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AssTrRACT: In this paper, we study the equation
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gu(x,t) = dulx,t)
ot

with the initial condition  u(x,0)= f(x) for x € R"-the n -dimensional Euclidean space. The operator
o is named the ultra-hyperbolic operator iterated k -times, defined by
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p+q=n is the dimension of the Euclidean space R" u(x,t) is an unknown function for

() =(x, .0, X

X, € R"x(0,00), f(x) is a positive integer, and ¢ is a positive constant.
We obtain the solution of such equation which is related to the spectrum and the kernel which is so called

the generalized ultra-hyperbolic heat kernel.

Moreover, such the generalized ultra-hyperbolic heat kernel has interesting properties and also related to

the the kernel of an extension of the heat equation.
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INTRODUCTION
It is well known that for the heat equation

2u(x,t) =c*Au(x,t) (1.1

ot

with the initial condition u(x,0)= f(x) where
0’ 0’

A=—4e b —— .
2 5> is the Laplacian operator
ox, Ox, P P

and (x,t)=(x,,...,x,,t) € R"x(0,00), we obtain the
solution

1 = X*VZ (Zl
u(x,t):w for fQe™ 4 gy

(4¢*

or the solution in the convolution form

u(x,t) =E(x,t)* f(x) (1.2)
Where E( ) _ 1 —IxP /4t
DG4

and the symbol * designates as the convolution.

The equation (1.3) is called the heat kernel,
where| x '=x] + x5 +---+x7 and ¢ > 0, see [ref. 2,
p208-200].

Moreover, we obtain E(x,t) > as t—0
where § is the Dirac-delta distribution.
We can extend (1.1) to the equation

2u(x,t) =c’ou(x,t) (1.4)
ot
with the initial condition
u(x,0) = f(x) (1.5)
where g is the ultra-hyperbolic operator, that is
o’ 0’ 0’ 0’
D:_+"'+__ [ —
ox; ax; 6x;+1 6x;+ .
Then we obtain
u(x,t) =E(x,t)* f(x) (1.6)

asasolution of (1.4) which satisfies (1.5) where E(x,t)
is the kernel of (1.4) and is defined by

4 2 p+q 5
(i 2525
E(x,t) = —————exp| —— e
(4cmt)" 4t (1.7)

p p+q
where p+q=n,i:\/—_1 and lez > X XZ, , see
[ref.1, pp. 215-225]. oo
Moreover, we obtain E(x,t) = § as t — 0 ,where
S isthe Dirac-deltadistribution. In addition, we studied
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the ultra-hyperbolic heat kernel which isrelated to the
spectrum, see [ref. 2, pp. 19-28].

Now, the purpose of this work is to study the
equation

—ulx,t)=c* " ulx,t

atu(x) c otulx,t) (1.8)
with the initial condition

u(x,0)= f(x), for xeR" (1.9)

where the operator 4 is named the ultra-
hyperbolic operator iterated k-times defined by

E(z 2 82 82 62
= — 4 — —— — = RS
6x1 ox,  ox;, ox., ) (1.10)

p+q=n is the dimension of the Euclidean space
R", u(xt) is an unknown function for
) =0x,.0,x,,0) e R" x(0,00), f(x) is the given
generalized function, k is a positive integer and ¢ is a
positive constant.

We obtain u(x,t) = E(x,t) * f(x) as a solution of
(1.8) which satisfies (1.9) where

%J’exp{czt( s & zg j +i(x,r§)} dé
T)? a j=p+1

(1.11)
and Q c R" isthespectrumof E(x,t) forany fixed
t >0 . The function E(x,t) is called the generalized
ultra-hyperbolic heat kernel iterated k-times or the
elementary solution of (1.8). And all properties of E(x;t)
will be studied in details.
Now, ifweput k=1 and ¢=0 in(1.8)and (1.11)
then (1.8) and (1.11) reduce to (1.1) and (1.3)
respectively.

E(x,t) =

PRELIMINARIES

Definition 2.1 Wesay f e L'(R") if
ol FGO 1 dx < o0,

For f e'(R"), we define its Fourier transform at
apoint £ e R" as

f&= for 07 f(x)dx

(2 )11/2 (21)

where £ =(&,4,,...,¢,) and x=(x,,...,x,) e R",

(Ex)=&x +&Ex, +-+ & x, and dx=dx, ...dx, .
Also, theinverse of Fourier transform is defined by

fO)=——5 [ eV f(EE (20

(2 )71/2

Definition 2.2 The spectrum of the kernel E(x,t) of
(1.11) is the bounded support of the Fourier transform

E_(/(;Tg) forany fixed > ().

Definition 2.3 Let £=(£.¢,,...,
denote by

&)eR"and
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[, ={feR": &+ 48 -&, -

the set of an interior of the forward cone, and
T, denotes the closure of T, .

Let O bespectrumof E(x,t) defined by definition
22and QcT, . Let E(&,0) be the Fourier transform
of E(x,t) and define

L explay ¥ & zg: } for £€
Een {(27z) [J-p ]
0 for EgQ)

§p+q > 0and¢, > 0}

exp,

(2.3)

Lemma 2.4 Let ], be the operator defined by

L:g—czd‘

o 24

where :is the ultra-hyperbolic operator iterated
k-times, defined by

2 2 2 2 k
g = et 5_2 _ 9_2 ..... 3_2 ’
6x1 ox, 0x,,, ox, .,

p+q=n isthedimensionof R" ,k isapositive integer
(x,..,x,)€R", t €(0,00),and ¢ isapositive constant.
Then we obtain

Bo0= sy Jexp{c t[ PR j +i<x,§>} a
p+
2.5)
asaelementary solution of (2.4) in the spectrum Q < R" for
t>0.

Proof. Let where is the kernel or the elementary
solution of operator Land is the Dirac-delta distribution.

Thus P
5E(x,t) —CdE(x D) =8(x)80).

Take the Fourier transform defined by (2.1) to both
sides of the equation, we obtain

0 =A— 5 A
5E<§,t>—ct(25 Zg’jE(ft) >n,z5<t>

j=p+1
Thus ~ ~
A
FED= 11 | c (Z & - 25)
Q) j=p+1

where H(t) isthe Heaviside function. Since H(t) =1
for t >1. Therefore,

A 1 [
E(f,t)=”—exp ( Z 5 25 j

j=p+1

which has been already defined by (2.3). Thus

) —_
E(x,t) = [ e “VE(E DE

1
<2ﬂ,)n/2
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i(&,x)
(2 \)n/2 IQ E<§ t)d§

where () is the spectrum of E(x,t). Thus from
(2.3), we have

G j'exp{c t( Z & Zf ) +i(x,§):| dé

j=p+1

E(x,t) =
Qr
fort>0

Lemma 2.5 Forall t >0, cisa positive constant and
all x e R we have

r exp(—czﬁzt)dﬁ = \/g
and ct

fw exp(—clc—ﬁ + i§x)d§ = \/%exp(— 4izt]' Q.7

Proof. See [ref. 4, pp.117-118].

(2.6)

MAIN ResuLts

Theorem 3.1 Given the equation

2u()c,t)—cquu(x,t) (3.1)
ot

with the initial condition
u(x,0) = f(x) (3.2)

where  is the ultra-hyperbolic operator iterated
k-times, defined by

k
2 2 2 2
ﬂ:[az P A J
ox; Ox, Ox Ox ’
p+q=n is the dimension of Euclidean space R",
kis a positive integer, u(x,t) is an unknown function for
() =(x,.x,,t) e R"x(0,00), f(x) is the given
generalized function, and ¢ isa positive constant. Then
we obtain u(x,t) = E(x,t)* f(x) (3.3)
as a solution of (3.1) which satisfies (3.2) where E(x,t) is
givenby (2.5).

Proof. Taking the Fourier transform defined by
(2.1) to both sides of (3.1), we obtain

%ﬁ(f,t}zczt( 3 & zg j u(&,0).

Jj=p+1

Thus
a<§,z>=1<<§>exp{c2t( ) & 25 j } (3.4)

j=p+1

where K(&) is constant and ﬁ(g,t) =K(&).
Now, by (3.2) we have

K(&)=u(& D= f(&)=

Gy ke O 5 5)
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and by the inversionin (2.2), (3.4) and (3.5) we obtain
,GR” ei(é,x‘)&(g t)d(f
i(,x) 71(5 y) ( )
y
(2 o /

XeXp{c t( ) & Zg' j }dﬁdy

u(x,t) =

(2 )n/Z

j=p+1

i(&,x— v)f(y)
(z -t ] }dg’dy

Or
u(x,t) =

(2 ¥ for for fC)

xexp{czt( > & Zf) +i(§,x—y)}d§d)’

j=p+1

(3.6)

Set l k
E(x,t) = — o exp|:czt( Z 5 Zf j +i(§,x):|d§.
Q) j=p+1

(3.7

Since the integral of (3.7) is divergent, therefore we
choose () = " be the spectrum of E(x,t) and by
(2.5), we have

E(x,t) =

k
farexp sz( pzq & —ifﬁj +i(&,x) |d&
Qr) j=p+1 -1

{c c(zlgf ilg] +i(§,x)}d§.

(2 )"
(3.8)
Thus (3.6) can be written in the convolution form

ulx,t) =E(x,t)* f(x).

Moreover, since E(x,t) exists, then

ei(é,X)dé:

IimE(x,t) =
t—0

1
Q)"
T Qay
=6(x), for xeR".

e“‘f”‘)df

3.9
See [ref. 5, p396, Eq.(10.2.19b)].

Thus forthe solution u(x,t) = E(x,t) * f(x) of (3.1),
then
u(x,0) = hrrol u(x,t)

—hm(E(x D* f(x))=6* f(x) = f(x)
which satisfies (3. 2)
In particular, if we putk =1 and ¢=01in (3.8), then
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we obtain

E(x.0) = (2; L eXp{_Czt(i g?j Fi(E ) |de
—— [exp| —¢ th +1Z§Jx, dé

" Qny
1
@i” ﬂﬁoexp[ ‘ tézﬂéxi]dé
J
“ o W { = bwyen
Thus Fx 1) 1 <
%= (4’C27Z'f)n/2 exp 4¢ 2[ )

T n/2 | X |2
since | —— exp| — H
(cztj [ 4c2tj j=

s 2
and [ x['= X xj .
j=1

x;
4c%

Therefore, ifwe putk=1andq=0in(3.1)and (3.8)
then (3.1) and (3.8) reduce to (1.1) and (1.3),
respectively.

Theorem 3.2 The kernel E(x,t) defined by 3.8)
have the following properties :

(1) E(x,p)eC” (R” X (O,OO)) - the space of continuous
functionwith infinitely differentiable.

o
o) (a_c E{*)E(x,)=0forall xeR"t>0.
27"M(1)

where M(t) is a function of t in the spectrum Q . Thus
E(x,t) is bounded for any fixed t > 0.

G E(xDI<

(4) mE(x,0) = 6(x) forall xeR".

Proof.

(1) From (3.8), since
ﬁE(x )= !
a" Qo)

' Xjﬂgt” eXP[czt( ) & Zéj +i(cf,x)1d§

J=p+l

Thus E(x,t)eC” for xeR",t>0.

(2) By computing directly, we obtain

o . _
(E—C E{ jE(X,)—O

(3) We have

E(x,t)—(2 ¥ jgexp{c t( Z & 25 ] +i(§,x)}d§

j=p+1

forallxeR"t>0,
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|E(x,b)I< jﬂexp{czt( Zlé 25 j 1 dé.

1
Q)

By changing to bipolar coordinates

And § =ro.¢ =rw,,... ¢ =T,
§p+1 p+1a§[,+2 p+2’ §p+q = Sa)p“{
where ZCU =1 and 2160' =1
Jj=p+
Thus .
B0k o 5 JQeXp[c t(s" 1) ]r”'lsq'ldrdsdequ

where d& =17~ st dr deQPqu , de and qu are
the elements of surface area of the unit sphere in R” and
Rirespectively. Since <« R"is the spectrum of
E(x,t), we suppose 0 <t <R and 0<s<TwhereR
and T are constants. Thus we obtain

| E(x, t)|< ( IO fo exp[c t(s —r ) }r”'lsq'ldrds
(2 )n M(®) for any fixed t >0
277" M(1)

i
2 2
where  M(t) = ﬁ fgexp[czt(sz —7? )k]r"’lsq’ldrds

Zﬂ_p/Z

oY)

Thus, for any fixed t > 0, E(x,t) is bounded.

is a function of 7, and Q =——

(4) Obvious by (3.9).
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