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—1)/(Yn—2 + Yn-1) is

xff:jﬁf? xfff;) . A general

hi(n)

ha(n)
n—1 Tp—2 "

solution of this equation is determined by solving its associated linear difference equation. Several known results are derived
as special cases. Connections of the case £ = 2 to continued fractions are elaborated.
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INTRODUCTION

Rational recursive equations of the form

Yn+e = f(yn+1€—1, e ,yn+17yn),

where f is a given rational function, have been of
much interest recently both in their own right and
because of their applications to various other fields 2.
More related recent works can be found in Refs. 3-8.
It is natural then to seek closed form solutions of such
equations whenever possible. With explicit forms
of solution, numerical computations can be directly
implemented and further aspects such as asymptotic
behaviour, periodicity, or other qualitative analysis
can be treated in a straightforward manner. Rhouma®
gave a closed form solution to the rational recursive
difference equation

YnYns1 — 1
Yntoa = =, (1
nt Yn + ynJrl

which originated from an open problem in the book !
(see also Ref. 2 where global asymptotic stability of
its solution is discussed). Rhouma’s technique is first
to transform (1) to an equivalent form of

Wn+1 +D)Wn +1) = (o1 = Dy — 1)

(2
wherei = +/—1, or

yn+2_i:yn+1_i.yn_i
yn+2+i Yn+1 +1i yn+i,

yn+2 =1
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which is a difference equation of the form
Tpi2 = QLpy1Tn. (3

A closed form solution to (3) is then derived in terms
of the Fibonacci numbers. In Ref. 10, this technique is
employed to derive an explicit solution of the equation

: (Tp +Tm)
Ynte =1 )

T, ~ T
where
Ty = (Ynso—1 +1)* o (yn +1)
and
T = (Ynto—1 — i)Al oo (yn — i)A@7

extending (2). In the last section of Ref. 9, Rhouma
illustrates how rational recursive equations, generaliz-
ing (3), of the form

Ag,j

-1
Tnas :cHan (n e NU{0}), 4)
7=0

with initial conditions xg, x1, ..
form solutions

.,x¢_1 have closed

1
B, A
Ty =¢C Ha:j , ®))
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where the sequences {ng{ )} satisfy
ngzJJ)ré = Z Aé—mmg—&)-m’
m=0
() _ i) _ :
A =160 =0 (0<j#m<e-1),

and the sequence {B,,} satisfies

£—1

Bryr =14 ArmBpim, 6)
m=0
where By =8, =...=%B,_1 =0.

Our objective here is to present in detail an al-
ternative and direct approach to solving the rational
recursive equation

h1 (n) hg(n) .

h(71 (n)
n—1 Ln—2 T

e AN )

n—~{
where n > ¢, generalizing (4).

GENERAL EXPLICIT SOLUTION

In this section, we solve the equation (7).

Theorem 1 Let ¢ € Nand c € C\ {0}. Let hq, ...,
he be functions from Ny := N U {0} to C with

he(n) # 0 for all n. Let {Gg)}n>0 AR {Gg)}rpo

be { unique sequences satisfying the linear recurrence
GP =G, -~ ()G =0, ®)

forn>=/tlandj=1,2,... 0 with given initial values

G0, =66g) (Lj=12...0, O

where §(i,7) is the usual Kronecker delta taking
values 1 if i = j and 0 otherwise. If {xy}n>0 is a
sequence of complex numbers satisfying the recursive
equation

hi(n), ha(n)

he(n)
Ty = CTy Tyl T (

n—~_

n=10), (10

with given initial values x, ..., xy—1 chosen so that
all remaining x,, are uniquely well-defined, then the
solution of (10) is given by

0—1 GU+D
e =) [T (pf&)) C @m0, ay
where P.(n) is a particular solution of (10).
Proof: Given the initial values xg,...,xs_1, the

equation (10) uniquely determines all the elements x,,
for n > £. It thus suffices to verify that the general
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form of the solution to (10) is given by (11). Putting
i =1,...,¢ — 1, into the right-hand side of (11), we
get, respectively,

Te—1

Fl0) <Pf<oo>>1 (Pf@))o . (P(f—n) =
0 1 0
P“(”(Pffm) (Pffl)) (P(tfn) -

This shows that (11) holds for all the initial values.
Putting n = £ into the right-hand side of (11), we get

Fld i] (7)

-0 <Pf(00) ) . (Pf(ll) ) = (P’g(cé—ll)) .

O helt=1) (o

Pc(o)hz(Z)Pc(l)hz(f—l) Pl — 1)h1(€)
xgz(é)xllw(é—l) . x?i(f)

Ggli+1)

= PC(Z)
=c = Xy,

by (10). Next, suppose that (11) is true for all n =
0,1,..., k. Then

—1
h; (k+1)
wen = e [T o
j=1
¢ -1 GgUry
T; k+1—j
= P.k+1—3j -
I (resi-a 1 (55)

£
=c|[]P(k+1—j)t+D

j=1
-1 ( l‘i )an_o hon (k1) G
i=0 Pe(i)
—1 (i+1)
€T, k+1
chc(k—l—l)H(P(Zi)) .

=0

By mathematical induction, we conclude that (11)
holds for all n > 0. O

Remark 1 The shape of the solution given in (11)
may be easily obtained through the following formal
manipulation. Taking the logarithm of (10), we get the

www.scienceasia.org

hj(k+1)
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linear difference equation

log z,, = logc + ze:hi(n) log z,,_;. (12)
i=1
Putting f(n) := log z,,, the recurrence (12) becomes
f(n logc+Zh (n — 1) (13)
Since each sequence in the system
fin) =GP, foln) = G (n>0), (14)

satisfies the homogeneous recurrence (8) and the sys-
tem is C-linearly independent because of the initial
conditions (9), the general solution of (13) is given
by 11

) log B; + log P.(n)

ﬂG()),

Thus the

L
n) =2 filn
i=1
G G(Z)

—log (P.(n) A7 65

where 3; (i = 1,2,..., £) are constants.
general solution of (7) is given by

G(l) G(Q) G()
xn = el = (n

Pe(n) By By -+ By (n=0).
To determine the §;’s, substituting n = 0,1,..., £ —1
successively in this last expression and making use of
the initial conditions (9), we get

/81 - xO/Pc(O)a ce aﬂf - xf—l/PC(e - 1)

Remark 2 In the result of Theorem 1, if ¢ = 1, we
can simply take P.(n) = 1 forall n. If 1 — hy(n) —
ha(n)—---—hg(n) is a non-zero constant independent
of n, say equal to 1/ H, then we can take P.(n) = cf,

a constant independent of n.

CONSTANT EXPONENTS

If the exponent functions hi(n), ..., he(n) in (7) are
constants, then the result in Theorem 1 gives the
following corollary.

Corollary 1 Let ¢ € Nand c(# 0), Ay,..., Ag (#0)
€ C. Let {xy }n>0 be a sequence of complex numbers
satisfying the recursive equation

AllAg

T T, (15)

_ A Az

Lol = an+€71$n+Z72
with the initial values x, ..., T¢—1 being chosen so
that all remaining x.,, are uniquely well-defined. Let

{G,} be the unique sequence satisfying

Gn+€ - AlGn—i-Z—l - AZGn =0, (16)

www.scienceasia.org
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with given initial values Gy, . ..,Gy_1. Assume that
the sequence {G,,} does not satisfy any recurrence of
the form (16) of lower order. Then the solution of (15)
is given by

= Pe(m) 57 By B (0

where P.(n) is a particular solution of (4) and the

2 (), (17)

Bj (7 = 1,...,£) are successively determined from
the system, fork =0,..., £ —1,
cx,‘?jrg_l xfillx,‘?‘ =P, ﬁG”’“ 1 2Gk~ (18)

Moreover, if kg :=1— (A1 + -+
solution of (15) is given by

+ Ay) # 0, then the

Gz
Bt

The result in Corollary 1 can be made more explicit in
terms of the roots of the characteristic equation of (16)
as we now see.

x, = ct/r Blc"_lBQG"_?-u (n>=10).

Corollary 2 Let the notation be as in Corollary 1. Let
all the distinct roots of the characteristic polynomial,

C(X)=X'— A X" — A, X2 ... — A,
be Rh...,
m,. so that my + - -+

(15) is

x, = P.(n) exp (Z <Z apim ) RZ) , (19)

k=1

R, with respective multiplicities m, . ..,
+ m,. = £. Then the solution of

where the coefficients ags(1 < s < mg,1 < k< 7r)
are uniquely determined from the given initial values
LOy-o-yLp—1-

Proof: By a well-known theorem about linear dif-
ference equations with constant coefficients (see e.g.,
Chapter 2 of Ref. 12) the general solution of (16) is

f(n) = (1111 + -+ a1,m, M mlil) Rn
+ (arl + -+ Qpr m,. T mT—l) Rn

which then yields the general solution of (15) as the
one in (19). U
As illustrations, we work out closed form solutions of
the two simplest cases followed by that of the general
case.

Corollary 3 Let the notation be as in Corollary 2. If
all the roots of the characteristic polynomial C(X)
are simple, then the solution of (15) is

= P.(n)exp (iR} + -+ + b RY),
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with the coefficients b; given by

bj=D;/D (j=1,...,0),
where
1 1 1
R, Ry - Ry
D._| B R R2
R RS R
= H (Rs - Rt)
1<s<t<l

and Dj; denotes the determinant obtained from
D by replacing the jth column by the vector
(Log(x0/P.(0)), .., Log(we—1/Po(f — 1)) )T
where Log denotes the principal branch of the
complex logarithmic function.

Corollary 4 Let the notation be as in Corollary 2. If

the characteristic polynomial C(X) has only a single

root R with multiplicity !, then the solution of (4) is
Ty = Pc exp (Rn(do + dln + .+ dlflneil)) y

with the coefficients d; given by

d;j=D;/D (j=0,....0—1),

where
1 0
1 1 1
p.—[1 2 2¢-1
1 (t-1) (¢—1)~1!

£—1

=)D 21— 21
and Dj denotes the determinant obtained from D by
replacing the jth column by the vector

Log(zo/Pc(0))
R~ Log(x1/P.(1))

R—H1 Log(xg:,l/Pc(é —1))

Explicit forms of the coefficients ays in the general
closed form solution of Corollary 2 can be obtained
from a much more complicated determinant formula
(see e.g., p. 283 of Ref. 13).
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Corollary 5 The solution of (4) is of the form (19)
with the coefficients ays being given by aps = Dys/D
where

D:=|(-1+\)° 11%,;1“1(1675)7A
r o mp h—1
=1I1I <(t IR [T (Re - Rk)mk> :
h=1t=1 k=1

Here the notation is such as to display a typi-
cal term, rows indexed by the { pairs (k,s) ar-
ranged lexicographically and columns by \ =
1,2,...,0. Dy denotes the determinant obtained
from D by replacing the (k,s) column by the vector
( Log(x()/Pc(O))v ce 7LOg<l‘£—1/-Pc(Z - 1)))T

The next three examples demonstrate that the closed-
form solution of (3) and those in Lemmas 3 and 4 of
Ref. 9 are special cases of our results.

Example1 Let/ =2, A1 =1, Ay = 1l,and ¢ = «
so that {G,,} is the sequence of Fibonacci numbers
{Fn}n>0 = {1,1,2,...}. By Corollary 1, a closed-
form solution of (3) is

T, = a—lﬂf‘nflﬁg‘nf2 (TL > 2)7

where 31, 02 are successively determined from (18).
We have

ax1mo = a B By° = a ! B1fa,
152
=« 61&27

— o 1pF2pFy
arexr; = o 526,

and so 81 = ax; and f2 = axg. Thus the explicit
solution of (3) is

_ Fn_1 Fp_
— 1+(F"_1+F"_2)1‘1n 1x0n 2

Fn_1  Fn_2

(n>2),
which agrees with Lemma 2 in Ref. 9.

Example 2 Let/{ =3, A1 =0, A, =1, A3 =1 and
c = 1. The recursive equation to solve is

Tn43 = Tn41Tn- (20)

The sequence {G), } satisfies

0=Gngs — A1Gnyo — AsGrp1 — AsGy,
- Gn+3 - Gn+1 - Gn;

and for convenience we take as initial values

Go=0,G1 =1,Gy =0.

www.scienceasia.org
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By Corollary 1, a closed-form solution of (20) is

xn — /Bl(;nflﬂganﬁgn737

where (31, B2, B3 are determined from

Ga nG1 G
T1xTo = T3 = ﬂ1 2B2 153 0= B2
G3 nG2 G
ToX1 = Ty = 51 SBQ 253 t= 5153

T3y = x5 = B4 BT3B = Bifa.
Here, 82 = xgx1, £1 = x2 and B3 = z yielding

T, = (x2>Gn71 (xoxl)anz (xl)ana

_ Gno2 Gn_2+Gn_3 Gn_1
=Ty Iy T

This agrees with Lemma 3 in Ref. 9.

Example 3 Let/ =3,4; =1, A, =0, A3 = 1, and
¢ = 1. The recursive equation to solve is

Tn+3 = Tn42Ln- 21

The sequence {G,, } satisfies

0=Gnt3 — A1Gny2 — A2Grq1 — A3Gy,
= Gn+3 - Gn+2 - Gn7

and we take as initial values Go = 0,G; = 0,Go =
1. By Corollary 1, the solution of (21) is x, =

/BlGn,—lﬂgn,—QBgn—S, where ﬂl’ BZ, ﬂg’ satisfy
:x3:ﬂf26§1650 :Bl
=Xy = /8?3,8202651 - /8152

Ga 2Cs oG
TaTo = 231170 = 15 = By By By = B1B2Bs.

L2Z0

T3T1 = T2T1X0

HCI‘C, 61 = I2X0, ﬁg =, and 53 = T2 yielding

Grn-1, Gn2 Gn_3 G G

— n—1,Gn-2_ G,
T o =T T To "

Ty = ($2x0)
This agrees with Lemma 4 in Ref. 9.

Next, we will give a solution of (4) in a slightly
simpler form than the one in (5).

Corollary 6 Let the notation be as in Corollary 1. Let
{Gn} be the unique sequence satisfying

gn+€ - Algnﬁ%fl - A2gn+572 - AZgn = 07

with initial values

Go=Gi=--=Gp2=0,G,1=1 (22)

www.scienceasia.org
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Then the solution of (15) whenn > ( is

By AIGn A, e
Ty =C Ty ]

A2Gn 1+ +AeGn_ri1
“Ty_g

Ar_1Gn-1+A0Gn—
"rll 1Gn—1+A1Gn_2

AeGn—1
.xO

where the sequence {B,,} is as defined in (6).

Proof: In (17) we express all the §3;’s in terms of the
initial values xo, ..., zy—1 neglecting the coefficient
term for the time being as this term is more easily
computed via (4). This causes no harm due to the
uniqueness of the solution. Because of the chosen ini-
tial values (22), the sequence {G,, } satisfies no similar
recurrence of order lower than ¢ and the explicit form
(17) together with the system (18) continue to hold
with the sequence {G,, } in place of {G,, }. The choice
of the initial values (22) also enables us to easily
obtain the 3;’s from the system (18) successively as

_ Aj A Ag .
Bi =k’ 2,75 ity Gj=1,...

a€)7

where ~ denotes the coefficient term independent of
the initial values xzq, ..., xy—; and may change from
step to step. Substituting these values of j3; into (17),
we get

Tn = (m,)(x?jlx?_22 T "17645)61”71
A A A e A —
@Ry ) (gt ) e

N AG, e+ AGL e AG 14+ AGr g1
= (K)xy 4 Ly
. :L‘fLIGW'_1+AZG7I'_2.%‘64£G”71.

To determine the coefficient term, we use (4) succes-
sively starting with

A

Ty = cxf_llefQ oY xé‘e.

This is the coefficient term in z, = ¢ = ¢P¢. Next,
from

A
Tpp1 = cxflefl cexyt le‘

¢(c-termin mj)Al (term in z,)
— Cl+A1 (

term in «;) .
This is the coefficient term in

Toy1 = AL = (B

The general case follows at once by induction. U
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We indicate how the two rational recursive equa-
tions considered by Li-Zhu? and two further ones
considered by Rhouma® can be easily transformed
into the form treated in our main results. We start with
the two equations in Ref. 2,

a+ Tp42Tn

iy = 22 0,1,2,..), (23

Tnts Tn+42 +xn (n ) ( )
a+xn+1xn

g = Ty 0,1,2,..), (24

Fnts Tn+1 +xn (n ) ( )

where a € [0, c0) and the initial values xg, 21, and x5
are positive. Rewriting (23) and (24), respectively, as

(o) - (22 ) (2%).
(o) = (220) (25%)

wn_\/a
zn+va’

and letting U, :=
become, respectively,

the above equations

Un+3 - Un+2Un7 Un+3 - Un+1Un;

whose closed-form solutions are deducible from
Corollary 1 and from which their global asymptotic
stability can be analysed.

Next, we consider two more rational recursive
equations taken from sections 4 and 5.2 of Ref. 9
starting with

o yTL—k+1yn—j+1 +a

Yn+2 = s
Yn—k+1 T Yn—j+1

(25)

where @ > 0, and k,j € N, k£ > j. Equation (25) is
equivalent to

(yn+2 - \/5) _ <ynk+1 — \/Zl) (ynj+1 —+a
Ynt2 TV Yn—k+1 +Va Un—j+1 +Va

Letting U, := (yn —+v/a)/(yn ++/a), the above
equation becomes U,y = Up_p41Un—jy1, or
Un+k+1 = UpUpi—j, which is of the desired form.

Now for our final application, consider the ratio-
nal recursive equation

Tn+k — Tn (

>0
Tn +a n > 0),

Tnt+k+1 = QA (26)
where k € N, k> 1, a € R and zy, . . ., j, are given
initial values none of which is equal to —a. Via the

substitution x,, = a(y, — 1), (26) is equivalent to

a(Ynyk — 1) —alyn — 1)
a(yn - 1) +a

a(Ynikt1—1) =a

)

OF Yntkt1 = YntkY,, 1> which is of the desired form.

141

CONTINUED FRACTIONS

The case ¢ = 2 of Theorem 1 is closely connected
with continued fractions and we will show that the
exponents in the solution (11) can be read off from
the numerators and denominators of convergents of a
specific continued fraction. We give the case ¢ = 2 of
Corollary 1 with the 3;’s explicitly computed.

Corollary 7 Let ¢, hq, ho be three non-zero complex
constants. Let {G,}n>0 be the unique sequence

satisfying

Grn —hGno1 —hoGr2=0 (n>2), @27
with given initial values Gy, G1 chosen so that B :=
G1G_1 — G3 # 0, where G_; = %;100 If
{zn}n>0 is a sequence of complex numbers satisfying
the recursive equation

hi ha

Ty =cxyt g 2, (n>2), (28)

with given initial values xg, x1 chosen so that all
remaining ., are uniquely well-defined, then the
solution of (28) is given by

G1Gpn—1-GoGn

2 = Po(n) (%) :

G_1Gn—-GoGp_1
(r)
P.(1)

where P.(n) is a particular solution of (28).

(n>2),

A particular case of Corollary 7 where ¢ = 1, Gg = 0,
G = 1 gives rise to the following corollary.

Corollary 8 Let hy, hy be two non-zero complex

constants. Let {Gp}n>0 be the unique sequence
satisfying

Gn —hGro1 —haGr2 =0 (n>2),
with given initial values Gy = 0,Gy = 1. If

{zn}n>0 is a sequence of complex numbers satisfying
the recursive equation

. hl }Lf_)

Tp = xnfl xn72 (7’L > 2)3

(29)
with given initial values xo, x1 chosen so that all
remaining ., are uniquely well-defined, then the
solution of (29) is given by

Ln

= xé”G"’l xf” (n > 2).

www.scienceasia.org
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Next, let us review some relevant facts about con-

tinued fractions %13, Define the sequence {S,},>1
by
a
Sn = b() + 1a2
b1 + ; 3
2 + b3+_
"+CLn
bn
::bo—I—[al/b17a2/b2,...,an/bn] (n}l)

If the sequence {Sn}n>1 converges with respect to
some appropriate topology, we write

ay

a2
as

b3+_

Seo 1= lim S, =bo +

n—0o0

b +
by +

bo + [a1/b1,a2/ba, . . ] (30)
and call it a (non-regular) continued fraction of the
element it represents. S, is called the nth convergent
of the continued fraction (30). If

alzagz---zlandbieN (i}l),
then (30) is customarily denoted by [by, ba, b, .. .].
Let

pP-1= 17p0 = b07 qd—1 = 07(10 = 17 (31)

and define p,,, ¢,, as the numerator and denominator
in the expression

Pn

=S5, (n>1).
dn ( )

(32)
It is well-known (see e.g., Chapter 2 of Ref. 14 or
Chapter 1 of Ref. 15) that the sequences {p, },>1 and
{qn}n>1 satisfy the same second order linear recur-
rence relation (but with different initial conditions);
forn > 1,

(33)
(34)

Dn = bpDn—1 + anpn—_2,
Gn = bnn—1+ anGn—2.

Combining the two concepts of continued frac-
tions and recursive equations in the case £ = 2 of
Theorem 1, we obtain the following theorem.

Theorem 2 Let hy, hy be two functions from Ny to C
with hi(n)he(n) # 0 for all n. Let

po = h1(0), p1 = h1(0)h1 (1) + ho(1),

www.scienceasia.org
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g = 1L, ¢1 = hi(1), and let p, and q, be the
numerator and denominator of the finite continued
fraction

h1(0) + [h2(1)/ha(1),..., ha(n) /ha(n)] . (35)

If {xn}n>0 is a sequence of complex numbers satisfy-
ing the recursive equation

T, = le_(?) ng_(g) (n > 2), (36)
with given initial values xo, x1 chosen so that all
remaining x, are uniquely well-defined, then the

solution of (36) is given by

aM @

Ty =2y " T, (n>2), 37)
where
@ _ the(@) + m(0)hi(1)}gn — ha(L)ps
" ha(1) ’
@ — Pn— M)
" ha(1)
Proof: We obtain the solution (37) by mathematical
induction. U

Remark 3 In the same manner as in Remarks 1 and
2, the following formal manipulation could be used
to get the form of solutions. Taking the logarithm
of the equation (36) turns it into the linear difference
equation

log z,, = hi(n)logzp—1+he(n)logz,—2 (n > 2).
(38)

(p) (2) _

Let {logxn }n>o and {logxn }n>0 be two se

quences satisfying the same recurrence (38) but with
initial conditions

h1(0) = log 2", hy(0)hy (1) + hy(1) = log 2P,

1 =log ISQ), hi(1) = log:rgln.
Thus log 2’ and log 2? are simply the numerator
Pn, and the denominator ¢,, of the finite continued
fraction (35). Theorem 1 gives us a general solution

of (36) as

G

1) GO
T, =xy" "

(39
Taking the principal logarithm of the equation (39),
we get

Py = log xﬁlp) = G£}> log x(()p) + Gf) log :cgp)

= by (0)GY + (A1 (0)ha (1) + ha(1)GP),  (40)
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and

qn = log x;q) = GS) log xéq) + GSf) log acgq)

=W+ (1)GP. (41)

Solving (40) and (41), the desired result follows.

If the coefficients functions h;(n) in Theorem 2
are constants, using the same proof as in Theorem 2 as
well as the result of Corollary 8, we have the following
theorem.

Theorem 3 Let hy, ho be two nonzero complex num-
bers. If {xy, }n>0 satisfies the recursive equation

_ .h ha

Ty =Tptq Tpie (n=2), (42)

with given initial values xy, x1 chosen so that all
remaining x.,, are uniquely well-defined, then the
solution of (42) is given by

—h n h2 h n - 1/h2
T, = (mO 1pn+(hi+h2)q lem hlqn) (n > 2)7
where pg = hy, p1 = h? 4+ ha, g0 = 1, 1 = hy, and
Pn and q,, are the numerator and denominator of the

finite continued fraction
hi+ [ha/hi, ..., ha/h4]

consisting of the same fraction hs/hy repeated n
times.

(n>2)

We now apply the results of Theorems 2 and 3
to derive solutions of a number of recursive equations
in terms of numerators and denominators of specific
continued fractions.

Example 4 If h;(n) = 1 = ha(n), then the solution

of the rational recursive equation
Tpn = Tp—-1Tn—2 (n P 2)

with given initial values zg, x; chosen so that all
remaining x,, are uniquely well-defined, is given by

_ 2 _
Ty = (xo Pnt2qn :L,Il)n Qn) (n 2 2)7

where po = 1, p1 = 2,90 = 1, ¢1 = 1, and p,, and
¢n(n > 2) are the numerator and denominator of the
finite continued fraction

1+[1/1,1/1,...,1/1].

n terms

In this case, sequences satisfying (27) include the

sequence of Fibonacci numbers and the sequence of

Lucas numbers, which contains the work of Rhouma®.
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Example 5 If hi(n) = =z, ha(n) = 1, then the
solution of the recursive equation

Ty =Th 1 Tpo (N 2=2)

with given initial values x(, x; chosen so that all
remaining x,, are uniquely well-defined, is given by

—apn+(z®+1)qn

Tn =y (0> 2),

where po =, pr = 2> +1,q0 = 1, 1 = =, and p,
and g, (n > 2) are the numerator and denominator of
the finite continued fraction

x+[1/z,1/x,... 1/x].

n terms

In this case, sequences satisfying (27) include the
sequence of Fibonacci polynomials and the sequence
of Lucas polynomials.

Example 6 If hy(n) = 2z, ha(n) = —1, then the
solution of the recursive equation

2z -1

Tpn—2 (TL > 2)7

with given initial values zg, z1 chosen so that all
remaining x,, are uniquely well-defined, is given by

2xp, —(4z%—1 —pn+22q,
-TO DPn ( )Qn xl;b +2xqn

where pg = 2x, p1 = 42 — 1, @ =1, q =
2z, and p, and g, (n > 2) are the numerator and
denominator of the finite continued fraction

2x+ [-1/22,-1/2x,...,—1/2z].

n terms

In this case, sequences satisfying (27) include the
sequence of Chebyshev polynomials.

Example 7 If hy(n) = 2n+ 3 — x, ha(n) = —(n +
1)2, then the solution of the recursive equation

2n+3—x —(’ﬂ-i-l)2

Tp = Ty L2 (Tl 2 2)7

with given initial values x(, x; chosen so that all

remaining x,, are uniquely well-defined, is given by

L((6—2)pn—(2*—82+11)qn) 1((3—2)gn—pn)
Ty

Tn = Tg )

where pg = 3 — 2, py = 11 — 8z + 22, ¢o = 1,
¢1 =5 — , and p,, and ¢, (n > 2) are the numerator
and denominator of the finite continued fraction

3—ax+[-4/(6—-2),—9/(T—x),...
e —(n+1)%/2n+3 —2)).
In this case, sequences satisfying (8) include the

sequence of shifted Laguerre polynomials.
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Example 8 If hy(n) = 2z, ha(n) = —2(n + 1), then
the solution of the recursive equation

_ 2z . —2(n+1)

Tp = Tp_1Tp_o (n 2 2)v

with given initial values x, x; chosen so that all
remaining x,, are uniquely well-defined, is given by

%($P1L+(2*2$2)Qn) i(qun—pn)
Ty, = T z]

WV

(n 2)7

where pg = 2z, p1 = 422 — 4, g0 = 1, 1 = 2z, and
pr and g, (n > 2) are the numerator and denominator
of the finite continued fraction

2z + [-4/2x,—6/2x,...,—2(n+ 1) /2] .

In this case, sequences satisfying (8) include the
sequence of shifted Hermite polynomials.

Example 9 If hy(n) = 222u, hy(n) = _1(17:;1),
then the solution of the recursive equation
T, = m£L21Li|-3)x/(n+2)xr—l£2+1)/(7L+2) (n > 2)’

with given initial values xg, x; chosen so that all
remaining x,, are uniquely well-defined, is given by

1 (10zpn— (1522 —4)q,,)

1 (92g5, —6pn
Ty = T a:f( )

(n > 2),

_3 _ 5.2 2 . _ _5
where pg = 52, p1 = 527 — 5,90 = 1,q1 = 3, and

pr and ¢, (n > 2) are the numerator and denominator
of the finite continued fraction

3z {2 5v -3 Tz 7(n+1)/(2n+3)x

2 3/ 34/ 4777 n+2 n+2

In this case, sequences satisfying (8) include the
sequence of shifted Legendre polynomials.
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