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ABSTRACT: In this paper, we obtain a multiplicity result for the p-biharmonic equation with smooth boundary.
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INTRODUCTION AND PRELIMINARIES

Let 2 be a bounded domain in RN, N = 3 with
smooth boundary dQ and a constant p with 1 < p <
N/2. In this paper, we consider the p-biharmonic
equation

{A§u+|u|p_2u=1f(u), in Q, )

a(lAua\Pv’ZAu) = ug(w), on 9f.

The fourth-order equation with nonlinearity fur-
nishes a model to study travelling waves in sus-
pension bridges. Lazer and McKenna'® give a sur-
vey of results in this direction. This fourth-order
semilinear elliptic problem can be considered as an
analogue of a class of second-order problems which
have been studied by many authors (see Refs. 2—4
and references therein). Bonder and Rossi® study
the existence of nontrivial solutions of the follow-
ing fourth-order problem with nonlinear boundary

conditions:
—A%u=u,
A
- aq;u =f(x,u),

They also impose one of the following boundary
conditions: Au = 0 on 9, or du/dv = 0 on
dQ. The authors find infinitely many weak so-
lutions for the above problems under suitable as-
sumptions on the nonlinearity of f. The more
general p-biharmonic equation has been considered
in Refs. 2, 3. Differential equations with nonlinear
boundary conditions have been considered by many
authors in the last twenty years®.

Motivated by Refs. 2—4,7, we show that prob-
lem (1) has at least two nontrivial solutions pro-
vided that A and u are suitable. More precisely, we

in Q,
on 99.

are interested in the following case: the functions
f, g are (p — 1)-sublinear at infinity. Our main
ingredient is a recent critical point result due to
Bonanno®.

In order to state our main result we introduce
some hypotheses. We assume that the functions f

and g : R — R satisfy the following conditions.

(H1) There exist constants C;,C, > 0 such that for
allt eRV,

FOI< A+, g0 < ClefP™.

(H2) f is superlinear at zero, i.e.,

f@) _

=0.
S0 e

(H3) If we set F(t) = fotf(s)ds and G(t) =
fot g(s)ds, then there exists t, € R such that

F(to)zf 0f(s)ds>0
0

or

G(ty) = f 0 g(s)ds > 0.
0

Let W2P(Q) be the usual Sobolev space with
respect to the norm

llully, =J (IAuf” +fulP)dx
Q

which is equivalent to the standard norm and
Woz’p(ﬂ) which is the closure of C;°(£2) in W2P(Q).
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Proposition 1 (see Ref. 7) For any 1 < p < N/2
and 1 < q < p* = Np/(N —2p), we denote by S,
the best constant in the embedding WP (Q) — LI()
and forall1<q <p,=(N—1)p/(N—2p), we also
denote by S, 5 the best constant in the embedding
W2P(Q) — LI(3Q), i.e.,

[ Auf + [ul”) dx
mn
wews @@ ([l do)?

Moreover, if 1 < q < p*, then the embedding
W2P(Q) — LI() is compact and if 1 < q < p,, then
the embedding W2P(Q) — LI(8Q) is compact.

Sgo0=

Definition 1 We say that u € W?P(Q) is a weak
solution of problem (1) if and only if

J (lAulP™? Aurp + [ulP 2 up)dx —AJ fWedx
Q Q

—uf gw)pdo =0
a0

for all ¢ € W2P(Q).

Theorem 1 Assuming hypotheses (H1)—(H3) are ful-
filled then there exist an open interval A, and a
constant 6, > 0 such that for all A € A, problem
(1) has at least two weak solutions in WP () whose
IIll5,p-norms are less than 6 ,.

We emphasize that the condition (H3) cannot
be omitted. Indeed, if f =0 and g = 0, then (H1)
and (H2) clearly hold, but problem (1) has only
the trivial solution. Theorem 1 will be proved by
using a result on the existence of at least three
critical points by Bonanno® which is a refinement
of a general principle of Ricceri® 1°. For the reader’s
convenience, we describe it as follows.

Theorem 2 (see Ref. 8) Let (X, ||-||) be a separable
and reflexive real Banach space, and ®, ¥ : X — R be
two continuously Gdteaux differentiable functionals.
Assume that there exists x, € X such that ®(x,) =
U(xy) =0, ®(x) = 0 for all x € X and there exist
x; €X, p > 0 such that

@ p <®(x;),

(i) SuPe(x)<p) (X)) < p¥(x1)/®(x1).

Further, put

— ép

a=
\P b
P2 s win)
B(x1)  (o(x)<p}

with £ > 1, and assume that the functional ® — A¥
is sequentially weakly lower semicontinuous, satisfies
the Palais-Smale condition, and
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(i) Limyy o 00[@(x) —A¥(x)] = +00 for every A €
[0,a].

Then, there exist an open interval A C [0,a] and a
positive real number & such that for each A € A,
the equation ®'(u) — A¥'(u) = 0 has at least three
solutions in X whose norms are less than 6.

PROOF OF THEOREM 1

For A and u € R, we define the functional I, :
W?2P(Q) — R by

I,5(w) = &) —A¥(u) forallu e W>P(Q),

where
®(u) = J (JAul? + |u|p)dx—uJ Gw)do, (2)
Q 20
()= J F(u)dx 3)
Q

with F(t) = [, f(t)dt and G(t) = [, g(¢)dt. Asim-
ple computation implies that the functional I, ; is ct
and hence weak solutions of (1) correspond to the
critical points of I, ;. We now check all assumptions
of Theorem 2. For each u € [0, pS,, 50/C,) we have
®(u) =0 for all u € W?P(Q) and $(0) = ¥(0) =0
since the assumption (H1) holds. Moreover, by
the compact embeddings W2P(Q2) — LP(Q) and
W2P(Q) — LP(2RQ), a simple computation helps us
to obtain the following lemma.

Lemma 1 For every u € [0,pS, 50/C,) and all A €
R, the functional I, , is sequentially weakly lower
semicontinuous on WP ().

Lemma 2 There exist two positive constants t and
A such that for all uw €[0,u) and all A € [O,X),
the functional I, ,, is coercive and satisfies the Palais-
Smale condition in W>P(Q).

Proof: By (H1), we have

Iy(u)= J (|Aaul? + |u|P)dx—lf F(u)dx
Q

Q
— uf G(uw)do
a0

p |uf?
2 lull; , —AC; lu|+ — | dx
P
Q p

C
—u—zf lul? do
b Jsa
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C C
> lulf] (1—A L2 )
D
pSp,S'Z pSp,BQ

c
—AS—IIIuIIZ’p. 4
1,Q

Since relation (4) holds, by choosing

ﬁ=z=min{psp’n pSp,ag}
2C; 7 2C, )’

where C;, C, are given in (H1), we conclude that for
all 2 €[0,2) and all 4 € [0, ), the functional I, ; is
coercive.

Now, let {u,,} be a Palais-Smale sequence for the
functional I, ; in W>P(Q), i.e.,

12w <, I, (u) = 0in W2P(Q),  (5)

where C is a constant and W2 () is the dual space
of W2P(Q). Since I, is coercive, the sequence
{u,} is bounded in W2P()). Hence there exists
a subsequence of {u,}, still denoted by {u,} such
that {u,} converges weakly to some u € W2?(Q)
and hence converges strongly to u in L?(2) and in
LP(2). We shall prove that {u, } converges strongly
to u in W2P(Q). Indeed, we have

llun —ully,
< f (|1Aw, P72 Au, — |AulP 2 Au)
’ x (Au, — Au)dx
+J (P — P~ 1) (1, —u) dx
Q
=1, (w)— 1, , @], —u)

+ AJ Uf (up) — f @)](u, —u)dx
Q

+ uf [g(u,)—gW)](u, —u)dx.
a0

On the other hand, the compact embeddings and
(H1) imply

f Uf (up) = f @)](u, —u)dx
Q

< f |f (un) = f (@l |, —ul dx
Q

<le(2+|unlp_1+|ulp_l)lun—UI dx
Q

_ -1 -1
< Cy(2meas(Q) P~V + ||un||‘£p(m + ||u||‘L’p(m
X ”un - u||I£p(Q) 5
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where meas(Q2) denotes the Lebesgue measure of Q,
which approaches 0 as n — oo. Similarly, we obtain

f [g(u,) —g(W)](u, —u)dx
a0

< f |g (un) — g (W)l |u, —ul dx
a0

-1 -1
< sz ([unlP™ + [ulP™) [u, —ul dx
a0

p—1 )

—1
< C2(||un||€p(aﬂ)+ u”Lp(aQ) un_u”

p
Lr(3%)

which approaches 0 as n — 0o. Hence by (5) we
have ||u, —ull,, = 0 as n — oo. O
Lemma 3 For every u € [0, u) with @ as in Lemma 2,

we have

lim sup{¥(u) : ®(u) <p} _
p—0* P

0.

Proof: Let A € [0,A) and u € [0,1x) be fixed. By
(H2), for any € > 0, there exists 6 = §(&) > 0 such
that

Cy
s)| < epS 1—,u
|f( )l P p,Q( S

p,0Q

)|s|1’—1 Yis| < 6.

We first fix g € (p,p*). Combining the above in-
equalities with (H1) we deduce that

C
|F(s)| < esp,g(l—u ’
pSp,(?Q

)ISIP +Cslsl*,  (6)

for all s € R, where Cs is a constant depending on
6. Now, for every p > 0, we define the sets

Bl ={ueW>(Q): o) <p}

,0Q

Then ,%Fl) c %ﬁ. From (6) we get

and

%2 = {uEWZ’p(Q) : (1—,u

Cy Cs
I\If(u)|<€(1—u ) ully, + =2\ ullg,
PSp,an P ;1/5 »P
@)

It is clear that 0 € %; and ¥(0) = 0. Hence, 0 <
SUPye g1 ¥(u). Using (7) we get

SUPyc g1 W(u) B SUDyc 32 W(u)

Y Y
—q/p
G5 1—u G p?/P71,
sd/p PSp.a0
q,2 b,
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We complete the proof of the lemma by letting p —
0%, since £ > 0 is arbitrary. O
Proof of Theorem 1: Let s, be as in (H3). We choose
a constant r, > 0 such that r, < dist(0,9). For
each o € (0, 1) we define the function u,(x) =0, if
X € RN\BrO(O), Ug(x) =s¢, if x € B, (0), us(x) =
Lsosin[(7/(1=0)ro) (5 (1+0)rg—|x — xo )1+ 3so, if
x € B, (0)\B,,,(0), where B, (0) denotes the open
ball with centre 0 and radius ry > 0. Then it is clear
that u, € W2P(Q2). We have that u,(x) € W2? and
lu, (x)| < s, for all x € RN. Moreover, we have

W(u,) > [F(so)o™ — nax IF(O)I (1 —0™)]wyry,

t|<]so]
©))]
where wy is the volume of the unit ball in RV.
From (9), there is o, > 0 such that ”quHz,p >0
and ¥(u,, ) > 0. Now, by Lemma 3, we can choose
Po €(0,1) such that

0o < (1—‘11 Cy )“u%H;P < &(u,,)

PSp,aQ
and satisfies
SUPg(u) <p, ¥(1) V()
Po 2®(uy,)

To apply Theorem 2, we choose x; =u,, and x, =0.
Then the assumptions (i) and (ii) of Theorem 2 are
satisfied. Next, we define

(10)

1+po
= 0, (11
W U(ug,) _sup{¥(u) : (u) < po} >0, (1)
cb(uao) Po
a, = min{awi}. (12)

and a simple computation implies that (iii) is ver-
ified. Hence, there exist an open interval A, C
[0,a,] and a real positive number 6, such that
for each A € A, the equation I;/M(u) = @;(u) —
AW¥’'(u) = 0 has at least three solutions in WP ()
whose norms are less than & u- By (H1) and (H2),
one of them may be the trivial one. Thus (1) has at
least two weak solutions in W2P(§). The proof is
complete. a
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