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ABsTRACT: The concept of quasi-ideals in semigroups was introduced in 1956 by O. Steinfeld. The class of
quasi-ideals in semigroups is a generalization of one-sided ideals in semigroups. It is well-known that the
intersection of a left ideal and a right ideal of a semigroup S is a quasi-ideal of S and every quasi-ideal of S can
be obtain in this way. In 1981, M. K. Sen have introduced the concept of T'-semigroups. One can see that I'-
semigroups are a generalization of semigroups. In this research, quasi-I'-ideals in I'-semigroups are introduced
and some properties of quasi-I'-ideals in I'-semigroups are provided.
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INTRODUCTION

Let S be a semigroup. A nonempty subset Q of Sis
called aquasi-ideal of SfSQ M QS € Q. Let Q be a quasi-
ideal of S. Then Q> < SO N QS < Q. Hence Q is a
subsemigroup of S. The concept of quasi-ideals in
semigroups was introduced in 1956 by O. Steinfeld
(see [1]). The author has studied some properties of
quasi-ideals in semigroups (See [2] and [3]).

Example 1.1.LetS=[0, 1] . Then Sisasemigroup
under usual multiplication. Let Q = [0, %4]. Thus SQ N
9S =10, %] c Q. Therefore, 9 is a quasi-ideal of S.

Anonempty subset L of Sis called a left ideal of S if
SLc Land anonempty subset R of S is called a right
ideal of SIfRSCR. Clearly, every leftideal and every right
ideal of a semigroup Sisasubsemigroup of S. Next, let
Land R be aleftideal and a right ideal of a semigroup
S. By the definition of quasi-ideals of semigroups, it is
easy to prove that L M Ris a quasi-ideal of S (See [4]).
Let Q be a quasi-ideal of a semigroup. Then Q@ = (Q U
SN (QuUOS). Itiseasy toshow that (QU SQ)isaleft
ideal of S and Q U QS is aright ideal of S. Then every
quasi-ideal Q of S can be written as the intersection of
aleft ideal and a right ideal of S.

Example 1.2. Let Z be the set of all integers and
M,(Z), the set of all 2 X 2 matrices over Z. We have
known that M,(Z) is a semigroup under the usual
multiplication. Let

x 0
L={ y 0 |x,yeZ}

and

Xy
R={ 0 0 |x,yeZ}.

Then Lis a left ideal of M,(Z), R is a right ideal of
M,(Z)and [x 0
LNR={ [O O} lxez }is a quasi-ideal of M,(Z).

In 1981, the notion of '—semigroups was introduced
by M. K. Sen (See [5], [6] and [7]). Let M and I" be any
two nonempty sets. If there exists a mapping M x I" x
M— M, written (a,,b) by ayb, Mis called a I'=semigroup
if M satisfies the identities (ayb)puc = ay(buc) foralla, b,
ce Mandy,u e I'. Let K be a nonempty subset of M.
Then Kis called asub I'=semigroup of Mif ayb € Kforall
a,be KandyeT.

Example 1.3. Let S be a semigroup and I' be any
nonempty set. Define amapping SXI'xXS — Sby ayb
=abforalla,be Sandye I". Then Sisa'—semigroup.

Example 1.4. Let M = [0,1] and

1
I'={ ;| nis a positive integer }.

Then M is a I'-semigroup under the usual
multiplication. Next, let K= [0, 2]. We have that Kisa
nonempty subset of M and ayb e Kforalla,be Kand
ve I'. Then Kis a sub I'=semigroup of M.

From example 1.3, we have that every semigroup
is a '=semigroup. Therefore, '-semigroups are a
generalization of semigroups.

In this research, we generalize some properties of
quasi-ideals of semigroups to some properties of quasi—
I'-idealsin I'=semigroups.
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MAIN ResuLts

Let M be a '=semigroup. A nonempty subset Q of
Miscalled a quasi—I'—ideal of MIfMT'Q N QI'M c Q. Let
Qbeaquasi—-I'-ideal of M. Then QI'Q c MI'Q N QI'M
c Q. Thisimplies that Q is a subI'=semigroup of M.

Example 2.1. Let S be a semigroup and I' be any
nonempty set. Define amapping SXI'xS — S by ayb
=abforalla,be Sandye I'. From example 1.3, Sisa
I'-semigroup. Let Q@ be a quasi-ideal of S. Thus SQ N QS

C Q. We have that STQ N QI'S=SQ N QS < Q. Hence,
Qs a quasi—I'—ideal of S.

Example 2.1 implies that the class of quasi—-I'=ideals
in '=semigroupsisa Generalization of quasi-idealsin
semigroups.

Theorem 2.1. Let M be a I'-semigroup and Q, a
quasi—I'—ideal of M foreachie I.1f D’Q isanonempty
set, then ng is a quasi—I'—ideal of M.

Proof. Let Mbe a'=semigroup and Q, a quasi—I'—
ideal of M foreachie I. Assume that Q, Q isa nonempty
set. Takeanya,be QQi ,m,m, € Mandv,ue I'such
thatm pub=aym,. Thena,be Q forallie I. Since Q is
aquasi-I'—ideal of M forallie I, m ub=aym,e MI'Q,
NQTI'Me Q forallie I. Thereforem ub=aym, e Q}Ql .
Thus MFDIQl mgQi I'™Me ng . Hence, th isa
quasi—I'—ideal of M.

InTheorem 2.1, the condition Dl Qisa nonempty
set is necessary. For example, let N be the set of all
positiveintegersand I'={1}. Then MisaI'=semigroup.
Forne N,let Q =
show that each Q isa quasi-I'-ideal of M forallne N

{n+l,n+2,n+3,...}. Itiseasy to

NQi
but 1% isaempty set.

Let A be a nonempty subset of a '=semigroup M
and ¥ ={QIQisaquasi—-I'—ideal of M containing A}.
Then J isanonempty setbecause M e 3 . Let (A) =

ﬂ Q 1tis clear to see that A < (A),. By Theorem 2. 1,
(A)qls aquasi—I'—ideal of M. Moreover, (A)q isthe smallest
quasi—I'—ideal of M containing A. (A) is called the quasi—

I'—ideal of M Generated by A.

Theorem 2.2. Let A be anonempty subset of a I'—
semigroup M. Then
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(A)q =AUMIANATM).

Proof. Let Abe anonempty subset of a '—semigroup
M. Let Q=AUMT'A N ATM). Itiseasy tosee that AC Q.
We have that MT'ONQT'M=MI"[A U MT'ANATM)] N
[AUMIANATM) TMcMI(AUMIA) N [AUATM)]
I'McMI'ANATM c Q. Therefore, Qisaquasi—I'—ideal
of M.

Let Cbe any quasi—I'—ideal of M containing A. Since
Cisaquasi-I'-idealof Mand A c C, MTANATM c
C. Therefore, Q =AU (MI'ANATM)cC.

Hence, Q is the smallest quasi-I'-ideal of M
containing A. Therefore,

(A)q =AU (MI'ANATM), asrequired.

Example 2.2. Let N be the set of natural integers
and I' = {5}. Then N is a '=semigroup under usual
addition.

(1) Let A ={2}. We have that

(A) ={2}u{8,9,10,...}.

(i) Let A = {3, 4}. We have that

(A),=13,4}01{9,10,11,...}.

Let M be aI'=semigroup. A subI'=semigroup Lof M
is called a left T'—ideal of M if MI'L c L and a subI'-
semigroup R of M is called a right I'=ideal of M if RI'M
C R. The following theorem is true.

Theorem 2.3. Let M be a '-semigroup. Let L and
RbealeftI'-ideal and aright '—ideal of M, respectively.
Then L N Ris a quasi—-I'—ideal of M.

Proof. Let Land Rbe any left '—ideal and any right
I'-ideal ofa I'=semigroup M, respectively. By properties
of Land R, we have RI'L € L N R. This implies that L N
R is a nonempty set. We have that

MI (LNR) N (LNR) TMcMI'LARTM cLNR.
Hence, L N Ris a quasi—I'—ideal of M.

Theorem 2.4. Every quasi—I'—ideal Q of a T-
semigroup M is the intersection of a left '—ideal and a
right '-ideal of M.

Proof. Let @ be any quasi—I'—ideal of aI'—semigroup
M. LetL=QuUMI'Qand R=9QuU QI'M.

Then MI'L = MT" (Q U MT'Q) = MT'Q U MTMI'Q =
MI'QcLand RTM =(QUOTM)TM = QTMU QT MI'M
c OI'M c R. Then L and Ris a left '-ideal and a right
I'-ideal of M, respectively.

Next, we claim that @ = L N R. It is easy to see that
Qc (QUMI'Y) N (QUATM)cLNR. Conversely, L
NR=QUMI'YN(QUIATM)c QU MI'9NII'M)c
Q.Hence,Q=LNR.

Let M be a I'=semigroup. M is called a quasi-simple
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I'=semigroup if M is a unique quasi—I'-ideal of M. A
quasi—I'—ideal Q of M is called a minimal quasi—I'—ideal
of Mif Q doesnot properly contain any quasi—I'—ideals
of M.

Example 2.3.Let GbeagroupandI'={e }.Itiseasy
to see that I'is aunique quasi—-I'=ideal of I"under the
usual binary operation. Then G is a quasi-simple I'-
semigroup.

Theorem 2.5. Let M be aI'=semigroup. Then M is
aquasi-simple '=semigroupifand only it MI'm " mI'M

=Mforallme M.

Proof. Let M be a '—semigroup.
The proof of (—) : Assume that M isa quasi-simple

I'—semigroup. Take any me M. First, we claim that MI'm

NmI'Misaquasi-ideal of M. We have thatmI'm e MI'm
N mI'M, this implies M['m M mI'M is a nonempty set.
Moreover, MI' (MIT'm nmI'M)N\(MI'm nmI’'M)TM c
M MITm)N(MIM)TM =(MIT'M)TmmI (MT'M) <
MI'm " mI'M. Therefore, MI'm nmI'M is a quasi—I'—
ideal of M. Since Misa quasi-simple I'=semigroup, MI'm
NmI'M=M.

The proof of («) : Assume that MT'm nmI'M = M
forallme M. Let Qbeaquasi-I'-ideal of Mand g€ Q.
By assumption, M = MI'q ™ qI'M. Since Q is a quasi—
I'-ideal of M\, M =MI'g " gIM c MI'Q " OT'M c Q.
Therefore Q = M. Hence, M is a quasi-simple I'—
semigroup.

Theorem 2.6. Let M be a '-semigroup and Q a
quasi—I'—ideal of M. If Q is a quasi-simple [ —semigroup,
then Q is a minimal quasi—I'-ideal of M.

Proof. Suppose M be aI'—semigroup and Q a quasi—
I'—ideal of M. Assume that Q is a quasi-simple I'—
semigroup. Let C be a quasi—I'—ideal of M such that C
c Q. ThenQI'CNCI'QcMI'CNCI'M c C. Therefore,
Cbeaquasi-I'-ideal of Q. Since Qisa quasi-simple I'-
semigroup, C = Q. Then Qis aminimal quasi—I'—ideal
of M.
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