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ABSTRACT: We discuss the problem of monotonicity preservation of surfaces through 3D monotone data. This can be

done using a rational bi-cubic blended function that is an extension of a rational cubic function in the form of a cubic

numerator and quadratic denominator. The function involves twelve shape parameters in each rectangular patch. Data-
dependent constraints are derived on four of these shape parameters to conserve the shape of the data while the other eight
are left free to modify the monotone surface as desired. Several numerical examples are presented to show the effectiveness

and capability of the scheme. The present scheme is C, flexible, simple, local, and economical.
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INTRODUCTION

The problem of visualization of scientific data and
shape preserving of curves or surfaces through known
data points is one of the noteworthy problem. It has
great significance in several fields like computer aided
geometric design, computer graphics, engineering,
medical, education, military, transport, advertising
and meteorology. Some non-rational spline methods
have developed to solve the aforementioned problem
and to visualize the data well, but usually they pay
no attention of innate shape features of data such as
positivity, monotonicity and convexity. The objective
of the present study is to conserve the monotonicity of
surfaces through known scientific 3D monotone data.
Monotone data arises in many physical situations from
different sciences and art where entities only have
a meaning when their values are monotone. For
instance, erythrocyte sedimentation rates in cancer
patients, approximation of couples and quasi couples
in statistics, empirical option of pricing models in
finance and dose-response curves and surfaces in
biochemistry and pharmacology '

Several researchers have focused on the problem
of constructing shape preserving curves and surfaces
through monotone data. A C! quadratic spline has
been developed by Beatson and Ziegler in Ref. 2
to visualize the monotone data that was arranged
over a rectangular grid. A bivariate interpolation has
been extended to univariate interpolation developed
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by Carlson and Fritsch in Ref. 3 for monotone surface
through regular data. The authors derived necessary
and sufficient conditions on first partial derivatives and
first mixed partial derivatives (twist) at knots using
bi-cubic polynomial to conserve the monotonicity.
Casciola and Romani* preserved the shape of data by
NURBS with tension parameters for rectangular case.
Costantini and Fontanella® developed interpolating
splines of degree n and order of continuity k using
Bernstein polynomials to construct the monotone and
convex surfaces through arbitrary sets of data arranged
on rectangular grid. Floater and Pefia® constructed
three kinds of monotonicity-preserving of systems of
bivariate functions with some geometric applications
using Bernstein polynomials. Some researchers have
developed rational cubic”-® and rational bi-cubic®
spline interpolations to conserve the monotonicity
through monotone data. Shape parameters have uti-
lized in these interpolations to conserve and modify
the shape of data as desired. Simple data dependent
sufficient constraints were derived on shape parame-
ters to conserve the monotonicity of data everywhere
in the domain. Sarfraz'? visualized a monotone data
in the view of monotone surfaces using the rational
bi-cubic interpolant but it loses the smoothness of
interpolant at some knots.

In this paper, a simple monotone 3D data vi-
sualization scheme is presented. We extend a C*
piecewise rational cubic function with three shape
parameters® to rational bi-cubic blended function. It
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involves twelve shape parameters in each patch for its
description. The degree of smoothness of proposed
monotone surface interpolation is C'. This paper
adds to the knowledge domain by introducing a new
cost effective, simple, local, easy to implement and
time saving scheme which is more efficient for CAD
systems than ever before as compared to existing
schemes®!?. As a result, the proposed rational bi-
cubic blended function is simpler, easy to compute
and implement and preserves the shape of surfaces
with fewer constraints on shape parameters as com-
pared to rational bi-cubic function® !, The proposed
surface scheme is unique in its representation and it
works well for both equally and unequally space data.

REVIEW OF RATIONAL CUBIC FUNCTION

In this section, a piecewise rational function® with
three shape parameters can be rewritten in the form
of (cubic/quadratic) to conserve the monotonicity of
curves. Moreover, it is used to extend as rational bi-
cubic blended function to conserve the monotonicity
of surfaces through 3D monotone data.

Let {(t;, fi),i=0,1,2,...,n} be the given set of
data points such as tg < t; <tz < ... < t,. A piece-
wise rational cubic function with three shape parame-
ters, in each subinterval [t;,¢;41],¢=0,1,2,...,n—1
can be defined as

3 3—k, k
1-— A
ri()
where 7;(ip) = ai(1— )+ (i + B +7:) p(1— ) +
’Y,’(,DQ and ¢ = (t - ti)/hi, h; = tiy1 —t;. Let Pi/(t)
denote the first order derivative with respect to ¢. The
following conditions are imposed on a function (1) for
C' continuity
Pi(ti) = fi,
Pi(t:) = di,

)

Pi(tit1) = fi
P{(tiy1) = dit1.
The unknown coefficients A\, £k = 0,1,2,3 can be
calculated from equation (2),

Ao = fi,

A1 = fi (20 + Bi + i) + aq hids,

Ao = fip1 (i + Bi +2v;) —vi hidiya,
A3 =Yifit1

2

where «;, (; and ~y; are positive shape parameters
and d; denote the derivative values that are used for
smoothness of required curve. A piecewise rational
cubic function (1) becomes a standard cubic Hermite
spline when we set the values of shape parameters as
a; =1, B; = 0 and «; = 1. The following result was
proposed in Ref. 8.
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Theorem 1 (Ref. 8) A piecewise rational cubic func-
tion (1) conserves the monotonicity of curves through
monotone data, if in each subinterval [t;,t;11], i =
0,1,2,...,n — 1, the shape parameters satisfy the
following conditions

o > 0,’71‘ >0
Yidip1 — Do + 27;)
7 07 )
Bi > max{ A,
ad; — Aq (20 + ;)
A, ’

where A; = (fix1 — fi) /hi. The above result can be
rearranged as

o > O,’yi > 0,
idiv1 — Ao + 2
ﬂi—ri+max{0,7 + (o + A/),
Ay
a;d; — A (204 + ;)
AV

for some r; > 0.

Remark 1 A piecewise rational cubic function (1)
preserves a C' monotone curve through monotone
data if the derivative values d;, ¢ = 0,1,2,...,n are
calculated at each knots by using arithmetic mean
method proposed in Ref. 7.

Remark 2 The C? monotone curve through mono-
tone data can be obtained by using piecewise ratio-
nal cubic function (1) with derivative values d;, ¢ =
0,1,2,...,n when they are calculated at each knots by
solving the system of linear equations given in Ref. 8.

Example 1 A monotone data set is taken in Table 1
for the test of monotonicity-preserving curves. Fig. 1
is generated by cubic Hermite spline scheme!! that
does not conserve the monotonicity of monotone data.
Fig. 2 is generated by using Piecewise Cubic Hermite
Interpolating Polynomial (PCHIP, Built-in MATLAB
program) to conserve the monotonicity of same data
but the visual model is not smooth at some data
points which may not be suitable for practical design.
On the other hand, Fig. 3 and Fig. 4 are generated

Table 1 Monotone data set.
7 1 2 3 4 5 6 7 8 9 10 11

t; 01 4 65 10 15 25 40 50 62 65 66
fi 1 1 2 35 55 55 10 10 125 18 20
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Fig. 1 Cubic Hermite spline curve.

Fig. 2 PCHIP curve.

by rational cubic function (1) with shape parameters
and derivative values calculated from Theorem 1 and
arithmetic mean method”, respectively, to conserve
the monotonicity. The effect of shape parameters can
be seen by noting the difference in C! smoothness of
these monotonicity-preserving curves in Fig. 2, Fig. 3,
and Fig. 4.

0 10 20 30 40 50 60 70
t
i

Fig. 3 A C' monotone curve using rational cubic function
with a; = 3; = 0.05 and r; = 0.1.
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t
Fig. 4 A C' monotone curve using rational cubic function
with o; = 3; = 0.5 and r; = 0.1.

RATIONAL BI-CUBIC BLENDED SPLINE
FUNCTION

The problem of constructing a rectangular coons sur-
face patches from given network of boundary curves
is discussed in this section. This job is done using
rational bi-cubic blended function which is an ex-
tension of rational cubic function (1). The rational
bi-cubic blended function is suitable to arrange the
data over rectangular mesh [£,£1] X [0, 01] such that
f:t(]<t1 <...<tn:flanda:u0<u1<...<
u,, = o1. The rational bi-cubic blended function over

each patch [ti, ti+1] X [Uj, Uj+1], 1=0,1,2,....n—1,
7 =20,1,2,...,m — 11is defined as
Pl) = ol mo) [ o
+lna(@)m(@)] [ )
E; Fijy1 | [no(o)
~[mo(¢),ma ()] |:Fi+1j,j Fi+1j,j+1:| {m(qﬁ)}

3)

mo(p) = (1= ¢)*(142¢),m1(p) = ¢*(3 — 2¢),
(1—¢)%(1+2¢),n1(0) = ¢°(3 — 29),

S
S
&

I

are called Hermite blending functions with ¢ = (¢ —
tl)/hl, ¢ = (’LL — ’LLj)/iLj, where hz = ti+1 - ti, iLj =
Uj41 — Uy and P(t, Uj), P(t,Uj+1), P(ti,u), and
P(t;+1,u) are four boundary rational cubic curves of
rectangular patch.

The boundary rational cubic curves can be defined
as

3 3—1, 41
. 1—¢ ) 0;

4
(o) @
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with
do = oy j Fy 5,
61 = (20 j + Bij + i) Fij + iy hi Ff

82 = (aij + Bij + 2vig) Figry — Yig hi Fia

03 =i Fit1j,
ri(p) = i (1—¢)
+ (@i + Bi + i) (1= @) +7,50%

. o
S ol — @) ot

2

P(t ujpr) = r2(0) o)
with
Mo = Q4 54+1F5 511,
m = (2ai 41+ Bij+1 + Yig+1)Fijt
+ i j1hiF 1,
M2 = (j+1 + Bijr1 + 2% j+1) Figrj41
—YigrrhiFi s
n3 = Vij+1 1,541,
ra(p) = i1 (1= 9)* +7i 419"
+ (i1 + Bij+1 +7i5+1) (1 — 9);
Pl ) = Sl =@ T

r3(¢)
with

to = & ;I ;,

1 = (264 + Bij + %) Fij + @i,jiljFija
pa = (i g+ Big +29i.5) Figir — i ghi Fya,
13 = Y F5 i1,

r3(¢) = di (1 —¢)?
+ (@i + Big + 4ig) 01— 0) +5i,36%;
Z?:o(l — @)oY,
r4()

P(ti+17u) = @)

with

Yo = Qi jr1Fi1,

Y1 = (28 1+ Bijar + %) Firj
+ iy P,

Yo = (G 1 + Bij1 + 2% 541) Fivr j
— Vi gr1hiFiy s

Y3 = i1, Fiv1,5+1,

ra(¢) = @i jp1(1 = 0)* + 5354107

+ (i1 + Bir +Fig41) 61— @)
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MONOTONICITY-PRESERVING RATIONAL
BI-CUBIC BLENDED SPLINE
INTERPOLATION

In this section, we discuss the monotonicity-
preserving surface problem. We use rational bi-
cubic blended function (3) with shape parameters
and derived simple data dependent constraints on
these shape parameters to assure the monotonic-
ity of surfaces through 3D monotone data. Let
{ti,u;, F ), i =0,1,2,..,n;5 =0,1,2,...,m}
be given set of monotone data is arranged over rectan-
gular mesh [t;, t;41] ¥ [uj,uj+1],4=0,1,2,...,n—1,
j = 0, ]., 2, e, — 1, such that Fi,j < Fi+1,j’ Fi,j <
F; j41 or equivalently A; ; > 0, A; ; > 0and F}; >
0, F}'; > 0 for all 4, j. The necessary conditions on
shape parameters for monotonicity are

Qi js O jig1s Oy Qg5 > 0

. ¥
Yigs Vij+1, Vigs Vit1,5 > 0.

According to the result developed in Ref. 4, the
rational bi-cubic blended surface patch inherits all the
properties of network of boundary curves. Hence
the rational bi-cubic blended function (3) conserves
the monotonicity of surfaces through 3D monotone
data if the four boundary curves P(t,u;), P(t, u;+1),
P(t;,u), and P(t;y1,u) defined in equations (4)-
(7) are monotone. The boundary curve P(¢,u; ) is
monotone if P’'(t,u;) > 0, i.e.,

. o
il — @) ol

P'(t,u;) = (o) >0 )
with
X0 = o Fi

X1 = 20&1,;‘[(011'73' + Bi; + 27¢7j)A17j — 77?,sz‘t+1,jL
X2 = X1+ X3+ (xo + Xx4)

+ B g (i j + Bij + i) A j

— 20 71,5 (F} j + Fiia ),
X3 = 252005 + Bij + i) Ay — i i F ],
X4 = ’Y?,ij-s-Lj;

and Z?:o(l — )iy > 0 if y; > 0 for i =
0,1,2,3,4. Thus x; > 0if

t
Vi Fip1,; — Aijleig + 27 )
C> O7 2 s
ﬁw max{ Ai,j

t
i b5 — Agj(%éi,j +7i.4) } (10)

]
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Similarly, the boundary curve P(¢,u;11) i mono-
tone, if P’(t,u;41) > 0, i.e.,

Sio(1— ) ik,
(ra())?

Pl(t,u]'+1) = >0 (1

with

Ko = azg,j+1Fit,j+17

K1 = 20 j41[(qi g1 + Bijr + 275 54+1] A
- ’Yi,j+1Fit+1,j+1)a

Ko = K1+ K3 + (Ko + K4)
+ Bijr1(ijrr + Bijr +vig+1)Aij
=20 j11%i g1 (Fi jan + Fin i),

kg = 2941 (200 j41 + Bijr1 + Vij+1) Dy
— a1 F ],

Ka =7 1 g
and Z?:o(l — @) ilk; > 0, if k; > 0 for i =
0,1,2,3,4. Thus k; > 0if

Bij+1 > maX{(),

Vi1 Fin jo — A g (e +2i541)

Ajj+ ’
a1 Ff i Az‘,j+1(2ai,j+1+%,j+1)}
AV ES] '

(12)

Similarly, the boundary curve P(¢;, u) is monotone, if
P'(t;,u) >0, ie.,

A o
_o(1— @)l N

P'(t;,u) = 2izo L>0 (13)

o) ()
with
)\0 = al ]Fl,j’
At = 26 5((Ga g + Bij + 2%,5) Aij — 315 Fr 1),
Aoy = >\1+)\3+(/\0+>\4)
+ﬁl](al,j + 5%,] + fY’L,])A
2alj’yl ](F + F, 2]+ )
Az = 29, ;((244 Jrﬁm JF%,J) O‘mF?,Lj)v

M =35 s
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andz4( )4 igiN; > 0, if \; > 0 for i =

0,1,2,3,4. Thus A; > 0, if
2 Ai qu A Qg + 24 7
Bij > max{(), Vit i1 ( \J i J)’
A i,j
Qg Y — A i,j (280 5 + % 5) } (14)
Am

Finally, the boundary curve P(¢;41,u) is monotone,

if P/(ti+1, u) > 0,1i.e.,

Yol =) "¢l
(ra(p))?

P’(ti+1,u) = >0 (15)

with
po = &3 ;P
pi1 = 2641, [(Qisrj + Biv1,j + 29i41,5)Aisr
- ’A7i+1,sz7fs-1,j+1]7
po = p1 + p3 + (pro + pa)
+ Bigrj(Gigrg + Bivr +Fir15)Aig
= 281151, (B + Fia je1)s
3 = 29415 [ (20415 + ﬁiHJ + 7,»+1’j)Ai+17j
— i1, F ),
Ha = ’?i2+1,jFi1fkl,j+1v
and 31 (1 — @)t > 0, if p; > 0 for i =
0,1,2,3,4. Thus pu; > 0, if
Bi-i,—lﬂ' > maX{O,

Vi1, 1 — Digr,5 (it + 29i41,5)

~ )

AVER
Qir1 B 5 — Divj(26i41 5 + Yig1)
Az‘+1,j }
(16)
where
Ai,j:(FHLj ZJ)/hszzJ—( i,j+1 = i,j)/ilj“

Theorem 2 The rational bi-cubic blended function
(3) conserves the monotonicity of surfaces through
3D monotone data, if in each rectangular patch
[ti7ti+1] X [’U,j,’LLj+1], 1 = 0,1,2,...,’[’L -1, ] =
0,1,2,...,m — 1 the shape parameters are satisfying
the following sufficient conditions,

t
Vi Fiv1,; — Dijleig + 27 )
L O7 2 s
ﬁw max{ Ai,j

i jF = A (20 5 + i 5) }
A; ’

.3
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ﬁi,j+1 > max{O,

t
Yig+1 i ja1 — Digr (g1 + 27 j41)

9
Ai,j—‘rl
t
Qi1 B g — Aij1 (20 41 + i j41) }
b

Ai:j+1

i(Gig +2%,5)

) S F A
ﬁij > IIIaX{O7 i i1 ,
l A ]

A, . u —_ A .
az,yFi,j A (
i

A,

Al .

05 (204 j + i) }
Ay

and

Biv1,; > max{O,

Yir1, 551 g1 — Dit,5 (GQigr,5 + 29i41,5)

~ 9
AVER

Qi1 8 5 — Dig1,5 (206415 + Fit1,5) }

AVER

The above results can be expressed as

ﬁi’j =71+ maX{O,

Vi Filin ; — Dijlaig +27i5)
Al,j ’
i B — Dij (2055 + i) }
Al.j ’

Bij+1 = Sij + maX{Ov

Vig+1Fi i1 — Digar (@it +27%541)
Ajj+1

Oéz‘,j-s-lFZjH — A 11204 41+ Yi+1) }

Aj i1 ’

)

Bi,j =i+ maX{O,
i g B — A (G +29i5)
Al,j
b Y — A (26 5 + i j) }

4,J

)

,87;+17j = §i,j + max{07

27

Vit 1,51 j1 — D1, (@it + 2%i41,5)
Ai+1,j ’

Qi By — Bi1,i (28is1 5 +Fir ) }
At ’

for some v ;, s; 4, T 5, 55,5 > 0.

Proof: The result follows immediately from the above
discussion. O

Algorithm 1

(i) Given a monotone data set {(ti,uj,Fivj), 1=
0,1,2,...,n;5 =0,1,2,...,m}.

(ii) Calculate the partial derivatives szj, F;fj, for
1=0,1,2,...,n,7=0,1,2,...,m at given data
points using arithmetic mean method for 3D data
proposed in Ref. 9.

(iii) Choose any positive value for free shape param-
eters oy j, O 541, di,j, di+1,j’ Yi,g» Vi, j+1s '%,j’
4i+1,; and then calculate the values of constrained
shape parameters 3; ;, 5 j+1, Bi,j» Bi+1,; using
Theorem 2.

(iv) Compute the rational boundaries P(t,u;),
P(t,ujy1), P(ti,u), and P(t;y1,u) defined in
equations (4)—(7) for the rectangular patches.

(v) Insert the calculated values of (i), (ii), (iii), and
(iv) in the rational bi-cubic blended function (3)
to obtain the monotonicity-preserving surfaces.

NUMERICAL EXAMPLES

In this section, a rational bi-cubic blended function
(3) with shape parameters is employed to conserve
the monotonicity preserving of surfaces through given
monotone data. Several numerical examples are pre-
sented in this section to exhibit the capability and
effectiveness of the proposed monotone rational bi-
cubic blended interpolation. A desired smooth and
visually pleasing monotone surface obtained from
several examples is compared with bi-cubic Hermite
interpolant'!.

Example 2 The data set taken in Table 2 is produced
from the following function

F(t,u) = exp(t?% +4%-0%) (17)

Table 2 3D monotone data generated from function (17).

t/u 0 2 6 10 14

0 1 2.82 2.98 3.07 3.13
2 2.82 7.93 8.41 8.65 8.81
6 2.98 8.41 8.91 9.17 9.34
10 3.07 8.65 9.17 9.43 9.61
14 3.13 8.81 9.34 9.61 9.79
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Fig. 5 Bi-cubic Hermite spline surface, and xz-view.

Fig. 5 is produced using bi-cubic Hermite spline'!
that does not conserve the monotonicity. To re-
move this flaw, Fig. 6 depicts the monotone surface
everywhere in the domain using developed rational
bi-cubic blended interpolant with shape parameters
@i = Qij =Y,; =%, = 0.5

Example 3 The 3D monotone data set which is taken
in Table 3 for the test of monotonicity-preserving
of surfaces. Fig. 7 displays non-monotone surface
through given monotone data using bi-cubic Hermite
spline!!. This flaw can be removed well in Fig. 8
when it is produced by using developed monotone ra-
tional bi-cubic blended scheme with shape parameters
Q5 = OAliJ' =%Yi,j = ’A)/i’j =0.5.

Example 4 A 3D monotone data set in Table 4 is
taken from following mathematical function,

Ft,u) =t*(t"" + 1) +*('° +1)  (18)
Table 3 A monotone data set.
t/u 1 2 3 4 5
1 0.2098  0.2099  0.2100  0.2101 0.2102
2 0.9437 09438 0.9439 09440 0.9441
3 0.9986  0.9987 0.9988  0.9989  0.9990
4 0.9994 09995 0.9996  0.9997  0.9998
5 1.0001 1.0002 1.0003 1.0004 1.0005
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Fig. 6 A monotone surface by rational bi-cubic blended
spline function with 7; ; = 7 ; = s;,; = 8;,; = 0.01, and
Tz-view.
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Fig. 7 Surface generated by bi-cubic Hermite spline, and
TZ-view.
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Fig. 8 Monotone surface developed by rational bi-cubic
blended spline function with r; ; =7 ; = s;,; = 8;,; = 0.1,
and xz-view.

Table 4 A 3D monotone data set.

t/u 0.2 0.5 0.9 1.5 2.0

0.2 0.08 0.29 1.13 132.04  4100.0
0.5 0.29 0.50 1.34 132.25  4100.3
0.9 1.13 1.34 2.18 133.09  4101.1
1.5 132.04 13225 133.09 26399 42320
2.0 4100.0 41003  4101.1 42320  8200.0

Fig. 9 can be drawn using bi-cubic Hermite spline'!.
It depicts non-monotone surface at some knots. On
other hand, Fig. 10 can be produced using developed
monotone rational bi-cubic blended scheme. It pre-
serves the monotonicity everywhere in the domain
with values of shape parameters o; j = &; ; = Vi ; =
4i,; = 0.05.

CONCLUDING REMARKS

In this paper, we have extended a C' piecewise
rational cubic function® to rational bi-cubic blended
function to conserve the shape of 3D monotone data
in the view of monotone surface. Twelve shape
parameters are used in each rectangular patch and
they are arranged in such a way; four of them are
constrained parameters while the remaining eight are

29

Fig. 9 Non monotone surface using bi-cubic Hermite spline,
and xz-view.

Fig. 10 Monotonicity-preserving surface using rational bi-
cubic blended spline function with r;; = 7; = s;; =
33,5 = 0.001, and xz-view.
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left free for designer’s choice for the modification of
monotone surface as desired. The proposed scheme is
suitable for such problems in which only data points
are given; in contrast the schemes™>% imposed a set
of constraints on derivatives and data points to obtain
the required shape of data. The developed surface
scheme has been demonstrated through different nu-
merical examples and observed that the scheme is not
only local and computationally economical but is also
visually pleasant compared to existing schemes®'°.
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