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ABSTRACT: The purpose of this paper is to give inequalities related to matrix versions of the classical Pélya inequality for

scalars and discuss the relations between our results and some existing matrix inequalities.
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INTRODUCTION

Throughout this paper, M,, denotes the space of n x
n complex matrices and H,, denotes the set of all
Hermitian matrices in M,,. For A, B € H,,, the order
relation A > B means, as usual, that A — B is positive
semidefinite. If A, B € M,, are positive definite and
0 <t < 1, the t-weighted geometric mean of A and
B, denoted by A#;B, is defined as

A#,B = A/? (A*l/QBAfl/Q)t AY/2,

When t = %, this is the geometric mean, denoted by
A#B. A norm ||-|| on M, is called unitarily invariant
if

[UAV] = [|All

for all A € M, and for all unitary matrices U,V €
M,,. Throughout, ||-|| denotes an arbitrary unitarily
invariant norm on M,,. For A = [a;;] € M,, the
Hilbert-Schmidt norm is defined by

1/2

n
2
[Ally = [ D lai]

ij=1

It is known that the Hilbert-Schmidt norm is unitarily
invariant.

A, B, X € M, such that A and B are pos-
itive semidefinite. Twenty years ago, Bhatia and
Kittaneh > formulated some matrix versions of the
arithmetic-geometric mean inequality, one of which is

HA”QXB”QH < HAX”BH

5 )

After that, a lot of interesting inequalities for ma-
trices resulted from some classical inequalities for
scalars 3.
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Hiai and Kosaki’ obtained the following inequal-
ity:

1
HA1/2X31/2H < ’ AtXBltdtH
0
AX + XB
|75 e

Meanwhile, these authors also presented a strengthen-
ing of the second inequality in (2):

1
/ Atx Bt dtH
0

AX +XB

1
< - A1/2X31/2
2 H + 2

H 3)

The inequality (2) is a refinement of the inequality (1).
It is also a matrix version of the following inequality:

1
\/Eg/ atb =t dt < “;rb7
0

a,b>0.

Bhatia® proved that if 3 < o < 1, then

1
/ Atx Bt dtH
0

< “4)

AX + XB
’(1 —a)AY2XxBY/? +a+H.

Obviously, it is a generalization of the inequality (3).
The classical Pélya inequality® says that if a, b >
0, then

1
1 b
/ a A< g <2\/ab+ a; ) (5)
0

In this paper, we present some matrix versions
of the classical Pélya inequality and discuss the
relationship between our results and some existing
inequalities which are introduced above.
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MAIN RESULTS

In this section, we shall present some matrix inequal-
ities of the Pdlya type and show some related matrix
inequalities.

Theorem 1 Let A, B € M, be positive definite. Then
! A+ B>

A#,Bdt < % <2A#B + (6)

0

Proof: For a positive definite matrix 7, it follows
by the spectral theorem that there exists a unitary
matrix U € M, such that T' = UDU*, where
D = diag(M1,---,An), A; > 0,1 < j < n. By
inequality (5), we have

1
1 1
/atdtg— 2\/5+a+ .
0 3 2

1
1 D+
/ Dtdt < = <2D1/2++>.
0 3 2

Premultiplying the above inequality by U and post-
multiplying by U* gives

1
] T4
/ Tt < - <2T1/2++>.
A 3 5

Hence

Putting 7 = A~/2BA~1/2 in this last inequality, we
obtain

1

/ (A—l/ZBA—l/Q)t dt < 2 (A—1/2BA—1/2)1/2
0 3

A7Y2BATY2 4 ]

* 6

Then, we have

1
AL/2 (/ (A_l/QBA_l/Q)t dt) AL/2
0

< Zave (A*l/?BA*W)l/2 avz ATE
3

6
That is,

1
/ A#thtgé(QA#B—i—A—'—B).
0

This completes the proof. |

Corollary 1 Let A, B € M, be positive definite. If
% < a <1, then

1
/ A#.B dtH < H(l —a)A#B+ «
0

A+ B
5 .
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This inequality is related to the inequality (4).

Remark 1 By the same method used in the proof of
the inequality (6) and the following inequality

1 1
/aHbt dt = /atbl’tdt <1 (2\/%+ Hb) ,

for positive definite matrices A, B € M,,, we have

1
/ A#ty Bt < é (2A#B+ A;B) e
0

It follows from (6) and (7) that

/1 (A#tB + A#1tB> da
0 2

<2A#B+ A;B> :

which further implies

/1 (A#tB + A#ltB> dtH
0 2

< oans

A+ B
3 .

This inequality means that if % < a <1, then

/1 (A#tB + A#HB> dtH
0 2

< H(la)A#BJra

A+BH

Remark 2 By the same method used in the proof of
the inequality (6) and the following inequality

1
a'ublf'u +a17vbv g 2/ atblft dt7
0

where
1 1 < 1 n 1
S mEX ,U X 5 77
2 23 2 23
for positive definite matrices A, B € M,,, we have

1
A#,B + A#,_,B < 2/ A#.Bdt.
0
This inequality implies

1
||A#1)B + A#l—vB” < 2 ‘ / A#fB dt
0

I

where 1
S-o=<vu<g+
2 23 2

—

1
2V3"
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Theorem 2 If A, B, X € M, such that A and B are
positive semidefinite, then

Proof: Since A and B are positive semidefinite, it
follows by the spectral theorem that there exist unitary
matrices U,V € M, such that A = UA,U* and

1
/ APX Bt de
0

2
< 1 H2A1/2X31/2 + AX +XB
3

5 (®)

2

B = VAQV*, where A1 = diag ()\17 te ,)\n>, A2 =
diag (pe1, -+, hn), With Ay, p; = 0,4 =1,..., n. Let
Y = U*XV = [y;;]. Then

1 1
/ AfXBlffdt:/ (UAMU*)' X (VAL V) de
0 0

1
= / (UALU*) X (VA'V™) dt
0
1
= / UAN (U*XV)AS'V* dt
0

1
= / UN YA V> de
0

1
=U (/ Ay Ay dt) 1%
0

Therefore
1 2 1 2
’ / A'XBYtdt|| = / ALY ATt
0 2 0 2
n 1 2
= < / Atu}—tdt> s
ij=1 YO
Similarly, we have
2
H2A1/2XBl/2+AX+XB
2 2

i Ai + g 2
(3 (v + 25 ) k|- @

i,j=1
By the Pdlya inequality for scalars, we have

n 2

> (/ ) o

ij=1
1 n A + 4 2
i j 2
<3 Z (2 Aiftj + = 5 J) |yis1
7,7=1
This completes the proof. ]
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Remark 3 The Pdlya matrix inequality (8) is sharper
than the inequality (3) for the Hilbert-Schmidt norm.
In fact, in a manner similar to the steps used to obtain
(9), we have

AX + XB|?
2

ll — 1 HA1/2X31/2 +
4 2

1 n )\1+/¢ 2 2
=1 Z< Aiti + j) i1

ij=1

and

AX + XB|?

1
Iy = — ||24Y/2 X BY/?
2 9” + 2

2

1 n /\Z+,u, 2 2
=5 Z(z iy + = ’) i1

ij=1

Hence

lh—la=

:}Z 7

5
6 ij=1 6 z“] 6 (

This inequality implies

AX +XB

Lllgg12x gy +
3 2

2

o 1HAl/2XBl/2+AX+XB
2 2

Remark 4 An inequality weaker than (8) is

1
/ A'X Bt dt
0

2
AX+XB

5 10)

<2 HA1/2X31/2H +
3 2

2

This is also a matrix version of the classical Pdlya
inequality and it is a refinement of the second in-
equality in (2) for the Hilbert-Schmidt norm. In view
of the inequalities (3) and (10), we want to know
the relationship between them for the Hilbert-Schmidt
norm. It should be noticed that neither (3) nor (10) is
uniformly better than the other for the Hilbert-Schmidt
norm. We give two examples:
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Example 1 Let

A _ (34020 3.6003\ . _ (2.5870 0.9160
~\3.6093 3.8283)° " T \1.8520 4.6356)°
B _ (25877 3.5370
~ \3.5370 6.6191 )"
‘We have
1 AX + XB
~|AY2x B2 + = 40.1635
2 2 )
and
2 AX + XB
7HA1/2XBl/2H A TAE 01940,
3 2 6 9

Example 2 Let

A— 4.7484 3.6017 Y — 0.1751 2.7032
- \3.6017 4.0032/° " \0.3509 2.4482 )"’

5 (232871 118153
~ \11.8153 6.0231 )
‘We have
1 AX + XB
Lllavexpue p AX RSN g 0681
2 2 )
and
2 AX + XB
: HAWXBWH n H+ — 331671,
2 2

Corollary 2 Let A, B, X € M, such that A and B
are positive semidefinite. If % < a <, then

Proof: Let

<

1
/ APX Bt dt
2

0

AX + XB
Ty

H(l —a)AYV2XBY? + (11)

2

2
f(z) = H(l — ) AV2xBl/2 4 xw

2

where 0 < x < 1. Next, we prove that if 0 < =1 <
xg9 < 1, then f(z1) < f(x2). In a manner similar to
the steps used to obtain (9), we have

AX + XB|?
r]———————

fx1) = H(l—xl)Al/QXBl/z—i— 5

2

= Z <(1 —x1) /il + 11 5 ]> |yij|2
i,j=1

207

and

AX + XB|?
To———

f(z2) = H(l—mg)Al/zXB1/2+ 5

2
n

-3

i,j=1

A+ e
(1 —22) \/Aipy + 22 5 lyis]”

By a small calculation, we have f(z2) — f(z1) equal
to

2 )\i,U/j + (332 + 1‘1)
s V(5" -v)
ij=1 Ai + g
’ X (z2 — 1) (QMJ -V )\iuj)

which is > 0. The inequality (8) then shows that (11)
is true for % < a < 1. This completes the proof. [

Obviously, the inequality (11) is a generalization
of the inequality (4) for the Hilbert-Schmidt norm.

2
|yij|
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