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ABSTRACT: We introduce the notion of m-harmonic-arithmetically convex functions and establish some integral

inequalities of Hermite-Hadamard type for these functions.
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INTRODUCTION

A function f : I CR = (—00,00) — R is said to be
convex if

flex+(1=t)y)<tf () +A—=0)f(y)

holds for all x,y €I and t € [0,1]. The concept of
m-convex functions was introduced as follows®.

Definition 1 For f : [0,b] > R and m € (0,1], if

flex+m(1-t)y) <tf(x)+m(1—0)f (¥)

is valid for all x,y € [0,b] and t € [0,1], then we
say that f is an m-convex function on [0, b].

The following inequalities of Hadamard-type
were established for the above kinds of convex
functions.

Theorem 1 (Ref. 2) Let f : Ry =[0,00) — R be m-
convex and m € (0,1]. If f € Li([a,b]) for 0 < a <
b < oo, then

b
1
EL f(x)dx

fla)+mf(b/m) mf(a/m)+f(b)}
2 ’ 2 )

< min{

Theorem 2 (Ref. 3) Let f : Ry — R be an m-convex
function with me (0,1]. f0<a<b<ooand f €

Ly([a, b]), then

a+b 1 bf(x)+mf(x/m)
f( )<b—aL 5 dx

2

- m+1[f(a)+f(b) erf(a/m)+f(b/m)]

For more information on notions of various
convex functions and their Hermite-Hadamard type
inequalities see Refs. 4-14 and references therein.

m-HARMONIC-ARITHMETICALLY CONVEX
FUNCTIONS

We first define m-harmonic-arithmetically convex
functions.

Definition 2 Let f : (0,b] € R, =(0,00) — R and
m € (0, 1] be a constant. If

((E+m=t) )< r@ema-oro) @

for all x,y € (0,b] and t € [0,1], then f is said to
be an m-harmonic-arithmetically convex (or m-HA-
convex) function. If the inequality (1) is reversed,
then f is said to be an m-harmonic-arithmetically
concave (or m-HA-concave) function.

Example 1 Let m € (0,1] and f(x) =x"" for x €
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R, and r > 0. If r = 1, we have
o 1-t N [ty +m(1—t)x]
f((x+m y ) )_ (xy)r
< ty"+(1—t)(mx)"
(xy)r

<tf()+m(1—-6)f(y) 2

for all x,y >0 and t € [0,1]. If 0 <r < 1, the

inequality (2) is reversed. This implies that

(i) if 0 < r <1, the function f is m-HA-convex on
R,;

(i) if r = 1, the function f is m-HA-concave on R, ..

INTEGRAL INEQUALITIES OF

HERMITE-HADAMARD TYPE

We now present several integral inequalities of
Hermite-Hadamard type for m-harmonic-arithmet-
ically convex functions.

Theorem 3 Let f : R, — Ry and m € (0, 1] be a con-
stant. If f is an m-HA-convex function on (0, b/m?]
and f € Ly([a, b/m]) for a,b € R, with a < b, then

2 [ reoen(t5
— 1)_2f(%)] dx < %min{M(a, b)Q(a, %)

+M(b, a)Q(i E),M(a, b)Q(—

a b
m m’ m2

),M(a, b)Q(a, %)

+ M(b, a)Q(— 3) M(a, b)Q(% %)

m2’
)

where H(a,b) = 2ab/(a + b) is the well-known har-
monic mean of two positive numbers a and b,

Q(mil mlz) mlf( )+m2f(mlz), )

v[(v—u)—u(lnv—Inu)]
(v—u)?

f(H(a,b)) <

a3

+M(b, a)Q(—

3

+M(b, Cl)Q(E,

and

M(u,v) =

for v,u> 0 with v # u and m;, my > 0.
Proof: For 0 < t < 1, by the m-HA convexity of f on
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(0, b/m?], we obtain

1/2

(£+5)7

e rl/z) ] )ﬁ[f((h%t))

({22 5) Jetonfr
+ma-0f (2 )+ma-0r(2)
wmtef( ) ef@+ma- o (1)

+m2(1—t)f( )+mtf( b)} (5)

A straightforward computation gives

1 N2
f(5+¥) dt = ab, 6)
o \a b

1

N2
abM(b,a)zJ t(£+u) dt
o a b

f(H(a,b))=f([

@)

a?b[b(Inb—Ina)—(b—a)]

B (b—a)? ’

2

abM(a, b)—f (1—t) t 1_t) dt
b ®

abz[(b a) a(lnb—lna)]

(b—a)?

Letting x = (t/a+(1—1t)/b)™! for 0 < t < 1 leads

to

ab b
b—aL f(x)dx

G )

and using x = ((1—t)/a+t/b)* for0 < t <
1

b -2
ab b—a x t
-1 il = b
b—aJa( ab X ) f(m)dx L(a
1—t\ 2, ((1—-t t\!
+— +— de.
) () Joe @
Multiplying both sides of the inequality (5) by
(t/a+ (1 —1t)/b)2 for t € [0,1], integrating with

respect to t € [0, 1], and using equations (6)—(9) we
obtain the inequalities in (3). O

1 gives
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Corollary 1 Under the conditions of Theorem 3, if

m =1 then
: Jb[(b_a )_2 ]
—x—1 +1
—a J, ab

fla)+f(b)
—
Theorem 4 Let f : R, = Ryand m € (0, 1] be a con-

stant. If f is an m-HA-convex function on (0, b/m?]
and f € Ly([a, b/m]) for a,b € R, with a < b, then

f(H(a, b)) < 4

x f(x)dx <

b
L(a, b)f (H(a, b)) < bif l[f(x)
—da a X

in(Ete1) (s

<i min{N(a, b)Q(a,

+N(b, a)Q(— 2) N(a, b)Q(% %)
+N(b,a)Q(—,b)’N(a’b)Q(a’%)

+N(b,a)Q(nf: ) N(a, b)Q(% %)

+N(b,a)Q(—2, b) , (10)
m
where Q(u, v) is defined as in (4),

N(u,v) = (v—u)—u(lnv—Inu) an

(v—u)?
forv #u, and L(u, v) is the logarithmic mean defined

by
u—vy

Lu,v)=<{Ilnu—Inv’ u# v,
u, u=mv.

Proof: For 0 <t <

o35 <4152
) o))

< %(é + %)_1 min{tf(a)+m(1 —t)f(%)

+m(1 —t)f(%) +m2tf(%),

tf@-+m(1-0f ()

e or(& ) emer(2). a2

1, from (5), we have
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A straightforward computation gives

e 1—¢e\7!
J(—+—) dt =abL(a,b), (13)
o \a b
1 RN |
abN(a,b)zf {h%) dt
o M 14)
ab[(b—a)—a(lnb—1Ina)]
(b—a)? ’
! t 1—t\!
abN(b,a)zf (1—t)(—+T) dt
0 ¢ (15)
__ab[b(Inb—Ina)—(b—a)]
B (b—a)? '
Taking x = (t/a+(1—1t)/b)™! for 0 < t < 1 results

J G5 A5 )e
_ b‘f’a Lb %f(x)dx
and using x = ((1—t)/a+t/b) * for0 <t <
J, Gt () e
YT

Integrating both sides of the inequality (12) with
respect to t € [0,1] and employing (13)-(16) pro-
duces the inequalities in (10). O

1 gives

Corollary 2 Under the conditions of Theorem 4, if
m =1, then

L(a, b)f (H(a, b))

] (gt oo

@)
2

L(a,b).

Theorem 5 Let f : R, — Ry and m € (0, 1] be a con-
stant. If f is an m-HA-convex function on (0,b/m?]
and f € L,([a,b/m]) for a,b € R, with a < b, then

L[ e (2o
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<1 b a b a
E H{Q( _2)+Q(_J_)3Q(_)
m m m
b b a b
)l elo ) e n)
oz 8)eefz)). o
m m
where Q(u, v) is defined as in (4).
Proof: Letting x = (t/a+(1—t)/b) 1 for0<t <1
gives
b
ab J izf(x)dx
—aJ, x
1 RN
A Yo oo
0 a b
and using x = ((1—t)/a+t/b)™! for 0 < t < 1 gives
b
ab 1 x
b—a f F2d (;)d’“
1 _ -1
=f f((l t+L) )dt. (19)
0 ma mb
Integrating both sides of the inequality (5) with

respect to t € [0,1] and using (18) and (19) gives
17). O

b

Corollary 3 Under the conditions of Theorem 5, if
m =1, then

(2-1)wamm< Md
3 (1__)f(a)+f(b).
a b 2

Theorem 6 Let f : R, — R, and m € (0,1] be a
constant. If f is an m-HA-convex function on (0, b/m]
and f € Ly([a, b]) for a,b € R, with a < b, then

1 b
TaJ f(x)dx<min{f(a)M(b,a)
+mf(b)M(a b), f(b)M(a, b)

wo(zuon)

' {f(a)N(a, b)

+mf( b)N(b a), mf( )N(a b)
+f(b)N(b,a)},
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[ (21

8 min{f(a)+n;f(b/m)’ mf(a/n;)+f(b)}’

where M(u,v) and N(u,v) are defined as in (4)
and (11).

Proof: Putting x = (t/a+(1—t)/b) ! for 0 < t <
1, using the m-HA-convexity of f on (0, b/m], and
using (7), (8), (14), and (15) yields

reoss=[((5+5))
X (2 + ?)_2 dt < Ll[tf(a)
+m(1—t)f(%)](§ + %)_2&

[ o= [((545))
X (2 + %)_1 dt < Ll[tf(a)
+m(1— t)f(ﬁ)](é + %)_1&

—ab[f(a)N(a b)+mf( )N(b a)]

b—

and

b
ab 1
b—aL ;f(x)dx

G5 e
< Ll[tf(a)+m(1—t)f(%)]dt

_ f@)+mf(b/m)
e

O

Corollary 4 Under the conditions of Theorem 6, if
m =1, then

b
= f f)dx < f(@M(b,a) + f (b)M(a, ),
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J T80 g < (2 Jrtma by

+f(b)N(b,a)],

b
109 gy < (1-1)[ @)
x2 a b 2
Theorem 7 Let f,g: R, - Ry and m € (0,1] be a
constant. If f and g are m-HA-convex functions on

(0,b/m]and f g € L,([a, b]) for a,b € R, with a <
b, then

f FOEC) 4, o %G_%)[zf(a)g(a)

+mf(a)g(%)+mf(%)g(a)

+2m2f(%)g(%)].
Proof: Putting x = (t/a+(1—t)/b) for 0 < t <

1 and using the m-HA-convexity of f and g on
(0,b/m] yields

bci)a Lb éf(x)g(X)dx = Llf((é
) Jel(G+5) e
< ﬂ“ @-+m-0f (2] ce@

#m—0g( 2 )|ae= |:ch(a)g(a)
BRI
rou()+4(3 o] |

= é[Zf(a)g(a)+mf(a)g(g) +mf(%)g(a)

(2]

a

1
t(1—t)de

Corollary 5 Under the conditions of Theorem 7, if
m =1, then

FE080 g 1(1 1
f x < 5(5 - E)[Zf(a)g(a)

+f(a)g(b) +f(b)g(a)+2f (b)g(b)].
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