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ABSTRACT: The p-adic models of statistical mechanics require the investigation of the roots of polynomial equations
over p-adic fields in order to construct p-adic Gibbs measures. The most frequently asked question is that whether a
root of a polynomial equation belongs to the domains Z;, Z,\ Z;, Z,, Q,\ Z;, Q,\ (Z,\ Z;), Q,\Z,, Q,, Spm(0) or
not. This question was open even for a quadratic equation. In this paper, by using the Newton polygon, we provide
solvability criteria for quadratic equations over the domains mentioned above for all odd primes p. We also study the
number of roots of quadratic equations over all domains given above. This study allows us to present a local description

of roots of quadratic equations over p-adic fields whenever p > 2.
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INTRODUCTION
The field of p-adic numbers

The field Q, of p-adic numbers which was motivated
primarily by an attempt to bring the ideas and
techniques of the power series into number theory.
Their canonical representation is analogous to the
expansion of analytic functions into power series.
This is one of the manifestations of the analogy
between algebraic numbers and algebraic functions.

For a fixed prime p, the field of p-adic numbers
is denoted by Q, which is a completion of the ratio-
nal numbers Q with respect to the non-Archimedean
norm ||, : Q — R given by

—k
|x| — p 2
p 0’

Here, x = p*m/n with k,m € Z, n € N, (m,p) =
(n,p) = 1. The number k is called a p-order of x
and it is denoted by ord, (x) = k.

Any p-adic number x € Q, can be uniquely
represented in the following canonical form: x =
po e (xy + x; - p + x5 - p2 + +--) where x, €
{1,2,...p—1}and x; €{0,1,2,...p—1},i>1 b2
We denote the set of all p-adic integers and units of
Qybyz,={x€Q,: x|, <1} andZ;ﬁ:{erp:
x|, = 1}, respectively. Any p-adic unit x € Z has

x #0,

x=0.

the unique canonical form x = xy+x1-p+xy-p>+---
where x, € {1,2,...p—1} and x; € {0,1,2,...p—
1}, i € N. Any non-zero x € Q, has a unique
representation x = x*/ |x|,, where x* € Z;.

A number a € Z is called a quadratic residue
modulo p if the congruent equation x? = a (mod p)
is solvable in Z.

Proposition 1 (Ref. 3) Let p be an odd prime, a €
Z, and (a,p) = 1. The number a is a quadratic residue
modulo p if and only if a® Y2 =1 (mod p).

Proposition 2 (Refs. 1,4) Let p be an odd prime,
a € Q, be a non-zero p-adic number; and a = a*/ |a|,,
with a* = ag+a, p+a,p>+- - -. The quadratic equation
x2 = a is solvable in Q, if and only if log, |al,, is even
and a(()p_l)/2 =1 (mod p).

p-adic Gibbs measures on a Cayley tree

Statistical mechanics is a mathematical theory of a
mechanical system having uncertain state systems in
which probabilistic concepts and explanation play a
fundamental role. In Ref. 5, a p-adic counterpart of
statistical mechanics is also studied in the context
of the p-adic theory of probability and stochastic
processes. More recently, numerous applications
of p-adic numbers have shown up in theoretical
physics and quantum mechanics®°.
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By following Refs. 10-13, we briefly mention
some notions and notation from p-adic Gibbs mea-
sure theory on a Cayley tree for the sake of a self-
contained exposition. A Cayley tree T'* of order
k = 1 is an infinite tree, i.e., a graph without cycles,
such that exactly k + 1 edges originate from each
vertex. Let I‘J’r‘ = (V,L) be a semi-infinite Cayley
tree of order k = 1 with the root ® (each vertex
has exactly k + 1 edges except for the root © which
has k edges) where V is the set of vertices and
L is the set of edges. Two vertices v; and v, are
called nearest neighbours if there exists an edge
[ € L connecting them. We shall use the notation
[ = (v1,v,). A collection of nearest neighbour pairs
(v, v1), (v, V)5 ., (v4_1,v”) is called a path from
v’ to v”. The distance d(v’,v"”) on the Cayley tree
is the number of edges of the shortest path from v’
to v”. For a fixed v, € V, called the root, we let
W,={veV: d(x,x)) =n}, V, =, _, Wpn. The
set S(v) ={weW,,, :d(w,v) =1} is called a set of
direct successors of v € W,,.

Let  ={1,2,...,q} be a finite set. A configu-
ration (respectively, a finite volume configuration,
a boundary configuration) is a function o : V — &
(respectively, o, : V, = &, o™ : W, — $). We
denote by Q (respectively, 2y, Q) a set of all
configurations (respectively, all finite volume con-
figurations, all boundary configurations). For given
configurations o, ; € Q,  and o e Qy,, we
define their concatenation to be a finite volume
configuration o,_, Vo™ € Qy, such that

Ve Vn—l:
veWw,.

Thq(v),
o (5
Let Gy be a free product of k + 1 cyclic groups
of the second order with generators a;, a,, ..., Q. 1-
It is known that there exists a one-to-one correspon-
dence between the set of vertices V of the Cayley
tree and the group G,. Hence, without loss of
generality, we may assume that any two vertices
can be multiplied. A function f : V — Q, is called
translation invariant if f (vw) = f(v) for any v,w €
V. The Hamiltonian of a p-adic Potts model with the
spin value set ® = {1,2,...q} on the finite volume
configuration is defined as follows:

Hn(o-n) =J Z 50’,,(x)cr"(y): (1)

(x,y)€L,

for all o, € Qy, n € N where J is a coupling con-
stant, {x,y) stands for nearest neighbour vertices,
and ¢ is the Kronecker delta.
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Let us present a construction of a p-adic Gibbs
measure corresponding to the p-adic Potts model
with g states. We define a p-adic measure ,ugl) :
Qy, — Q, associated with a boundary function h:
Vax—h,= (ilg(l),...,ilgcq)) € Q! by

u(a,)

1 ~
- (0a(x))
=50 exp,, {Hn(an) + E h } 2
h

xXEW,

for all o, € Qy, n € N where exp,(-) :
B(0,p /1) — B(1,1) is a p-adic exponential
function and 3”}.(1") is a partition function defined by

E’c"é") = Z exp, {Hn(on)+ Z fli"ﬂ("))}

0,0y, XEW,

for all n € N. The p-adic measures (2) are called
compatible if one has that

2. e ve™) =u o) @)

omeqy,

forallo,_; €Q, andnéeN.

From the Kolmogorov extension theorem of the
p-adic measures (2)°, there exists a unique p-adic
measure Uy : 2 — Q, such that

wo by, =0, =u"(c,)

for all o, € Qy and n. Depending on choices of

a coupling constant J and a boundary function b :
V- Qg, the extended measure uj : Q — Q,, is called
a p-adic (quasi) Gibbs measure ! 13,

The following theorem provide a criterion

for an existence of a translation invariant p-adic
Gibbs measure (TIpGM) associated with the bound-
ary function h, = h = (hy,...,h;1),V x € V
where h; = h; —h, € B(0,p~/®*™V) for all i € &.
Let J € B(0,p~V/®™1), 9 = exp,(J), exp,(h) :=
(epr(hl): trto epr(hq—l))'
Theorem 1 (Existence of TIpGM'2) There exists a
TIpGM uy, : Q — Q, associated with a boundary
function hy =h = (hy,...,hy_;) for all x €V if and
only if z = exp, (h) is a solution of

L (6—1)z +Z?;izj +1
l 0+ "5,

j=1

k
) 5 l=19q_1’ (4)

where z = (2y,...,%41)-
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In Ref. 13, a full description of all TIpGMs was
given for the case k =2. Let M c {1,...,q—1} be
a subset and |M| = m. Let us consider the quadratic
equation

m?z% + (2m(g—m)— (0 — 1))z +(q—m)* = 0. (5)

Theorem 2 (Description of TIpGM 3) Let
up : Q2 — Q, be a TIpGM on Ff associated with
a boundary function h, =h = (hy,...,hg_), for all
x € V. Then there exists My C {1,...,q— 1} such
that

h = O’ { ¢ Mh)
e log, 2%, i€ My,

where z* € &, = {x € Z} : [x = 1], < p Ve D} s q
solution of (5).

From Theorem 2, in order to explicitly describe
a TIpGM, we have to provide a criterion for (5) in
which at least one of the solutions should belong to
the set &,.

Generally, we may come across the following
problem in one form or another: provide a solv-
ability criterion for the polynomial equation a,x" +
a,_1x" 14+ +a;x +ay, =0 over the given set
A c Q,. This problem has different solutions for the
cases A C R and A C Q, For instance, x2+1=0is
not solvable in R but it is solvable in Q, for p =1
(mod 4). On the other hand, any cubic equation is
solvable in R but the simplest cubic equation x3 = p
is not solvable in Q,. Hence a solvability criterion
over Q, should be treated differently from the case
R. In the literature little attention was given to this
problem. Recently, in Refs. 14-17, this problem was
partially studied for the lower degree polynomial
equations over Q,. In this paper, we study the
abovementioned problem for a quadratic equation.

We know that any quadratic equation can be
written in the form

xX?’+ax="»b 6)

where a,b € Q,. By means of completing the
square, (6) takes the form (2x +a)? = a® +4b. Let
¥ = 2x +a and D = a® + 4b be the discriminant.
Then y? = D. The solvability criterion for (6) can
be given in terms of the discriminant as follows. If
D = 0 then the quadratic equation always has two
solutions x; = x, = —2a. Let D = a? +4b # 0.
We then have that D = D*/|D|, with D* € Zl’;, ie.,
D* =dy+d,p+d,p*+--- where d, € {1,2,...p—1}
and d; € {0,1,2,...p—1} for any i €N.

211

Theorem 3 (Solvability criterion by D) Let p > 2.
The quadratic equation (6) is solvable in Q, if and

only if log, |D|, is even and dépﬂm =1 (mod p).

In this case, the two solutions of the quadratic
equation (6) are formally given by x, = %(—a:l: VD).
Based on the last formula, it is quite difficult to verify
whether the solution of the quadratic equation (6)
belongs to the classical sets Z;, z, \Z;, Z,, Q, \Z;,
Q,\(Z, \Zl’;), Q,\Z,, Q, or not. For instance, in
Ref. 13, the authors have used this long and techni-
cally difficult method for the quadratic equation (5).
In this paper, we are suggesting another approach to
give the solvability criteria of the quadratic equation
(6) over the domains given above.

The main problems

Let A,B C Q, be two nonempty disjoint sets.

Definition 1 We say that (6) is solvable in A if at
least one solution belongs to A. We say that (6) is
solvable in ALIA if two solutions belong to A. We say
that (6) is solvable in A LIB if one solution belongs
to A and another solution belongs to B.

The main problems of the paper are as follows.
Leta,b €Q,.
(i) Provide solvability criteria in domains Z;, Z, \
Z;, Zp: QP\Z*: Qp\(Zp\Z;); Qp\Zpﬁ Qp: Sp"‘ (0)
(ii) Provide the number N(x?+ax—b) of solutions
in domains Z;, Z,\Z;, Z,, Q,\Z7, Q, \(ZP\Z;),
Qp \Zp’ Qp: Spm (0)

(iii) Provide solvability criteria in A LIB where
ABe{Z,Z,\Z,Q,\Z,}.

THE MAIN RESULTS

In this section, we provide the main results of the
paper. Throughout this paper, we always assume
that p > 2 unless otherwise mentioned.

Leta,b € Q, and D = a®+4b. If abD # 0 then
we have that a = a*/|al,, b = b*/|bl|,, D =D*/|D|,
with a*, b*, D* € Z, i.e.,, a* = ag+a;p+ap?+---,
b* = by + byp + byp*>+-++, D* =dy+d;p + dyp* +
--+ where ag, by, d, € {1,2,...p—1} and a;, b;, d; €
{0,1,2,...p—1} foranyi € N.

Let us first consider the quadratic congruent
equation x2 = a, (mod p). From Proposition 1, the
quadratic congruent equation is solvable if and only
if aép_l)/z = 1 (mod p). In this case, it has two
distinct non-congruent solutions in the set —%(p -
1),...,—1,0,1,...,%(p —1)}. It is clear that one
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solution belongs to {—%(p —1),...,—2,—1} and an-
other solution belongs to {1,2,..., %(p —1}.

We denote by ,/a, (respectively, —,/a,) the so-
lution of the quadratic congruent equation x? = a,
(mod p) whichisin {1,2,..., %(p—l)} (respectively,
in —%(p —1),...,—2,—1}). In other words, there
exists ,/d; if and only if a(()p D2 =1 (mod p).

Let us now consider the quadratic equation x2 =
a over Q, where a € Q, is a non-zero p-adic number.
Let a = a*/|al, with a* = ag+a;p +ayp®+--- such
thata, € {1,2,...,p—1}, q; €{0,1,2,...,p—1}, for
all i € N. We know that the last quadratic equation
is solvable in Q, if and only if agp D2 =1 (mod p)
and log, |al, is even. Moreover, it has two distinct
solutions x, and x_ such that x% = ,/a; (mod p)
and x* =—,/d; (mod p).

We denote the solution x, (respectively, x_) of
the quadratic equation x? = a by +/a (respectively,
—4/a). In other words, for the given non-zero a €
Q,, va exists if and only if aép_l)/z =1 (mod p) and
log, |al, is even. Moreover, y/a is the solution such
that (v/a)* = ,/a, (mod p) and —+/a is the solution
such that (—va)* = —,/d@; (mod p). We use the
notation 4/a — 3 when there exists /a.

Theorem 4 (Solvability domain) The quadratic
equation (6) is solvable in Q, if and only if
one the following conditions holds true: (i)
lal2 < Ibl,, VB~ 3 or (i) laf2 = bl,,vD —3;
or (iii) |a|§ > |bl,.

Let us define the following set A = A;UA,UA,
where

Ay ={(@,b)€Q,xQ,: laf2 <|bl,, Vb—3}
AZZ{(a:b)EQpXQp: |a|?):|b|p; ‘/5_3}
As={(a,b) €@, xQ, : laf3 > [b],}.

The set A € Q, x Q, is called a solvability
domain of the quadratic equation (6). Since Q,
is a disordered field, we could not describe the
solvability domain A in the picture. However, we
can describe the p-adic absolute value of elements
of the set A in Fig. 1. We refer it as the solvability
domain (6).

The following result gives a full description of
p-adic absolute values of solutions of (6) in the
solvability domain A.

Theorem 5 (Local Descriptions of solutions) Let
(a,b) € A. The quadratic equation (6) is solvable
in
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1, /

Fig. 1 The solvability domain of the quadratic equation.

®H Q,\Z,uQ,\Z, if and only if
bl, > lal,, [b] > 1;

(i) Z;UZ; ifand only if lal, < |bl, =1;

(iii) ZP\ZZI_IZP\Z; if and only if lal, <1, |b| < 1;
(iv) Z;UZ,\Z; if and only if |bl, <lal, = 1;

W) Z; UQ,\Z, if and only if |b|, = |a|, > 1;

i) Z,\Z,UuQ,\Z, if and only if

lal, > |bl,, lal, > 1.

The graphical illustration of Theorem 5 is given
in Fig. 2. Theorem 4 is proven in the next sec-
tion (Theorem 6). Theorem 5 follows from Theo-
rem 9 which describes the number NZZ (x%2+ax—b),
NZP\Z;(XZ +ax — b) and NQP\ZP(XZ +ax —b) of
solutions of the quadratic equation (6) in Z;, zZ, \Z*,
and Q, \ Z,. In the last section, we present the
application of our results to statistical mechanics
problems.

THE SOLVABILITY CRITERIA

In this section, we present a solvability criterion for
the quadratic equation

x*’+ax=5b 7)

over the domains Z;, Z\Z;, Ly, Qu\Z;, Qu \ (Zy \
Z;)’ Qp \ Zp: Qp: Spm(o)
Theorem 6 The quadratic equation (7) is solvable

in Q, if and only if one of the following conditions
holds:
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Fig. 2 The description of solutions of the quadratic
equation.

@ lal; <Ibl,, vb-3;
(i) laf? =1bl,, vD—3;
(iii) |a|§>|b|p.

Proof: We know that (7) is solvable in Q, if and only
if there exists +/D. Let us study the Newton polygon
of (7) under the condition that +/D — 3.

It is clear that the Newton polygon of (7)
is the lower convex hull of points Py(0,ord, (b)),
Py(1,0rd,(a)), and P,(2,0). More precisely, if
ord, (b) < 2ord,(a) then the Newton polygon is one
line segment with the slope m; = —%ordp(b) and if
ord,(b) > 2ord, (a) then the Newton polygon is two
line segments with the slopes m; = ord,(a)—ord, (b)
and m, = —ord,(a) where m; < m,. We study the
Newton polygon in each case.

Case I: ord,(b) < 2ord,(a). This is equivalent
to the condition |a|§ < |bl,. In this case, there exists
/D if and only if there exists v'b. Moreover, (7) has
two solutions x; and x, in Q, such that ord,(x;) =
ord, (x,) = %ordp(b) or equivalently [x, |, = |x,|, =
V(bl,)> lal,.

Case II: ord,(b) = 2ord,(a). This is equiva-
lent to the condition |a|§ = |b|,. In this case, (7)
is solvable in Q, if and only if there exists vD.
Moreover, for two solutions x; and x,, one has that

lx11, = 12, = V/(1b],) = lal,.
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Case III: ord,(b) > 2ord,(a). This is equivalent
to the condition |a|§ > |bl,. In this case, there
always exists vD. Hence (7) is always solvable
in Q,. Moreover, (7) has two solutions x; and
X, in Q, such that ord,(x;) = ord,(b) — ord,(a)
and ord,(x,) = ord,(a), or equivalently |x;|, =
|bl, / lal, and |x,|, = |al, where |x], <|x,|,- O

Theorem 7 The quadratic equation (7) is solvable
in Z; if and only if one of the following conditions
holds:

@ lal, <Ibl,=1, vb—3;

() lal,=Ibl,=1, vD—-3;

(iii) |al, = |bl, >1;

@(v) |bl, <lal,=1.

Proof: As we already showed that (i) if |a|§ <1bl,
with v'b — 3 then (7) has two solutions x;, X, in
Q, such that |x1|p =[xy, = \/flblp) > |al,; (i) if
|a|§ = |b|, with v'D—3 then (7) has two solutions x,
x, in @, such that |x,], = |x,], = VIbl,) = lal,;
(iii) if |a|l2) > |b|, then (7) has two solutions x;, x;
in Q, such that |x;[, = |b|, /|al, and |x,|, = |al,
where |x;[, <|[x,],.

Let |a|§ < |b|, and vb—3. The quadratic
equation (7) is solvable in Z if and only if lx1], =
1, = \/(|b|p) = 1, this is equivalent to |a|, <
|bl, =1 and +/b—13. In this case, both roots of (7)
belong to Z;.

Let |a|l2) = |b|, and ¥D —3. The quadratic
equation (7) is solvable in Z; if and only if |x1|p =
xa], = \/flblp) = |a|, = 1. This is equivalent to
lal, = |bl, =1 and ¥D —13. In this case, both roots
of (7) belong to ZZ.

Let |a|}27 > |b|,. The quadratic equation (7)
is solvable in Z; if and only if either one of the
conditions |x1|p =1|bl,/lal, =1 or |x,|, =lal, =1
holds. Consequently, if |a|, = [b], > 1 then [x;|, =1
and if [b|, < |a|, =1 then |x,|, = 1. In this case,
only one root of (7) belongs to Z;. O

Similarly, one can prove the following results.

Theorem 8 The quadratic equation (7) is:
A. solvable in Z, \ Z; if and only if one of the
following conditions holds:
@ |a|j, <|bl, <1, vb-3
(i) laf=1bl, <1, vD-3,
(i) laf> > [bl,, lal, > [bl,;
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B.

solvable in Q, \ Z, if and only if one of the
following conditions holds:

@) lal2<[bl, 1bl,>1, VB3,
.. 2

(i) Ia|p2=lb|p>1, vD-3,
Gii) [af? > [bl,, lal, > 1

. solvable in Z, if and only if one of the following

conditions holds:

@ laf2 <|bl, <1, vb-3,
(i) |af2=|bl, <1, ¥vD-3,
i) laf? > 1bl,, lal, >[bl,;

. solvable in Q,\(Z, \Z;) if and only if one of the

following conditions holds:

@ laf2 <|bl,,1bl,>1, vD-3,
(i) laf? =1bl,>1, vD-3,
(i) |af? > [bl,, lal,>1;

. Solvable in Q, \Z; if and only if one of the

following conditions holds:

@ laly <Ibl, #1, vb-3,
(i) |al; =1bl,#1, vD-3,
(iii) |af? > |bl,;

. solvable in S,(0) if and only if one of the

following conditions holds:

@ laly <Ibl,=p*", vb-3;
(i) |aly =1bl,=p*", vD-3;
(iii) |bl, < laf> =p";

@) laf? > [bl, =p™ lal,.

THE NUMBER OF SOLUTIONS

In this section, we present the number N, (x? +
ax — b) of solutions (including multiplicity) of a
quadratic equation, where A € {ZZ, Z, \Z;, Qp \

Z,,

Zp’ Qp \ (Zp \ Z;)’ Qp \ Z*’ Sp'"(o)}
It is clear that Ny (x* +ax —b) = 2 (including

multiplicity) as long aps (7) is solvable in Qp-

The proofs of the following results are already

covered in the proof of Theorem 7.

The
able

orem 9 Let the quadratic equation (7) be solv-
in A. The following statements hold true:

NZ;(x2 +ax—>b)

WWW.|

., lal, <Ibl,=1, Vb3,
lal, = |bl,=1, ¥D—3,
lal, =1bl, > 1,
, bl <lal, =1;

M

= = NN
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NZP\Z; (x*+ax—b)
2, |a|§<|b|p<1, vb—13,
lal? = 1bl, <1, ¥D—3,
2
|bl, <lal; <1,
lal, > 1bl,, lal, = 1;

= NN

NQP\ZP(XZ +ax—>b)

2, lal <Ibl,, [bl,>1, Vb3,
_ )2, el =Ibl,>1, vD-3,
2, lal, <bl, <lal,
1, lal,=bl,, lal,>1;
NZp(x2+ax—b)

2, lal2<bl,<1, vb-3,
_ )2 lall=1Ibl, <1, vD-3,
2 bl <<,

1, lal, =bl,, lal,>1;

NQP\(ZP\Z;)(XZ +ax —b)
2, lal2<|bl,, [bl,>1, Vb3,

. lal2=1bl,>1, vD-3,

. lal, <1Ibl, <laf,

, lal,>1bl,,

= N DN

lal, > 1;

NQP\Z;(X2 +ax—>b)
2, lali<Ibl,#1, vb-3,
. laly=1bl, #1, vD-3,
. laly>1blp, lal, #1, lal, #1bl,,
» Ibly <lal, =1,
o laly=1bl,> 15

Il
= o= NN

Ng,, (oy(x* +ax —b)

2, |a|§ <|bl, =p*", Vb3,
2, |a|§=|b|p=P2m; vD -3,
1, bl < |a|i =p*™,

1, |a|§> |bl, =p™ lal,.
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Corollary 1 Let the quadratic equation (7) be solv-
able in A €{Z;, Z, \Z; }. Then one has that

2’ |b|p:1’

N,. (x> +ax—b) =
% {1, Ibl, #1,

2, al, <1,

2 _
NZP\Z;(x +ax—Db)= {1 al, > 1
B p .

APPLICATIONS

In this section, we try to solve the following prob-
lem which was arisen from the construction of the
TIpGM associated with the p-adic Potts model with
g-states. Let us consider

x2+ax=bh.

®)

Let p > 2. Provide solvability criteria of (8) over the
set &, = {x GZZ =1, <1}
Let x—1 =y. Then (8) takes the following form:

y?’+(a+2)y=b—a—1. (9)

Consequently, the solvability of (8) over &, is equiv-
alent to the solvability of (9) over Z, \Z;. The
solvability criterion of (9) over Z, \Z; was given
in Theorem 8. It is clear that x = 1 is a solution of
(8) if and only if b = a + 1. Moreover, in this case,
x =1 and x = —a—1 are solutions. Hence we always
suppose that b # a+ 1. By means of Theorem 8 and
Corollary 1, we get the following results.

Theorem 10 The quadratic equation (8) is solvable
over &, if and only if one of the following conditions
holds:

0] |a+z|§ <|b—a—1|,<1, vb—a—1-3,

(i) la+2=|b—a—1|,<1, Va2 +4b—3,

(i) la+22>[b—a—1l,, la+2[,>[b—a—1],

Theorem 11 Let the quadratic equation (8) be solv-
able over &,. Then the following holds:

2, la+2],<1,

2 —
N, (x"+ax=b) = {1, la+2],>1.
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