta.2007.07.051
http://dx.doi.org/10.1016/j.physleta.2007.07.051
http://dx.doi.org/10.1016/j.physleta.2007.07.051
http://dx.doi.org/10.1016/j.physleta.2007.07.051
http://dx.doi.org/10.1007/s11071-015-2240-9
http://dx.doi.org/10.1007/s11071-015-2240-9
http://dx.doi.org/10.1007/s11071-015-2240-9
http://dx.doi.org/10.1007/s11071-015-2240-9
http://dx.doi.org/10.1016/j.amc.2014.09.104
http://dx.doi.org/10.1016/j.amc.2014.09.104
http://dx.doi.org/10.1016/j.amc.2014.09.104
http://dx.doi.org/10.1088/1674-1056/22/11/110202
http://dx.doi.org/10.1088/1674-1056/22/11/110202
http://dx.doi.org/10.1088/1674-1056/22/11/110202
http://dx.doi.org/10.1142/S1793524514500259
http://dx.doi.org/10.1142/S1793524514500259
http://dx.doi.org/10.1142/S1793524514500259
http://dx.doi.org/10.1142/S1793524514500259
http://dx.doi.org/10.1142/S1793524514500259
http://dx.doi.org/10.1016/j.amc.2009.10.008
http://dx.doi.org/10.1016/j.amc.2009.10.008
http://dx.doi.org/10.1016/j.amc.2009.10.008
http://dx.doi.org/10.1016/j.amc.2009.10.008
http://dx.doi.org/10.1016/j.amc.2009.10.008
http://dx.doi.org/10.1063/1.4769751
http://dx.doi.org/10.1063/1.4769751
http://dx.doi.org/10.1063/1.4769751
http://dx.doi.org/10.1063/1.4769751
http://dx.doi.org/10.1063/1.868232
http://dx.doi.org/10.1063/1.868232
http://dx.doi.org/10.1063/1.3698403
http://dx.doi.org/10.1063/1.3698403
http://dx.doi.org/10.1063/1.3698403
http://dx.doi.org/10.1016/j.wavemoti.2011.03.006
http://dx.doi.org/10.1016/j.wavemoti.2011.03.006
http://dx.doi.org/10.1016/j.wavemoti.2011.03.006
http://dx.doi.org/10.1016/j.wavemoti.2011.03.006
www.scienceasia.org

