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ABSTRACT: In this paper, we use Stein-Chen’s method to give a uniform bound on the normal approximation of the
number of vertices of a fixed degree in a random graph. This work corrects our results published previously.
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INTRODUCTION AND MAIN RESULTS whereg = 1 — p andE[S,] = nay,. Also?8,

A random graph is a collection of points or vertices , n o (n—1\> 9
with lines or degrees connecting pairs of them afn = Var(Sn) = n—1\ d (d—(n-1)p)
random. The study of random graphs has a long (E[S,])?

history. A systematic study of random graphs began ~ x p??~1(1 — 10)2("*‘”’3 + E[S,] —
with the influential work of Erds and Rnyi* and o _
it has since developed into a significant area of study Stein introduced a new powerful technique for

in modern discrete mathematics. There are marRPtaining the rate of convergence to the standard
applications of random graphs (see Refs?). normal distributiod. His approach was subsequently
Let G(n,p) be a random graph on labelled extended to cover the convergence to the Poisson

vertices{1,2, ..., n} with the edges added random|ydistributi0nl°. Stein’s method was applied to random
such that each of thé}) possible edges exists with graphs by Barbod%. _ .
probabilityp, 0 < p < 1. In this study, the assumption The Poisson convergence has since been widely
has been made that the presence of an edge betwd@ffn UP (see, e.g., Refd2-15). Barbour et al°
two vertices is independent of the others. proved that the distribution of/, converges to the

Let G = (V(G), E(G)) be a graph wher& (G) Poisson distribution with pgrametér: na, if either
and E(G) are the sets of vertices and edges@f "™ — 0andd > 2, ornp is bounded away fror
respectively. The degree of a vertexin graphG, @nd(np)~2|d —np| — oo. Later, Suntadkarn and
denoted bydeg(v), is the number of edges incidentNeammane¥ gave téhe rates of convergence in case
to v, i.e., deg(v) = |{w € V(G) | vw € E(G)}. ofd > 1 andp = 1/n° for somej > 0. They ghowed
Any vertex of degree zero is called an isolated vertehat forA C {1,2,....n}, [P(S, € A) — Poix(4)],

Let S,, be the number of vertices of a fixed degredvhere
d > 0in G(n,p). ThenS, = Y1 +Yo+---+7Y, Poiy(A) =
where keA
is O(n=0~-DE=D)jf § > 1 and isO(n~%1~9) for
0<d<1

For the normal approximation, Barbour et®al
proved that the distribution function of

n

e M\F
k7

v — 1, if vertexi has degreé in G(n, p),
" ]o, otherwise

W S, — nan,
fori =1,2,...,n. Note thata,, := E[Y;] is given by " o,
converges to the standard normal distribution function
n—1 1 # 2
n=PYi=1)= dgn—i=d @z:—/ e /2 dt.
o =rPi=1)= (") ==/

www.scienceasia.org


http://dx.doi.org/10.2306/scienceasia1513-1874.2009.35.203
http://www.scienceasia.org/2009.html
mailto:kritsana.n@chula.ac.th
www.scienceasia.org

204 ScienceAsi&5 (2009)

For E[S,] — oo they gave the rate of con- AUXILIARY RESULTS

vergence expressed in terms @f[S,] with re- .. each € {1,2,....n}, let

spect to the Wasserstein metrij which is de- R

fined by di(X,Y) = sup{|E[h(X)] - E[A(Y)]| : . _ Yi— BlYi]

sup,cg |h(z)| + sup,eg |k (2)| < 1 for all bounded ' On

test functionsh with bounded derivative for any 444 for anyA € {1,2,...,n} we define

random variableX andY. They showed that

o) v _ {1, if vertex: has degred in G(n,p)—{A},

dy (W, N(0,1)) < ! 0, otherwise

EI[S,
o whereG(n,p) — {A} is the random graph obtained
whereA/ (0, 1) is the standard normal random variablefrom G(n, p) by removing the vertices in.
andC'(d) is a positive constant depending @nin this Fori,j=1,2,...,n,let
article we consider the uniform distance
4 {E/on, i=j,
)

dp :=sup |[P(W,, < z) — ®(2)].

(Y =Y ) on, i#],

Note thats, = O({di(W,,N(0,1))}'/2), in gen- Z; = Zzil;
eral'®. In Barbour et & the authors explicitly re- 1=1
stricted their considerations to smooth test functions

) n 1 ) )
X . . ! (@) — —v® _ (7 _ ,
but Ra&!® used the Lipschitz test function to modify V" = > o (Y — E[Y;]) — E[Z)]
=1

the proof of Barbour et &lfor non-smooth test func- 12
tions at the cost of a boundedness condition. —W, — Z, )
In this paper, we use Stein’s method and a Lip-

schitz test function to correct the work on normal 0, =7,
approximation of Neammanee and Suntadk&rive - _ )1 i ~ i i o
give a uniform bound of the normal approximation of Vi E{YJ( '+ Z ¥ -y ]))} v #
the number of vertices of a fixed degree in a random ll;é:i,lj
graph. The following theorem is our main result. nq . o

Wi = > — " — ElY") - E[V;;] - E[Z]
Theorem1 Ford > 0,0 < 3 < 1, and a positive = In
integerro > (/(1— () there exists a positive constant 174

C(d, rp) such that, for largen, =W _ Vij )

C(d,r0)(1 + (np)To+1) WhereYj(i) = Yj({i}) anle(i’j) = Yl({i’j}). Note
sup [P(Wy, < 2) = @(2)] < 3 that W@ is independent of;, andW;; is indepen-

z€R o :
C(d)(1 + (np)o+1)/n dent of the pai( X;, Z;;) (see Ref8) and
=1

0;0(1—5)""1
) The following propositions improve the results
d 1 ro+ . _ .
sup |[P(Wy < 2)—0(2)| < C(d, ro)(L + (np)"™)  of Propositions 2.1-2.3 in ReR0 for the case of
z€R ol arbitraryp.

+

Furthermore, ife? = O(n) then

iti 25 1
In the case ofip = O(1) we haves? = O(n). Proposition 1 For large n, we haver;, > sna,.

Hence, for3 > 1 andro > /(1 — f3), there exists a Proof: From Proposition 2.1 of Re20we know that
constantC(d, ro) such that,, = C(d,ry)/o5. Here, o2 > na,(1 — a,). If we can show that,, < 1, then
and throughout the pape¥,(cy, cs, . .., ¢;) stands for the proposition is proved. From the fact tHat p <

an absolute constant depending®@ncs, . . . , ck. e~ P, we have

. In the next s_ection we prove auxiliary.results and 1 1+ (ppyd 1
in the final section we introduce the Stein’s method a,, = ( g ) dgn1=d g T e S5
for normal approximation which we use in the proof ’ ¢ 2
of main result in the last section. for largen. d
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Proposition 2 For
r1,72,73 € N,
C(d,rq,rs3) such that for largen,

C(d,ra,rs)an(1 + (np)"Fm"")
gritra+rs

,7 € {1.,2,...,n} and

EBl|X*Z2Vie|] <

Proof:
Ref. 20 to show that forr, rq, 7o,...
for distinctjy, jo, . .

,rm € N and
., Jm Which are not equal towe

have
B, = YOI Y, = Y1 Y, = ]
m—1 m—1
p an[ np} b [e2%
< d+—| <C(d)(1
TSI G ()(1 +np) —
(3)
and
E||> (Y Y”)]
j=1
J#i

= C(d)(1 + np)an (1 Fnp+ -+ (np) 1)

< O(d,r)(1+ (np)" ™ an. 4)
Hence
r 1 - Dy
Bz}l = —B||(Yi+ >_(¥; - ¥}")) ]
n i—1
T
or— 1 n () T
< BT+ B Do - YY)
n i—1
i
27‘71
< (B + 0.1+ (np) )an )
Un
= O(d,r)(1+ (np)" ™) 72 (5)
Again for distinctl, I, . . ., [,,, which are not equal to
1,7, we have
[ ( ( ) i m—la
B|| [T - 1| < c@emp
LI k=1
and
E|| S 0=y )| < Cdr) (14 (np) Y an.
i :
From this and the fact theif[Yj(i)] = P(Yj(i) =1)<
C(d)a, (see Ref20) we have,
T r— (79}
E[Vj < Cd,r)(1+ (np)" )= (6)

there exists a positive constant

We follow the proof of Proposition 2.2 of

205

Since

; ()

Y, — 1
1X;| = ’(“)‘ < —
o o

- we get

T1 T2 /T 1 T T
EIX; 22Vl < o EBlZ7 Vil

_r2 _r3
{BlZi= 1} 7 { Byl T
Qn
O.;‘Ll+T2+7”3

1

X
On

< O(d,ra,73)(1 + (np)2t7s™1)
from (5) and ). O

Proposition 3 For r; € N U {0}, ro,73 € N and

i,j € {1,2,...,n}, there exists a positive constant
C(d, rs) such that

r r T ra Qnp
BIX7Z3 Vi) < C(d, r3)(1+(np) )F

Proof: From the proof of Proposition 2.3 of Re20
we can see that

Bl (v; - YY) < O(d)anp
and
E[|(v; = vy (v

Y(%J))rz (Y( 1) Y(l’j))

R I < 01+ np) P
Hence

ElX;* 2 Vi ]

1 ())yra
S s ||V =Y
T3
{ )+Z U)} 1
l;ézj
C(d,’f‘g)

S s
O.;L1+72+73

{E[I(Yj — YOy (v [y

n
+E )2y (v =y ”
lgm
O(d, 7‘3) r a
S griFrars (anp+ (1+ (np) 3);”)
e an
< C(d,r3)(1 + (np) s)W'

O
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STEIN'S METHOD FOR NORMAL
APPROXIMATION

Stein’s method relies on the elementary differential

equation

f'(w) = wf(w) = h(w) = Nh 8

where f : R — R is a continuous and piecewise

continuously differentiable functiom is a bounded
test function with bounded derivative, and

1 > 2
/\/h::—/ h(t)e t /2 dt.
v ) e

In order to use §) to obtain the bound of normal
approximation, many authot$??, choose the test

functionh = I, where
b
0,
Hence 8) becomes
f(w) —wf(w) = L(w) — ®(z)

and the unique solutiofi, of (9) is

Substituting any random variabl& for w in (9), we
get

<z,
L.(w) w< 2

w > z.

C)

2’ 28 (w)[1 — ®(2)], w < z,
2 28 (2)[1 — d(w)], w > 2.
(10)

E[fi(W) =W [(W)] = P(W < 2) — @(2).

Hence, to boundP(W < z) — ®(z)|, it suffices to
bound E[fL(W) — W f.(W)]. But in our work, we
choose the Lipschitz test function

1, w< z—¢,
w—2z—¢

2

Iz,s(w): z—€<w<z+s,

0, w =z + €,
wheres > 0 is fixed. Observe that

1 z+e

Le(w) = 5 / B

and

1 z+e 1 z+e€
NI, . = % /Z_E NI dt = % /Z_E D(t) dt.
From @) we have
E[IZ,E(W) - le,a] = E[f;,a(W) - sz,a(W)]

www.scienceasia.org
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where

and

f;,s(w) =

Note that®

~[%
3

sup | f ()|
zeR
e>0

fz,5($> — fz,e(y)
r—=y

sup <1

z,y€R

T#yY
e>0

Raic!® used a test functiod, . to give a bound in
the following theorem. However, his work cannot
be applied to a random graph since dgs is not
bounded.

Theorem 2 (Rai'% Let IV, be a decomposed ran-
dom variable defined by

W, => X,
el

E[X;])=0,i€l, EW? =1W,=WwW® 42z,
whereW (9 is independent ak;, and

Zi=Y Zy, i€l K cCI
JEK;
WO =w;,; +Vy, i€l jeEK,

whereW;; is independent of the paitX;, Z;;). Sup-
pose that|X;| < A;, |Zi| < Bix, |Vie| < Ci,
|Z; + Vie| < C}, for some constantsl;, B;x, Cik,
andC/,. Then

sup |P(W,, < z) — ®(2)]
zE€R

<137 ABI+Y Y AiBi(6.8C1+9.3C),)

il iel kek;
whereB; := Z Bir,.
KeK:

To prove this theorem, R&® showed that for all
>0,

|[P(Wn < 2) — ©(2)]

€
<A +A2+ A3+ Bi1+B+ B3+ —, (11
1 2 3 1 2 st on (11)
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where
Ay =) Ellge e (W +6,Z;) — g. (W)
i€l
| XiZi],
A2 :ZZEsz gZE(W )|
i€l keK;
| X3 Zix|]
Agz = Z Z Enge(Wﬂ) - gzvf(VVik)|
i€l keK;
“X'Zikm
Bii=Y E[L. (W)= L. (W9 +0,2)
el
| X Zil] s
By:=>_ > E[L:(Wij) = L(Wi + Vig)|
i€l keK;
|X’LZ’Lk‘H7
Bs:=> > E[L (W) — L:(W)|
i€l keK;
Bl XiZul],

in which g, .(z) = f..(x)z, and#, is a random
variable whose value is if0,1]. Then he used the
boundness o, Z;;, Vix, and Z; + V;; to complete

207

s <O (B2 + Vil BlIX 2
T
+ Bl Zi + Vig [ Wal BIXiZis))-
From @), (5), (7), and the facts thalV;; is inde-

pendent of(X;, Z;;) and thato? E[X?] = E[(Y; —
an)?] < a,, we have

BIW..Xi|2}) = BIWY + 2)X,/2}]
BIWOX, 2} + B[ X.Z]|

<{Ewrx} {El1Z)

C(d)(1 + (np)*)an

1
2

_|_

<clpwz + z2px} {miz)

C(d)(1 + (np)*)an

4
n

Cd)(1+ (np)*)an

3
On

_|_

o

N

his result. In our work, we also prove our result by

using (L1).
PROOF OF MAIN RESULT

In this section, we give the proof dheorem 1 Using
the argument of R&t°, we can show thatl(l) holds.

Step 1 We will show that

C(d)(1 + (np)*)

B
On

A+ A+ Az <

L CY(L+ (mp) )i

U;o(l B)+1

Following the argument of equations (5.17) and (5.18)<

of Raic1®, we can show that

CZ( [1X:|22] + E[|W,, X|Z2])

2 <OY Y (BIIXiZy Vs

i=1 j=
i

[SYLEN
S0

V 7T
+ 5 EllWis + Vi1 Xi Zi; Vi ]

Hence, by %) and (7),
C(d)(L + (np)*)

From (1) and 6), we haveE[|W;;|] < E[|W,]|] +
E[|Vi;|] + E[|Z;]) < C(d). Therefore,

A < 12)

EB[|\Wi; XiZi;Vil]
<E[|Wi; XiZij Vi 1([Vij| < 1/0))]]
+ E[|Wi; Xi Zi; Vs 1(1Vij| > 1/o))]

1 i .
75 E[|Wi;||E [|XiZij|]+UHOBE[|WiniZijV;j"+1H
(d)an
= no?ﬁﬁ

+ o P { EIWEIB(X ]} {E122 3<m+1>|]}%
Can | C)A+ (np))ay

S o2t N

Hence,

4, <C@DA+ (np)")  Cd)(L+ (np)th)y/n
2 X Uﬁ O_Zo(lfﬁ)Jrl

(13)
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From @), (5), (6), (7), andE[W?] = 1, side byBy; and By, respectively. ByProposition 2
C@d)(1 2 o’ 2
. To
4y < CDA+ D)) 14) B < % DB X2
On i=
1
From (12-14), I[Ei(e),lvij|>%a] d¢ ]
2 T
A+ Ag + 4 <COUE 0)) 2yro)]
On
L C@O+ ()t < Clder)(1+ o)
gro=A)+1 ’ = colo1-P)+3
< C(d7 TO)( + (np)T0+1) (16)
In the remainder of the proof we let> 0. = coBtl :
Step 2 We will show that To boundB;, we use the concentration inequality
b—a
ro+1 Pla<W, <b) <26, + (17)
B; < C(d,ro)(1 + (np)"™ ™) <5n + 1[3) ( ) V2T
E0p g
n 219
o)1 (see Ra). . Note .that from 1), (2), (17) and
+ M Chebyshev’s inequality we have
n
whered,, = sup, g |P(W,, < z) — ®(z)|. From the 1
factthatlg, ’ :P(Clan—(Zl—FV;J)gb, ‘Z1+V;J| < 0—7)
1
y—x [t +Pla< Wy —(Zi +Vij) <b, |2 +Vij| > =)
Le(x)—L(y) = Tg/ I cc(1-0)atoy<ate A0 . . n
0
(15) <P(a—g—5<Wn<b+?)
n n
1
where + P(Zi +Visl > =)
On
1, weA b—a 2 3
I — ? <26n+7 +EZ+V 70 ro
aw) {0, otherwise V2 270l | |
b 2
<2 - -
we have \/ 2roh
Qn,
+C(d,ro) (1 + (np) ™) =5
On
E Iz - z W(Z) +0 ZZ XzZz — ro—1
Z [1-.=( o ZIXZI e boa Clr)( )T g
V2 o'g

n

1
<5 D F

i=1

| X Z7 |

1
/I[Ezw)] do
0
1
/OI[Ei(G)’\VUDfB] do

dent of(X;, Z;;), we have

1 312—2152]5

| X 27| 2
| X:Z; |

From G), (7), (18), and the fact thalV;; is indepen-

1 1
+ — | X Z | / J0), 1V, do 1
2 ; @O:Vis1s ] OI[Z—6<W i+Vij +001Z;<z+e,|Z;|< ,IVin%] d¢
1
whereZ; (0) denotes; —e < W + 00,7, < z + ¢, +/ a0
and we denote the two terms on the last right-hand Jo *=SWutVist00ZiatalZi> Vi< 7ol
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1 n 1 n n
% |X2Z12|/ [z— e——<W”<z+e+ dQ] + % ZZE XiZileJ
=1 =1 j=1
o =
n ZE | X, Z10%2] 1
i=1 X /OI[Z—E<WU+9VU§Z+87|VU|<U%] o
1 n
<502 Bz 7’ S -
2= 5 <3N EIX 2V
2 2 T
x P z—e——ﬁéWu\z—l—e—l— ) Jn "
On Un 1 ZZE X.z
+ i4ij
C(d,ro)(1 + (np)"™ 1)o7 na, 2e0n {5 15 ’
N g3 Ul
C(d)(1 + np) C(d,ro)(1 + (np)™) ;
< o, {671 +e+ 05 } X Al[zfsfﬁéwig <z+6+ d9
ro+1
< Gldmo)(1 + (np)™ )(5”%) _ Cld,ro)(1+ (np)™*)
E0np Oon = Ea_g-i-l
SR A L, (19) 1
on E|\X:Z;;
ooz L 2| %7
From (@6) and (L9) we have £
ro+1 1 1
Bl<c(d77‘0)(1+(np)0 )<5n+i) XP(Z—&?—?gWing-‘ré‘f— ﬁ)
€0y of On On
C(d)(1 C(d)(1 C(d 1 o
L C(+np) ( CDOLm)s | Cllrol + (m))
On 60'5 O-g
Step 3 We will show that < Sldro)( + (mp)™ ) (60 + L)
= B n B
EO0n Tn
C(d 1 o+l 1
B, < (d,r0)( +ﬁ(np) )(5n+ 7{) L C@ +np)
EO0n On O'rﬁz :
C(d)(1 + np) .
+ g Step 4 We will show that
By using (L5), Proposition 1 Proposition 3and B3 < M (5n +e+ C(d;}m)).
(18) we have €0n n
n n FromProposition lwe have
By=3 Y ElL.(Wy) — L (Wi + Viy)l|Xi Zis | n_n
i=1j=1 El|X;Z;;|] < C(d)(1+ . 20
=1 ;; [1XiZi;|] < C(d)(1 + np) (20)
1 n n VES)
< o E\|XiZi;Vij
2 ;; | 3Vl By (5), (6), (15) and (L7) we have
i
1 EHIZ,E(Wn) - IZ,E(WZ'J')H
X /I[z—agwij+0Vij§z+a] dG] 1 !
0 < - E||Z + Vi /I[z—ngn—Q(Zi-&-Vu)gz-{-e] do
1 n n 0
< 5o E|X:2;;Vij
25;; it < - E||Zi + Vi
i
1 1
X /OI[Z—8§W1j+0VL'j<Z+E,|VL'j|>ﬁ] d9‘| X /OI[Z—ngn_G(Zi+vij)<2+€7‘2i+‘/tijIgg%] de]
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1
—E||Z; + Vi
+ o5 B 1Zi+ Vil

1
X /I[Z*EQWV,L*Q(Z/L'+VU)SZ+€,|Zi+VU\>%} d9‘|
0 on

1 ! 6
< 2207 E ‘/()I[zfefﬁgw7lﬁz+€+ﬁ] de
n O-ZOBEHZ< N V,,‘To-*-l] 7.
25 K3 1] 8
1 1
_ P(z—s——<Wn<z+s+
260’5 afi 05>
C(d, 7"0)
Eag'H 9
C 1 C(d, 7’0)
<5 (bntet5)+
oy, on cap
C C(d,
< —B((Sn+s+ ( ﬁrO))
eon on 10.
From this fact, and40) we have 11.
d)(1 d
By QO (L Cldry
EOn On
We now deduce our main result. Frohlj and 13
Steps 1-4 we have
5, =sup|P(W, < 2) — ®(2)] 14.
z€R
ro+1
LSt ) 1y 15
eoh on
C(d)(1+(mw)?)  C
+ "+ 5+ =
o0 oP o 16.
for all e > 0. Hence we can choose= C(d,ro)(1 + 17,
(np)To+1) /202 such that for large,
d 1 ro+l 18.
On
This fact and Step 1 complete the proof. 19.
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