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ABSTRACT: A Diophantine quadruple is a set of four positive integers such that the product of any two increased by one

is a perfect square of an integer. Here we find general families of the Diophantine quadruple problem using solutions of a

second order recurrence relation over a ring of integers in a number field and a polynomial ring over a field of characteristic

Z€10.

KEYWORDS: generating function, linear second order recurrence relation

INTRODUCTION

The Diophantine quadruple problem (DQP) asks for
four positive integers with the property that the prod-
uct of any two increased by one is a square. Con-
nections among solutions of the DQP with Fibonacci
numbers were first noted by Hoggatt and Bergum'.
This direction has been much generalized. Shannon?
showed that the product of any two distinct elements
of the set

{Wn7 Wn+2r; Wn+4r7 4Wn+rWn+2rWn+3r} (1)
(n,r € N)

increased by ¢™ (W, Wy, — aWh+k)t is a perfect
square where W; is the generalized Fibonacci se-
quence. Morgado? further generalized the set (1) to

{Wru Wn+2ra Wn+2r+257 4Wn+rWn+T+sWn+2r+s}

2
(n,r,s € N) with the conclusion that the product
of any two elements of the set (2) increased by
qt Wy Wy — WhWk)t is a perfect square, where
t=1,h =K = % if there are only two W -factors
in the productand t = 2, h + k = h' + k' if there are
four W-factors in the product. There is also a related
result in Ref. 4.

Besides real numbers, Udrea® considered a poly-
nomial DQP and showed that if (U,),>0 is the se-
quence of Chebyshev polynomials of the second kind,
then the product of any two distinct elements taken

from the set

{Um; Um+2r» Um+4r7 4Um+rUm+2rUm+3r};
(m,r € N)
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increased by U2 - U7 for suitable a, b € N, is a perfect
square. Udrea’s approach is based on identities satis-
fied by Chebyshev polynomials of the second kind.
Morgado® gave a similar result for the Chebyshev
polynomials of the first kind (7,),,, which asserts
that the product of any two distinct elements of the set

{Tn7 Tn+2r7 Tn+4r7 4Tn+rTn+2rTn+3'f‘} (TL, e N)

increased by [(T}, —Tk)/2]" is a perfect square, where
Th, Ty, (k> h > 0) are suitable terms of the sequence
(T,,) and t = 1 or 2 if the number of T-factors in
the product is 2 or 4, respectively. The approach of
Morgado is based on solving a second order recur-
rence and establishing a crucial identity involving four
specific elements which forms a solution to the DQP.
The above results were put into a unified perspective
in Ref. 7 which is based on identities satisfied by
solutions of a linear second order difference equation.
These identities were derived purely in the spirit of
real and complex numbers and applications to the
matrix DQP were given’.

Since the set of integers is the ring of integers
of the field of rational numbers, it is natural to ask
whether a solution for the DQP can be found by ap-
propriately finding four elements among the solutions
of a linear second order recurrence relation in a ring
of integers over any algebraic number fields. Our
objective here is to give an affirmative answer. We
also find here the DQP over the ring of polynomials
over a field of characteristic zero.

Throughout, let F be an algebraic number field
or a field of rational functions over a field of charac-
teristic 0 and let O denote its ring of integers, and
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F8] its polynomial ring. We consider a sequence
(An) n>0 C O satisfying a second order recurrence
of the form
An+1 :pAn - qAn—l (n S N)7 AO = G,Al = ba
where a,b,p,q € OF.
3)
THE MAIN THEOREM

Our main result is a generalization of Theorem 2 in
Ref. 3. The proof here is done via a generating
function approach.

Theorem 1 Let m,r,s € N. Assume that the se-
quence (An)">0 C O satisfies (3). If p*> — 4q # 0,
then each product of any two distinct elements of the
set

{Am7 A’m—i—27'a Am+2r+2sa 4Am+7'Am+7'+sAm+27'+s}

4)
increased by q™ (A Ap — ApAg)t, for explicitly
givent, h, k, W, k', is a perfect square. In addition,
t=1h=FK = # if there are only two A-factors
in the product and t = 2, h + k = h' + k' if there are

Sfour A-factors in the product.
Proof: Let

g(y) = Ao+ Ay + Aoy + -+ Apy™ + -
be the generating function of the sequence (A, )n>0.
Then, using (3), we get

(1= py+ay*)a(y)

= Ao + y(A1 — pAo) + y* (A2 — pAs + qAo)+

Y} (As — pAs + qA1) + ...
= Ao+ y(4A1 —pAy) = a+ y(b— ap).

Working formally in the ring of the formal power
series we let

[PV A o p— VP4
2 ’ 2
be the two roots of the characteristic equation of
the recurrence relation (3). Both roots exist in the
algebraic closure of F' since p? — 4q # 0. We have

a+ y(b— ap)
B 1 (b—ap)+al —(b—ap)—aR
1
= —— ((b — ap) Z L™y +a Z Ltyn
p* —4q n>0 n>0
= (b—ap) Z R"y" —a Z R”Hy").
n=0 n=0

153

Equating the coefficient of y™ and setting cg = b —
ap +al,c; =b— ap+ aR, we have

1
Vp? —4q

This formula for A,, is all we need here. An alternative
approach avoiding the above formal calculation is to
directly check it with (3) and use the initial values
to ensure its uniqueness. We next show that the
following crucial identity holds.

AmAm+r+s + qm (A’I"AS - aArJrs) = Am+rAm+s~

(6)
To prove this identity, we first note that LR = ¢. For
s > r, we have

A, = (coL™ — 1 R™) (n>0). (5

AmAm+r+s - Am+rAm+s
1
— m(—coclqurJrs — coc1g™ RS
_|_ Cocy qm+TLs—r + Coclqm—H’Rs—r)
m
=— 1 (—C()ClLTJ'_S — CQC1RT+S + coc1 R™L?
pT —aq
+ cocr L™ R?)
qm
= m(—COClLT+S - Cocer+S+
(cocr RTL® + coe  L"R® — cAL"H% — A R™T)
+EL + GRT)
qm
T I s
= — S (CoL — ClR )(C()L
P —4q
qm
- ClRS) + ﬁ(—COClLT+S — CoclRT+s
2

+ c%LT+S + AR
= _qurAs + qu
P —4q

= _qurAs + qmaAr+s~

(Co — Cl)<CoLr+s — ClRT+S)

The proof for the case s < r is similar.
We are now ready to prove our theorem. Letting
s = rin (6), we have

AmA'rrL+2r +q" (A72 - ClAg,«) = A72n+r' (M
Replacing r by r + s in (7), one gets

AmAm+2T+25 + qm (Az-i-s - aA2T+2S) = A3n+r+s'

(®)
Let7’, s € Nbesuchthatr +s = 7/ + s'. In (6),
substituting r and s by 7’ and &', respectively, and then
subtracting and adding it to (6), we get

qm (ATAS - AT/AS/)

:Am+rAm+s - Am+r’Am+s’ (9)
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240 Amirys +q7 (ArAs + A Ay — 2aA7'+s)

:Am+7‘Am+s + Am+r’Am+s’ . (10)

In (9), replacing 7, s, 7’ and s’ by 2r + s, 2r + s, 2r
and 2r + 2s, respectively, we have
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Proof: If Ag = 1and A; = p, then (5) becomes
1

An =
p? —4q

(LnJrl o R’n+1)'

Thus for s > r,

Am+2rAm+2r+2s + qm’(A§T+5 - A2TA2T+25) = ArAs — AT+S
A$n+2r+s' (11) _ 1 (Lr+s+2 _ qr+1Ls—r _ qs+le—r
p® —4q
Squaring (9) and (11) and subtracting, we get N RH_S”) B 1 (Lr+s+1 3 RHS“)
2 _
4Am+rAm+sAm+r’Am+s’ + qzm (ATAS - AT"AS’)2 q p 44
=(2A4mAmiris + (A A+ Ap Ay — 2aA,4,))2 = P —4q (—=¢"L°*™" —¢°R*™")
(12) Lr+s+1
+ ———(L—+/p?—4
Letting ' = 0 and replacing s and s’ by r 4+ s and p* —4q ( P ?
2r + s, respectively, in (12), we get Rrtstl
b g : +M(R+vp2—4q)
4Am+rAm+7’+sAmAm+2r+s + q2m(ArAr+s - aA2r+S)2 q s SRS*T
= (2AmAm+2r+s + qm(ArAr+5 - G/AQT+S))2. p2 — 4q (7q -9 )
(13) 4 p2 E 4q (Lr+s + RrJrs)
Replacing s, 7’ and s’ by 2r + s, 2r and r + s, q
vely. = (- R - )
respectively, in (12), we get p? —4q
=qA, 1A 1. (17)

AAn i r Amt2rtsAmyor Amtrts

+ P (A Agp g — Ao Ary)?
= (2AnAmi3rrs + ¢ (ArAgr s + Aap A
— 2ads45))% (14)

Replacing s, 7’ and s’ by 2r + 2s, r + s and 27 + s,
respectively, in (12), we get

4Anr Amt2ri2s AmyrtsAmyar+st+

" (ArAgrios — ArysAsis)?

= 2AnAmiary2st

4" (ArAgryos + ApgsAorys — 2aA3049,))°. (15)

The identities (7), (8), (11), and (13)-(15) prove the
theorem. O
The case s = 1; a, b, p, q € Z is due to Horadam®

and the case s = 7; a, b, p, ¢ € Z is due to Shannon?.

COROLLARIES

The crucial identity (6) in Theorem 1 can be simplified
when Ag and A; are explicitly given.

Proposition 1 Let m,r,s € N. If (Ap)n>0 is a
sequence defined by (3) with Ay = 1 and A1 = p,
then

AmAm+r+s + qm+1Ar71A871 = Am+TAm+s-
(16)

www.scienceasia.org

The proof for the case s < r is similar. Substituting
(17) into (6), the desired assertion follows. O

Using the identity (16), Theorem 1 takes a slightly
simplified form.

Corollary 1 Let m, r € N. Assume (Ay), 5, C OF
satisfies (3) with Ag = 1 and Ay = p. If p* — 4q # 0,
then each product of any two distinct elements of the
set

{Am7 Am+2r7 Am+4r7 4Am+rAm+2rAm+3r}7

increased by q°A% - A2, for explicitly given c, d, and
e € N, is a perfect square.

Proof: Putting s = r, the identity (16) becomes

ApApyo, +q" M AZ = A2 . (18)
Replacing r by 27 in (18), we get
ApAmrar +¢"THA = AT (19)
Replacing m by m + 27 in (18), we get
AmiorAmiar +¢"2HAT_ = A7 L (20)

From (16), we have
4AmAm,+rAm+sAm+r+s + q2m+2A72"—1A§—1
= (Am+rAm+s + AmAm+T+s)2- 21
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Putting s = 2r in (21), we get

4Am Amtr Amtor Amssr + q2m+2A$—1A§r—1
= (Am+rAm+2r + AmAm+37‘)2~ (22)

Replacing m by m + r in (22), one gets

4Am+rAm+2rAm+3rAm+4r +4q

- (Am+27‘Am+3r + Am+rAm+4r)2-

2m—+42r+2 42 2
Ar— 1 A2r—1

(23)

Replacing m by m + r and letting s = r in (21), we
have

2 2r4+2 A2 2
4Am+rAm+2rAm+2rAm+3r +4q R ArflArfl

- (Am+2'r’Am+2r + Am+rAm+3r)2~ (24)

The identities (18)-(20) and (22)-(24) prove the corol-
lary. ]

With another set of initial values, we deduce the
following proposition.

Proposition 2 If (A,,),>0 is a sequence defined by
(3) with Ag = 1 and Ay = p/2, then

m

AmAerrJrs + q?(qurfs -

(r=s>0,mz0).

A'r+s) - AerrAers

(25)

Proof: Putting Ag = 1 and A; = p/2 in the proof of
Theorem 1, the expression (5) becomes

1
A, = i(L” + R").
Thus forr > s,

ATAS - Ar+s
1 1
:1 (Lr +Rr) (Ls +Rs) _ 5 (LT+S +Rr+s)
1 1
:i<qer—s +qur—s) _ Z(Lr—',-s 4 Rr+s)
1 1 1 1/1 1
=g 275 “pr—s |\ _ — *LT+S ~ pr+s
24 <2 Tk > 2 (2 T3k )
1

:7(qurfs

. — Ay,

Substituting A, As; — A,4s into the identity (6), the
desired assertion follows. O

Using the identity (25), we obtain the following
corollary.

Corollary 2 Let m, 7 € N. Assume that (A;),~, C
O satisfies (3) with Ag = 1 and A1 = p/2. If p? —
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4q # 0, then each product of any two distinct elements
of the set

{Arru Am+2r7 Am+4r7 4Am+rAm+2rAm+3r}7

increased by {%(chd —q°Ay) }t,for explicitly given
¢ d, e f,andt €N, is a perfect square.

Proof: Letting s = r in (25), we have

(26)

m-+r:

qm r _ 2
AmAm+2T + 7((] AO - A2’I‘) =A
Replacing r by 27 in (26), one gets
ﬂ 2r o A2
AmAm+4r + 9 (q AO A4r) - Am,+2r- (27)

Replacing m by m + 27 in (26), one gets

m—+2r
Am+2rAm+4r + (qTAO - A2T) = A72n+37"
(28)
From (25), we have
4AmAm+rAm+sAm+r+s
q" ?
+ <2(qur—s - A7‘+s)>
= (Am+rAm+s + ATYLAm+T+S)2' (29)

Observe that the recurrence (3) with two fixed initial
values uniquely determines the sequence elements A,
for all integer indices both positive and negative, i.e.,
for all n € Z. This is in agreement with defining the
sequence elements of negative suffixes as

1/ 1 1
Aon = 2(Ln+Rn>
nA"'

1 /R L™ 1
i)
2\  q" q

Letting s = 2r in (29) and using (30), we get

and so

(30)

m 2
4AmAm+rAm+2rAm+3r + ((IQ(QTAT - ABT))

= (Am+rAm+2r + AmAm+3r)2- (31)
Replacing m by m + r in (31), we get
4Am+7'Am+27'Am+37'Am+4r
an-‘rT 2
+ ( (qTAr - A37‘)>
= (Am+2TAm+3T + Am+rAm+4r)2~ (32)
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Replacing m by m + r and letting s = 7 in (29), we
have

4Am+rAm+2rAm+2rAm+3r
qurr 2
(T - )
- (Am+2rAm+2r + Am+7’Am+3r)2~

The result follows from identities (26)-(28) and (31)-
(33). a

APPLICATIONS

A large number of known solutions are special cases
of our results as we now show.

(33)

Example 1 (Fibonacci Sequence)
Let F = Q. Taking

the recurrence (3) becomes
An+2 = AnJrl + A, (TL = 0)

The sequence (A,) so obtained is the classical Fi-
bonacci sequence, (F),). Corollary 1 shows that a
product of any two distinct elements of the set

S = {Fm7 Fm+2r7 Fm+4r7 4Fm+rFm+2TFm+3r}
(m,r € N)

increased by F7 - F2, for suitable positive integers
d and e, is a perfect square. Indeed, the proof of
Corollary 1 gives

FnFogor + ()" F2 = F) .
FoFogar + ()" = F2 L,
FrorFogar + (F1)"TE2 = F2 5,
AFy Foyr Fyor Fngar + Fro Fay
= {FpsrFrngor + FonFpyar}” .
4F v Fonor Frnar Foear + Fr 1 Fa g
= {FntorFontar + Fongr Frngar} -
AF v Fovor Fopor Frnsar + P F2
= {FpiorFryor + Frgr Fpugar )
The case where m is odd and » = 1, which shows the

set S is a solution of the DQP, is due to Hoggatt and
Bergum!. The case of even m is due to Morgado®.

Example 2 (Lucas sequence)
Let F = Q. Taking

www.scienceasia.org
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the recurrence (3) is the same as the one in the last
example and the sequence (A,,) so obtained is the
Lucas sequence (L, ). From Theorem 1 and by setting
r = s, the product of any two distinct elements of the
set

{Lm7 Lm+2ra Lm+4ra 4Lm+er+2er+3r};

increased by (—1)*(Ly Ly — Ly Ly)?, for explicitly
given b/, k’, h, k, and ¢t € N, is a perfect square. In
particular, if m = 2 and » = 1, the product of any
two distinct elements of the set S = {3,7,8,1232},
increased by 25 or decreased by 5, is a perfect square.

Example 3 (Fibonacci polynomials)
Let F=Q(z). Taking

Ag=a(z) =1, A1 =b(z) = p(z) =z, q(x) = —1,

the resulting sequence (A4,,) in (3) is the sequence of

Fibonacci polynomials (F,,(x)),>0 defined by
Fria(2) = 2Ania(z) + Fo(z) (n 2 0),
FQ(Q?) = 17F1($(,‘) =xT.

(34)
(35)

Corollary 1 implies that each product of any two
distinct elements of the set

{Fm(x)a Fm+27'(x)7 Fm+47-($),
4F 1 (2) Fin2r (%) Frgesr ()
increased by +F7(z) - F2(z), for suitable positive

integers d and e, is a perfect square. In particular,
taking m = r = 1, we deduce that the set

(m,r € N)

{Fi(z), F3(x), F5(x), 4Fs(z) F3(x) Fa(2) }
= {z,22 + 23, 3z + 42® + 2°,
8z + 3623 + 482° + 2427 + 427}

solves the DQP with

Fi(z) - Fs(z) + 1= (22 + 1)?

Fu(@) - Fy(o) + 0% = 2%(z + 2)°

Fy(x) - 4Fy(2)F3(2)Fy(z) + 2° = 2%(2 + 2)?
Fy(x) - Fy(x) + 1= (14 322 + 2*)?

F3(z) - 4F5(x) F3(x) Fy(z) + 1

= (1+ 82% + 8z + 226)?

Fs(x) - 4Fy(2) F3(2) Fy(z) + 2°

= 2%(5 + 142% + 102" + 22°)%.

If we put x = 1, then the derived set {1,3,8,120}
gives a Fibonacci quadruple.
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Example 4 (Chebyshev polynomials)
Let 7=Q(z). Taking

Ap =a(z) =1,A; = b(z) = p(z) =2z,q(x) =1,
the resulting sequence (A,) in (3) is the sequence
of Chebyshev polynomials of the second kind,
(Un(2)),,50- Corollary 1 gives the result proved by

Udrea®: the product of any two distinct elements of
the set

{Um (:C), Umior (:L‘), Um+4r($)7

Untr (@) Umg2r () Umy3r ()} (m, 7 € N)
increased by U3 (x) - U2 (), for suitable d, e € N, is a
perfect square.

Taking Ag = a(x) =1, A1 = b(z) =z, p(x) =
2z, g(x) = 1, the resulting sequence (A4,,) in (3) is the
sequence of Chebyshev polynomials of the first kind,
(T ()), - Corollary 2 yields a result of Morgado®:
the product of any two distinct elements of the set

{Tm (37) y Tm+2r (l‘) 5 T7rz+4r (-73) y

Tontr (2) Ting2r () Ty ar(2)} - (m,r € N)

T (@)~ Ti(z) |
2

increased by { , for suitable integers

k > h > 0where tis 1 or 2, is a perfect square.

Example S (Pell polynomials)
Let 7 = Q(§). Taking

Ap=a(z) =0,A; =b(z) = 1,p(z) = 2z,q(z) =

the resulting sequence (A4,,) in (3) is the sequence of
Pell polynomials, (P, (x)) which satisfies

Poia(z) = 20Pyy1(x) + Po(x) (n = 0).

By Corollary 2, the product of any two distinct ele-
ments of the set

{Pm(x), Pm+2r(x)v Pm+4r($)a
Py (%) P2 (2) P g3 (7) }

increased by (—1)¢ {P(z)P.(z)}?, for suitable pos-
itive integers ¢, d, and e, is a perfect square. In
particular, if m = 2, r = 1, then the set

(m,r € N)

{P2(z), Py(x), Ps(x),APs(2) Pa(z) Ps ()}
= {2z, 8% + 4, 322° + 322° + 6z,
162 + 2882° 4 15362° + 307227 4 20482}

157

solves the DQP because

Py(2)Py(z) +1 = (1 + 42%)?
Py(z)Ps(2) + 42 = 1622 (1 + 227)%;
Py(x)(4P3(x) Py(2) Ps(x)) + 42°

= 42°(3 + 2422 + 322%)?

Py(x)Ps(z) +1 = (1+ 1222 + 162*)?

Py (z)(4Ps(z) Pa() Ps (z)) + 1

= (1 + 3227 + 128z* + 12829)?

Ps(z)(4Ps(z) Py(x) P5(x)) + 4a®

= 42%(5 + 5622 + 160z + 12825)2.
If we put x = %, the resulting set {1,3,8,120}
gives a Fibonacci quadruple. If we put = 1, then
the product of any two distinct elements of the set
{2,12,70,6960}, increased appropriately by 1 or 4,
is a perfect square.

Example 6 (Quadratic number fields)
Let F = Q(\/ﬁ) be a quadratic number field with
d € Z, D square-free. Taking

Ay=a=A,=b=p=1,g=—-VD
in (3), we have
Api1 + VDA, (n>0).

An+2 -

By Corollary 1, the product of any two distinct ele-

_ 1, ments of the set
b)

{Am7 Am+2r7 Am+4r7Am+rAm+2rAm+3r}
(m,r € N)

increased by (f\/T))CAgA?, for suitable positive in-
tegers ¢, d, and f, is a perfect square. In particular, if
m = r = 1, then the set

{A1, Az, A5, 4A2A3A,%

solves the original DQP.

The reader may explore the Diophantine quadru-
ple problem over quadratic number fields in Refs. 10,
11 where the author studies the existence of Diophan-
tine quadruples in Z[(1 + v/d)/2] and Z[/4k + 3].

Example 7 (Cyclotomic field)
Let x = (,,, be a primitive mth root of unity and let
F = Q((m). Putting

Ay=a=1A1=b=p=_(pn,q=—1

www.scienceasia.org
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in (3), the derivations follow formally as in Example 3
and we deduce that the product of any two distinct
elements of the set

{1,1 + 2Gm, 1 + 4G + 3¢2,
4+ 24, +48¢2 + 36¢3, + 8¢}

increased by 1 or (2, is a perfect square of an element

in the ring of integers O = Z[(y]. If m = 2, then
we obtain a well known DQP set {1,3,8,120} and
aset {1,—1,0,0} in which a product of two distinct
elements increased by 1 is a square.

As a final application of our approach, we derive
some analogues of Catalan’s identities and generalize
some identities for Chebyshev polynomials.

Example 8 (Catalan’s identity)

For a sequence (A,,), >0 defined by (3) with Ay = 1,
Ay = p, replacing m by m — 1 in Proposition 1 we
have

AmflAm+r+sfl+qur71Asfl = AerrflAersfl'

(36)
Taking p = 2z, ¢ = 1, we get an analogue of the gen-
eralized Catalan’s identity for Chebyshev polynomials
of the second kind, namely,

Unm-1(@)Ungrts—1(x) + Ur—1(2)Us—1(2)
= m+T—1($)Um+S—1(x)-

(37
(38)
Taking p = 1, ¢ = —1, we get an analogue

of the generalized Catalan’s identity for the shifted
Fibonacci sequence, namely,

AmflAerr«stl + (_1)mAT71A871
= AerrflAersfl'

Since Ay, = Fy41, we have

FmFm+T+s + (_1)mFTFs - FerrFersa (39)
which is a generalization of the Catalan’s identity due
to Everman, Danese, and Venkannayahlz.

To get more Catalan type identities for Chebyshev
polynomials of the second kind and for the Fibonacci
sequence, putting m = n — r and r — s in (37) and
m =mn —rand r = sin (36), we get, respectively,

Un—r—l(x)UrH—’r—l(x) + U?_l(x) = Us—l(x)7
FovFrpr+ (1) "F? = F2

Similarly, for a sequence (A,,),>o defined by (3)
with Ay = 1, A; = p/2, replacing m by m — 1 in
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Proposition 2, we get
m—1

2

Am—lAm+T+s—1 + 1 (qSAr—s - Ar+s)

= Am—i—r—lAm—i-s—l (T =852 O,m = 0)

Taking p = 2x, ¢ = 1, we get an analogue of a gen-
eralized Catalan’s identity for Chebyshev polynomials
of the first kind, namely,

Tt )T o1 (0) + 5 (T (@) = T2}
= Tongr—1(2) Ty s—1(x).

Since
1
(2* = DUz () = 5 {Tonsa(2) = 13,
for positive integers r > s of the same parity, we have

Tm—l(x)Tm+r+s—1($)+
@ =) {Uh s (@) - Ve ()]

= m-t,-r—l(x)Tm—&-s—l(x)' (40)

Replacing m by m — r + 1 and letting r = s in (40)
and noting that U_4 (z) = 0, we have

Ton—r (@) Tingr (@) + (1 = xQ)UE—l(w) = T’I?I(x)7
which is an identity due to Udrea’.

FURTHER RESEARCH

In our work, for F an algebraic number field or a
rational function field, we have constructed a finite set
S C Og in which products of two distinct elements
added by some elements in Ox are square. For con-
venience, we define the following term: for any finite
set S, the set S has the property D(aq,as,...,a;) if
for any s,t € S where s # t, st + a is a perfect square
for some a € {ay,as,...,a;}. From Example 2 and
Example 5, the set {3,7,8,1232} has the property
D(—5,25) and the set {2, 12, 70,6960} has the prop-
erty D(1,4). An interesting remark about the property

D(al,ag, S 7al) iSthatif{Sl,Sg, R ,Sn} C O has
the property D(a1, as,...,a;), then for any m € Ox
the set

{ms1,msa,...,msy}

has the property D(m?ai, m2as, ..., m2a;).

It has been mentioned in Ref. 13 that there is no
set of four natural numbers with the property D(n) if
n is an integer of the form 4k + 2, k € Z. However,
this is not true if we consider this problem over
rational or other algebraic number fields. For example,
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the set {1,28,137 497} is D(2) over Q which is
constructed from the set {1,112,137,497}, a D(32)
set. The set {\/573\/5,8\/5, 120\/?} is a D(2) set
over Q(+/2) which is constructed from {1, 3,8, 120},
a D(1) quadruple set. However, these two examples
are not considered to be new because they can be
constructed from the known solutions. On the other
hand, if we consider only the integer case, then we
know that {1,2, 7,17} has the property {2, —1}. So
one may ask if it is true that for any integer k there are
an integer n and a set of four integers with the property
D(4k + 2, n). This question still remains open.
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