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ABSTRACT : In this paper, we use Stein-Chen’s method to give a uniform bound on the normal approximation of the
number of vertices of a fixed degree in a random graph. This work corrects our results published previously.
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INTRODUCTION AND MAIN RESULTS

A random graph is a collection of points or vertices
with lines or degrees connecting pairs of them at
random. The study of random graphs has a long
history. A systematic study of random graphs began
with the influential work of Erd̈os and Ŕenyi1–3 and
it has since developed into a significant area of study
in modern discrete mathematics. There are many
applications of random graphs (see Refs.4–7).

Let G(n, p) be a random graph onn labelled
vertices{1, 2, . . . , n} with the edges added randomly
such that each of the

(
n
2

)
possible edges exists with

probabilityp, 0 < p < 1. In this study, the assumption
has been made that the presence of an edge between
two vertices is independent of the others.

Let G = (V (G), E(G)) be a graph whereV (G)
and E(G) are the sets of vertices and edges ofG,
respectively. The degree of a vertexv in graphG,
denoted bydeg(v), is the number of edges incident
to v, i.e., deg(v) = |{w ∈ V (G) | vw ∈ E(G)}|.
Any vertex of degree zero is called an isolated vertex.

Let Sn be the number of vertices of a fixed degree
d > 0 in G(n, p). ThenSn = Y1 + Y2 + · · · + Yn

where

Yi =

{
1, if vertex i has degreed in G(n, p),
0, otherwise,

for i = 1, 2, . . . , n. Note thatan := E[Yi] is given by

an = P (Yi = 1) =
(

n− 1
d

)
pdqn−1−d

whereq = 1− p andE[Sn] = nan. Also8,

σ2
n := Var(Sn) =

n

n− 1

(
n− 1

d

)2

(d− (n− 1)p)2

× p2d−1(1− p)2(n−d)−3 + E[Sn]− (E[Sn])2

n
.

Stein introduced a new powerful technique for
obtaining the rate of convergence to the standard
normal distribution9. His approach was subsequently
extended to cover the convergence to the Poisson
distribution10. Stein’s method was applied to random
graphs by Barbour11.

The Poisson convergence has since been widely
taken up (see, e.g., Refs.12–15). Barbour et al16

proved that the distribution ofSn converges to the
Poisson distribution with parameterλ = nan if either
np → 0 andd > 2, or np is bounded away from0
and (np)−

1
2 |d − np| → ∞. Later, Suntadkarn and

Neammanee17 gave the rates of convergence in case
of d > 1 andp = 1/nδ for someδ > 0. They showed
that forA ⊂ {1, 2, . . . , n}, |P (Sn ∈ A) − Poiλ(A)|,
where

Poiλ(A) =
∑
k∈A

e−λλk

k!
,

is O(n−(δ−1)(d−1)) if δ > 1 and isO(n−d(1−δ)) for
0 < δ < 1.

For the normal approximation, Barbour et al8

proved that the distribution function of

Wn :=
Sn − nan

σn

converges to the standard normal distribution function

Φ(z) =
1√
2π

∫ z

−∞
e−t2/2 dt.
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For E[Sn] → ∞ they gave the rate of con-
vergence expressed in terms ofE[Sn] with re-
spect to the Wasserstein metricd1 which is de-
fined by d1(X, Y ) = sup{|E[h(X)] − E[h(Y )]| :
supx∈R |h(x)| + supx∈R |h

′
(x)| 6 1 for all bounded

test functionsh with bounded derivative} for any
random variablesX andY . They showed that

d1(Wn,N (0, 1)) 6
C(d)√
E[Sn]

whereN (0, 1) is the standard normal random variable
andC(d) is a positive constant depending ond. In this
article we consider the uniform distance

δn := sup
z∈R

|P (Wn 6 z)− Φ(z)|.

Note thatδn = O({d1(Wn,N (0, 1))}1/2), in gen-
eral18. In Barbour et al8 the authors explicitly re-
stricted their considerations to smooth test functions
but Raǐc19 used the Lipschitz test function to modify
the proof of Barbour et al8 for non-smooth test func-
tions at the cost of a boundedness condition.

In this paper, we use Stein’s method and a Lip-
schitz test function to correct the work on normal
approximation of Neammanee and Suntadkarn20. We
give a uniform bound of the normal approximation of
the number of vertices of a fixed degree in a random
graph. The following theorem is our main result.

Theorem 1 For d > 0, 0 < β < 1, and a positive
integerr0 > β/(1−β) there exists a positive constant
C(d, r0) such that, for largen,

sup
z∈R

|P (Wn 6 z)−Φ(z)| 6 C(d, r0)(1 + (np)r0+1)

σβ
n

+
C(d)(1 + (np)r0+1)

√
n

σ
r0(1−β)+1
n

.

Furthermore, ifσ2 = O(n) then

sup
z∈R

|P (Wn 6 z)−Φ(z)| 6 C(d, r0)(1 + (np)r0+1)

σβ
n

.

In the case ofnp = O(1) we haveσ2
n = O(n).

Hence, forβ > 1
2 andr0 > β/(1 − β), there exists a

constantC(d, r0) such thatδn = C(d, r0)/σβ
n. Here,

and throughout the paper,C(c1, c2, . . . , ck) stands for
an absolute constant depending onc1, c2, . . . , ck.

In the next section we prove auxiliary results and
in the final section we introduce the Stein’s method
for normal approximation which we use in the proof
of main result in the last section.

AUXILIARY RESULTS

For eachi ∈ {1, 2, . . . , n}, let

Xi =
Yi − E[Yi]

σn

and for anyΛ ⊂ {1, 2, . . . , n} we define

Y
(Λ)
i =

{
1, if vertex i has degreed in G(n, p)−{Λ},
0, otherwise,

whereG(n, p) − {Λ} is the random graph obtained
from G(n, p) by removing the vertices inΛ.

For i, j = 1, 2, . . . , n, let

Zij =

{
Yi/σn, i = j,

(Yj − Y
(i)
j )/σn, i 6= j,

Zi =
n∑

l=1

Zil,

W (i) =
n∑

l=1
l 6=i

1
σn

(Y (i)
l − E[Y (i)

l ])− E[Zi]

= Wn − Zi, (1)

Vij =


0, i = j,

1
σn

{
Y

(i)
j +

n∑
l=1

l 6=i,j

(Y (i)
l − Y

(i,j)
l )

}
; i 6= j,

Wij =
n∑

l=1
l 6=i,j

1
σn

(Y (i,j)
l − E[Y (i,j)

l ])− E[Vij ]− E[Zi]

= W (i) − Vij (2)

whereY
(i)
j := Y

({i})
j andY

(i,j)
l := Y

({i,j})
l . Note

that W (i) is independent ofXi, andWij is indepen-
dent of the pair(Xi, Zij) (see Ref.8) and

Wn =
n∑

i=1

Xi.

The following propositions improve the results
of Propositions 2.1–2.3 in Ref.20 for the case of
arbitraryp.

Proposition 1 For largen, we haveσ2
n > 1

2nan.

Proof: From Proposition 2.1 of Ref.20we know that
σ2

n > nan(1− an). If we can show thatan 6 1
2 , then

the proposition is proved. From the fact that1 − p 6
e−p, we have

an =
(

n− 1
d

)
pdqn−1−d 6

e(1+d)p

d!
· (np)d

enp
6

1
2

for largen. �

www.scienceasia.org

http://www.scienceasia.org/2009.html
www.scienceasia.org


ScienceAsia35 (2009) 205

Proposition 2 For i, j ∈ {1, 2, . . . , n} and
r1, r2, r3 ∈ N, there exists a positive constant
C(d, r2, r3) such that for largen,

E[|Xr1
i Zr2

i V r3
ij |] 6

C(d, r2, r3)an(1 + (np)r2+r2−1)
σr1+r2+r3

.

Proof: We follow the proof of Proposition 2.2 of
Ref. 20 to show that forr, r1, r2, . . . , rm ∈ N and
for distinctj1, j2, . . . , jm which are not equal toi we
have

E[|Yj1 − Y
(i)
j1
|r1 |Yj2 − Y

(i)
j2
|r2 · · · |Yjm

− Y
(i)
jm
|rm ]

6
pm−1an

(n− 1)

[
d +

np

q

]
6 C(d)(1 + np)

pm−1an

n
(3)

and

E

[∣∣∣∣∣
n∑

j=1
j 6=i

(Yj − Y
(i)
j )

∣∣∣∣∣
r]

= C(d)(1 + np)an

(
1 + np + · · ·+ (np)r−1

)
6 C(d, r)(1 + (np)r−1)an. (4)

Hence

E[|Zr
i |] =

1
σr

n

E

[∣∣∣∣∣(Yi +
n∑

j=1
j 6=i

(Yj − Y
(i)
j ))r

∣∣∣∣∣
]

6
2r−1

σr
n

{
E[|Y r

i |] + E

[∣∣∣∣∣
n∑

j=1
j 6=i

(Yj − Y
(i)
j )

∣∣∣∣∣
r]}

6
2r−1

σr
n

(
E[Yi] + C(d, r)(1 + (np)r−1)an

)
= C(d, r)(1 + (np)r−1)

an

σr
n

. (5)

Again for distinctl1, l2, . . . , lm which are not equal to
i, j, we have

E

[∣∣∣∣∣
m∏

k=1

|Y (i)
lk

− Y
(i,j)
lk

|rk

∣∣∣∣∣
]

6 C(d)(1+np)
pm−1an

n

and

E

[∣∣∣∣∣
n∑

l=1
l 6=i,j

(Y (i)
l −Y

(i,j)
l )r

∣∣∣∣∣
]

6 C(d, r)(1+(np)r−1)an.

From this and the fact thatE[Y (i)
j ] = P (Y (i)

j = 1) 6
C(d)an (see Ref.20) we have,

E[|V r
ij |] 6 C(d, r)(1 + (np)r−1)

an

σr
n

. (6)

Since

|Xi| =
∣∣∣∣ (Yi − µ)

σn

∣∣∣∣ 6
1
σn

, (7)

we get

E[|Xr1
i Zr2

i V r3
ij |] 6

1
σr1

n
E[|Zr2

i V r3
ij |]

6
1

σr1
n

{
E[|Zi|r2+r3 ]

} r2
r2+r3

{
E[|Vij |r2+r3 ]

} r3
r2+r3

6 C(d, r2, r3)(1 + (np)r2+r3−1)
an

σr1+r2+r3
n

from (5) and (6). �

Proposition 3 For r1 ∈ N ∪ {0}, r2, r3 ∈ N and
i, j ∈ {1, 2, . . . , n}, there exists a positive constant
C(d, r3) such that

E[|Xr1
i Zr2

ij V r3
ij |] 6 C(d, r3)(1+(np)r3)

an

nσr1+r2+r3
n

.

Proof: From the proof of Proposition 2.3 of Ref.20
we can see that

E[|(Y (i)
j )r1(Yj − Y

(i)
j )r2 |] 6 C(d)anp

and

E[|(Yj − Y
(i)
j )r1(Y (i)

l1
− Y

(i,j)
l1

)r2(Y (i)
l2

− Y
(i,j)
l2

)r3

· · · (Y (i)
lm

− Y
(i,j)
lm

)rm+1 |] 6 C(d)(1 + np)
pman

n
.

Hence

E[|Xr1
i Zr2

ij V r3
ij |]

6
1

σr1+r2+r3
n

E

[∣∣∣∣∣(Yj − Y
(i)
j )r2

{
Y

(i)
j +

n∑
l=1

l 6=i,j

(Y (i)
l − Y

(i,j)
l )

}r3

∣∣∣∣∣
]

6
C(d, r3)

σr1+r2+r3
n

{
E[|(Yj − Y

(i)
j )r2(Y (i)

j )r3 |]

+ E

[∣∣∣∣∣(Yj − Y
(i)
j )r2 [

n∑
l=1

l 6=i,j

(Y (i)
l − Y

(i,j)
l )]r3

∣∣∣∣∣
]}

6
C(d, r3)

σr1+r2+r3
n

(
anp + (1 + (np)r3)

an

n

)
6 C(d, r3)(1 + (np)r3)

an

nσr1+r2+r3
n

.

�
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STEIN’S METHOD FOR NORMAL
APPROXIMATION

Stein’s method9 relies on the elementary differential
equation

f ′(w)− wf(w) = h(w)−Nh (8)

wheref : R → R is a continuous and piecewise
continuously differentiable function,h is a bounded
test function with bounded derivative, and

Nh :=
1√
2π

∫ ∞

−∞
h(t)e−t2/2 dt.

In order to use (8) to obtain the bound of normal
approximation, many authors20–22, choose the test
functionh = Iz where

Iz(w) =

{
1, w 6 z,

0, w > z.

Hence (8) becomes

f ′(w)− wf(w) = Iz(w)− Φ(z) (9)

and the unique solutionfz of (9) is

fz(w) =

{√
2πew2/2Φ(w)[1− Φ(z)], w 6 z,√
2πew2/2Φ(z)[1− Φ(w)], w > z.

(10)

Substituting any random variableW for w in (9), we
get

E[f ′z(W )−Wfz(W )] = P (W 6 z)− Φ(z).

Hence, to bound|P (W 6 z) − Φ(z)|, it suffices to
boundE[f ′z(W ) − Wfz(W )]. But in our work, we
choose the Lipschitz test function

Iz,ε(w) =


1, w < z − ε,

−w − z − ε

2ε
, z − ε 6 w < z + ε,

0, w > z + ε,

whereε > 0 is fixed. Observe that

Iz,ε(w) =
1
2ε

∫ z+ε

z−ε

It(w) dt

and

N Iz,ε =
1
2ε

∫ z+ε

z−ε

N It dt =
1
2ε

∫ z+ε

z−ε

Φ(t) dt.

From (8) we have

E[Iz,ε(W )−N Iz,ε] = E[f ′z,ε(W )−Wfz,ε(W )]

where

fz,ε(w) =
1
2ε

∫ z+ε

z−ε

ft(w) dt

and

f ′z,ε(w) =
1
2ε

∫ z+ε

z−ε

f ′t(w) dt.

Note that19

sup
x∈R
ε>0

|fz,ε(x)| 6
√

2π

4
,

sup
x,y∈R
x6=y
ε>0

∣∣∣fz,ε(x)− fz,ε(y)
x− y

∣∣∣ 6 1.

Raǐc19 used a test functionIz,ε to give a bound in
the following theorem. However, his work cannot
be applied to a random graph since ourVij is not
bounded.

Theorem 2 (Raǐc19) Let Wn be a decomposed ran-
dom variable defined by

Wn =
∑
i∈I

Xi,

E[Xi] = 0, i ∈ I, E[W 2
n ] = 1, Wn = W (i) + Zi,

whereW (i) is independent ofXi, and

Zi =
∑
j∈Ki

Zij , i ∈ I, Ki ⊂ I

W (i) = Wij + Vij , i ∈ I, j ∈ Ki,

whereWij is independent of the pair(Xi, Zij). Sup-
pose that|Xi| 6 Ai, |Zik| 6 Bik, |Vik| 6 Cik,
|Zi + Vik| 6 C ′

ik for some constantsAi, Bik, Cik,
andC ′

ik. Then

sup
z∈R

|P (Wn 6 z)− Φ(z)|

6 13.7
∑
i∈I

AiB
2
i +

∑
i∈I

∑
k∈Ki

AiBik(6.8Cik+9.3C ′
ik)

whereBi :=
∑

k∈Ki

Bik.

To prove this theorem, Raič19 showed that for all
ε > 0,

|P (Wn 6 z)− Φ(z)|

6 A1 + A2 + A3 + B1 + B2 + B3 +
ε√
2π

, (11)
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where

A1 :=
∑
i∈I

E[|gz,ε(W (i) + θ1Zi)− gz,ε(W (i))|

|XiZi|] ,

A2 :=
∑
i∈I

∑
k∈Ki

E[|gz,ε(W (i))− gz,ε(Wik)|

|XiZik|] ,

A3 :=
∑
i∈I

∑
k∈Ki

E[|gz,ε(Wn)− gz,ε(Wik)|

E[|XiZik|]] ,

B1 :=
∑
i∈I

E[|Iz,ε(W (i))− Iz,ε(W (i) + θ1Zi)|

|XiZi|] ,

B2 :=
∑
i∈I

∑
k∈Ki

E[|Iz,ε(Wij)− Iz,ε(Wik + Vik)|

|XiZik|] ,

B3 :=
∑
i∈I

∑
k∈Ki

E[|Iz,ε(Wn)− Iz,ε(Wik)|

E[|XiZik|]] ,

in which gz,ε(x) = fz,ε(x)x, and θ1 is a random
variable whose value is in[0, 1]. Then he used the
boundness ofXi, Zik, Vik andZi + Vik to complete
his result. In our work, we also prove our result by
using (11).

PROOF OF MAIN RESULT

In this section, we give the proof ofTheorem 1. Using
the argument of Raič19, we can show that (11) holds.

Step 1 We will show that

A1 + A2 + A3 6
C(d)(1 + (np)2)

σβ
n

+
C(d)(1 + (np)r0+1)

√
n

σ
r0(1−β)+1
n

.

Following the argument of equations (5.17) and (5.18)
of Raǐc19, we can show that

A1 6 C
n∑

i=1

(
E[|Xi|Z2

i ] + E[|WnXi|Z2
i ]

)
,

A2 6 C
n∑

i=1

n∑
j=1
j 6=i

(
E[|XiZijVij |]

+
√

2π

2
E[|Wij + Vij ||XiZijVij |]

)

A3 6 C
n∑

i=1

n∑
j=1
j 6=i

(
E[|Zi + Vij |]E[|XiZij |]

+ E[|Zi + Vij ||Wn|]E[|XiZij |]
)
.

From (1), (5), (7), and the facts thatWij is inde-
pendent of(Xi, Zij) and thatσ2

nE[X2
i ] = E[(Yi −

an)2] 6 an, we have

E[|WnXi|Z2
i ] = E[|(W (i) + Zi)Xi|Z2

i ]

6 E[|W (i)Xi|Z2
i ] + E[|XiZ

3
i |]

6
{

E[(W (i))2X2
i ]

} 1
2
{

E[Z4
i ]

} 1
2

+
C(d)(1 + (np)2)an

σ4
n

=
{

E[(W (i))2]E[X2
i ]

} 1
2
{

E[Z4
i ]

} 1
2

+
C(d)(1 + (np)2)an

σ4
n

6 C
{

E[W 2
n + Z2

i ]E[X2
i ]

} 1
2
{

E[Z4
i ]

} 1
2

+
C(d)(1 + (np)2)an

σ4
n

6
C(d)(1 + (np)2)an

σ3
n

.

Hence, by (5) and (7),

A1 6
C(d)(1 + (np)2)

σn
. (12)

From (1) and (5), we haveE[|Wij |] 6 E[|Wn|] +
E[|Vij |] + E[|Zi|] 6 C(d). Therefore,

E[|WijXiZijVij |]
6E[|WijXiZijVijI(|Vij | 6 1/σβ

n)|]
+ E[|WijXiZijVijI(|Vij | > 1/σβ

n)|]

6
1

σβ
n

E[|Wij |]E[|XiZij |] + σr0β
n E[|WijXiZijV

r0+1
ij |]

6
C(d)an

nσ2+β
n

+ σr0β
n

{
E[W 2

ij ]E[X2
i ]

} 1
2
{

E[|Z2
ijV

2(r0+1)
ij |]

} 1
2

6
C(d)an

nσ2+β
n

+
C(d)(1 + (np)r0+1)an

√
nσ

r0(1−β)+3
n

.

Hence,

A2 6
C(d)(1 + (np)2)

σβ
n

+
C(d)(1 + (np)r0+1)

√
n

σ
r0(1−β)+1
n

.

(13)
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From (3), (5), (6), (7), andE[W 2
n ] = 1,

A3 6
C(d)(1 + (np)2)

σn
. (14)

From (12–14),

A1 + A2 + A3 6
C(d)(1 + (np)2)

σβ
n

+
C(d)(1 + (np)r0+1)

√
n

σ
r0(1−β)+1
n

.

In the remainder of the proof we letε > 0.

Step 2 We will show that

B1 6
C(d, r0)(1 + (np)r0+1)

εσn

(
δn +

1

σβ
n

)
+

C(d)(1 + np)
σn

whereδn = supz∈R |P (Wn 6 z) − Φ(z)|. From the
fact that19,

Iz,ε(x)− Iz,ε(y) =
y − x

2ε

∫ 1

0

I[z−ε6(1−θ)x+θy6z+ε] dθ

(15)

where

IA(w) =

{
1, w ∈ A

0, otherwise

we have

B1 =
n∑

i=1

E[|Iz,ε(W (i))− Iz,ε(W (i) + θ1Zi)||XiZi|]

6
1
2ε

n∑
i=1

E

[∣∣∣∣∣
∫ 1

0

I[Ξi(θ)] dθ

∣∣∣∣∣|XiZ
2
i |

]

6
1
2ε

n∑
i=1

E

[
|XiZ

2
i |

∣∣∣∣∣
∫ 1

0

I[Ξi(θ),|Vij |> 1

σ
β
n

] dθ

∣∣∣∣∣
]

+
1
2ε

n∑
i=1

E

[
|XiZ

2
i |

∣∣∣∣∣
∫ 1

0

I[Ξi(θ),|Vij |6 1

σ
β
n

] dθ

∣∣∣∣∣
]

whereΞi(θ) denotesz − ε 6 W (i) + θθ1Zi 6 z + ε,
and we denote the two terms on the last right-hand

side byB11 andB12, respectively. ByProposition 2,

B11 6
σr0β

n

2ε

n∑
i=1

E

[
|XiZ

2
i V r0

ij |

×

∣∣∣∣∣
∫ 1

0

I[Ξi(θ),|Vij |> 1

σ
β
n

] dθ

∣∣∣∣∣
]

6
σr0β

n

2ε

n∑
i=1

E[|XiZ
2
i V r0

ij |]

6
C(d, r0)(1 + (np)r0+1)nan

εσ
r0(1−β)+3
n

6
C(d, r0)(1 + (np)r0+1)

εσβ+1
n

. (16)

To boundB12 we use the concentration inequality

P (a 6 Wn 6 b) 6 2δn +
b− a√

2π
(17)

(see Raǐc19). Note that from (1), (2), (17) and
Chebyshev’s inequality we have

P (a 6 Wij 6 b)

= P (a 6 Wn − (Zi + Vij) 6 b, |Zi + Vij | 6
1

σβ
n

)

+ P (a 6 Wn − (Zi + Vij) 6 b, |Zi + Vij | >
1

σβ
n

)

6 P (a− 1

σβ
n

6 Wn 6 b +
1

σβ
n

)

+ P (|Zi + Vij | >
1

σβ
n

)

6 2δn +
b− a√

2π
+

2
√

2πσβ
n

+ E|Zi + Vij |r0σr0β
n

6 2δn +
b− a√

2π
+

2
√

2πσβ
n

+ C(d, r0)(1 + (np)r0−1)
an

σβ
n

6 2δn +
b− a√

2π
+

C(d, r0)(1 + (np)r0−1)

σβ
n

. (18)

From (5), (7), (18), and the fact thatWij is indepen-
dent of(Xi, Zij), we have

B12 =
1
2ε

n∑
i=1

E

[
|XiZ

2
i |

×

∣∣∣∣∣
∫ 1

0

I[z−ε6Wij+Vij+θθ1Zi6z+ε,|Zi|6 1

σ
β
n

,|Vij |6 1

σ
β
n

] dθ

+
∫ 1

0

I[z−ε6Wij+Vij+θθ1Zi6z+ε,|Zi|> 1

σ
β
n

,|Vij |6 1

σ
β
n

] dθ

∣∣∣∣∣
]
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6
1
2ε

n∑
i=1

E

[
|XiZ

2
i |

∫ 1

0

I[z−ε− 2

σ
β
n

6Wij6z+ε+ 2

σ
β
n

] dθ

]

+
σr0β

n

2ε

n∑
i=1

E[|XiZ
r0+2
i |]

6
1
2ε

n∑
i=1

E

[
|XiZ

2
i |

× P
(
z − ε− 2

σβ
n

6 Wij 6 z + ε +
2

σβ
n

)]

+
C(d, r0)(1 + (np)r0+1)σr0β

n nan

εσr0+3
n

6
C(d)(1 + np)

εσn

[
δn + ε +

C(d, r0)(1 + (np)r0)

σβ
n

]
6

C(d, r0)(1 + (np)r0+1)
εσn

(
δn +

1

σβ
n

)
+

C(d)(1 + np)
σn

. (19)

From (16) and (19) we have

B1 6
C(d, r0)(1 + (np)r0+1)

εσn

(
δn +

1

σβ
n

)
+

C(d)(1 + np)
σn

.

Step 3 We will show that

B2 6
C(d, r0)(1 + (np)r0+1)

εσβ
n

(
δn +

1

σβ
n

)
+

C(d)(1 + np)

σβ
n

.

By using (15), Proposition 1, Proposition 3and
(18) we have

B2 =
n∑

i=1

n∑
j=1
j 6=i

E[|Iz,ε(Wij)− Iz,ε(Wij + Vij)||XiZij |]

6
1
2ε

n∑
i=1

n∑
j=1
j 6=i

E

[
|XiZijVij |

×
∫ 1

0

I[z−ε6Wij+θVij6z+ε] dθ

]

6
1
2ε

n∑
i=1

n∑
j=1
j 6=i

E

[
|XiZijVij |

×
∫ 1

0

I[z−ε6Wij+θVij6z+ε,|Vij |> 1

σ
β
n

] dθ

]

+
1
2ε

n∑
i=1

n∑
j=1
j 6=i

E

[
XiZijVij

×
∫ 1

0

I[z−ε6Wij+θVij6z+ε,|Vij |6 1

σ
β
n

] dθ

]

6
σr0β

n

2ε

n∑
i=1

n∑
j=1
j 6=i

E[|XiZijV
r0+1
ij |]

+
1

2εσβ
n

n∑
i=1

n∑
j=1
j 6=i

E

[
XiZij

×
∫ 1

0

I[z−ε− 1

σ
β
n

6Wij6z+ε+ 1

σ
β
n

] dθ

]

6
C(d, r0)(1 + (np)r0+1)

εσβ+1
n

+
1

2εσβ
n

n∑
i=1

n∑
j=1
j 6=i

E

[
|XiZij |

× P
(
z − ε− 1

σβ
n

6 Wij 6 z + ε +
1

σβ
n

)]

6
C(d)(1 + np)

εσβ
n

[
δn + ε +

C(d, r0)(1 + (np)r0)

σβ
n

]
6

C(d, r0)(1 + (np)r0+1)

εσβ
n

(
δn +

1

σβ
n

)
+

C(d)(1 + np)

σβ
n

.

Step 4 We will show that

B3 6
C(d)(1 + np)

εσβ
n

(
δn + ε +

C(d, r0)

σβ
n

)
.

FromProposition 1we have

n∑
i=1

n∑
j=1
j 6=i

E[|XiZij |] 6 C(d)(1 + np). (20)

By (5), (6), (15) and (17) we have

E[|Iz,ε(Wn)− Iz,ε(Wij)|]

6
1
2ε

E

[
|Zi + Vij |

∫ 1

0

I[z−ε6Wn−θ(Zi+Vij)6z+ε] dθ

]

6
1
2ε

E

[
|Zi + Vij |

×
∫ 1

0

I[z−ε6Wn−θ(Zi+Vij)6z+ε,|Zi+Vij |6 1

σ
β
n

] dθ

]
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+
1
2ε

E

[
|Zi + Vij |

×
∫ 1

0

I[z−ε6Wn−θ(Zi+Vij)6z+ε,|Zi+Vij |> 1

σ
β
n

] dθ

]

6
1

2εσβ
n

E

[ ∫ 1

0

I[z−ε− 1

σ
β
n

6Wn6z+ε+ 1

σ
β
n

] dθ

]

+
σr0β

n

2ε
E[|Zi + Vij |r0+1]

=
1

2εσβ
n

P
(
z − ε− 1

σβ
n

6 Wn 6 z + ε +
1

σβ
n

)
+

C(d, r0)

εσβ+1
n

6
C

εσβ
n

(
δn + ε +

1

σβ
n

)
+

C(d, r0)

εσβ+1
n

6
C

εσβ
n

(
δn + ε +

C(d, r0)

σβ
n

)
.

From this fact, and (20) we have

B3 6
C(d)(1 + np)

εσβ
n

(
δn + ε +

C(d, r0)

σβ
n

)
.

We now deduce our main result. From (11) and
Steps 1–4 we have

δn =sup
z∈R

|P (Wn 6 z)− Φ(z)|

6
C(d, r0)(1 + (np)r0+1)

εσβ
n

(
δn +

1

σβ
n

)
+

C(d)(1 + (np)2)

σβ
n

+
C

σβ
n

+
ε√
2π

.

for all ε > 0. Hence we can chooseε = C(d, r0)(1 +
(np)r0+1)/2σβ

n such that for largen,

B1 + B2 + B3 6
C(d, r0)(1 + (np)r0+1)

σβ
n

.

This fact and Step 1 complete the proof.
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