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ABSTRACT Let {: RN - IR® be a Lipschitz function, i.e. || {(x)-f(y) 1< Cllx -yl
for some positive constant C and all x, y 0 IRN. In this paper, we use the probabilistic tools to approximate
f on any compact set by Bernstein polynomials. We prove that the rate of uniform convergence is at least

‘Inn .
of order ./ —— . Moreover, one can apply the same argument for Holder functions.

'y n
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INTRODUCTION

Bernstein' first used his eponymous polynomials
to prove the Weierstrass approximation theorem
which states that the set of real polynomials over
[0, 1] is dense in the space of all continuous real
functions on [0, 1] in 1912.1tis a classic application
of probability theory to real analysis that finds its
way into many textbooks*? and journals.* It took
more than twenty years before results appeared
concerning the rate of convergence of the approxima-
tion by Popoviciu® and by Kac®” became available.
While Popoviciu established the speed of convergence
in terms of the modulus of continuity, Kac originally
proved the following theorem.

Theorem 1 If the function f: [0, 1] — IR is Holder
with exponent 0 (0 < 0 < 1) and constant L, i.e.
If(x)-f(MI<LIx-yl[ forallx,yol0,1], then

£ -B.(F, %) | s LXITX)S

n

for all n 0 IN, all x 0 [0, 1] ,where B (f, x) is a
Bernstein polynomial

B, (Lx) =3 (M) x/(1-x) (),
J=0 J n

More recently, Gzyl and Palacios®, refined the
original Bernstein argument to treat the specialization
to Lipschitz functions on [0, 1] by Bernstein
polynomials. The authors of [8] provided a rate of
uniform convergence of B (f, -) to f using large
deviation techniques. The theorem is the following.

Theorem 2 Letf: [0, 1] — IR be a Lipschitz function,
i.e. there exists a constant C such that | f (x) - f (y) |
<Clx-ylforall x,yrol0,1]. Then there exists a
constant K such that for every n 0 IN

£ -B,( ) <K, M
' n

In this paper we extend Theorem 2 to Lipschitz
functions on a compact set in IRY. The theorem is
the following.

Theorem 3 Let f: RN — IRP be a Lipschitz function,
e I f(x)-f(y)I<Cll x-yll for some positive
constant C and all x, y 0 IRN. Then for every compact
set D in IRY and n 0 IN there exists a polynomial
P :D - IR?and a constant K, depending on f, such
that

IIf(x)-P(x) <K "Ll
\'n

forall x o D.
Proor oF THEOREM

Before we prove Theorem 3, we note that the
important probabilistic tool in [2]-[4] is Chebyschev’s
inequality, and if the argument is applied to a
function satisfying a Lipschitz condition, the rate of
convergence of the Bernstein polynomials to the

. 1
function can be shown to be at least of order —
n
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If instead of Chebyschev’s inequality, we use another
probabilistic tools (Lemma 1), we can prove that the

In

Lemma 1 ([8], p650) Let X be a binomial random
variable with parameters n and x. Then fora > 0, we
have

rate of convergence is at least of order

2a2

P(|X-nx|>a)<2e » .

Proof of Theorem 3

In the (N+1)- faced die tossing experiment, in
which each face has probability t, (0<t,<1,t, +t, +
o+ ty,, = 1), let J, be the random variable whose
value is the number of the i -faced when we toss
the die n times. Hence J, is the binomial random
variable with parameters n and t,. So E(J,) = nt,, Var(J,)
=nt(1l - ) and

PUr=ji )y =lp - I =) =

i1 ¢d2 N+l
mre? LLnyt.

Step 1 We first consider the case where

>= 1 8

N
Since [ [0, 1] is compact and f satisfies the
i=1

Lipschitz condition, f is bounded and uniformly

N
continuous on [] [0,1]. So there is an M > 0 such
i=1

that 1 () I < M on 7 [0,1].

N ID .
Foreachn 0 IN, let P, : [ N - IR" be a

i=1

polynomial function defined by P, (t,,t,,...,ty) =

s f(J—l,J—Z,...J—N)( n oLty

jl+JZ+___+jN+1:n n n n Jpdarine

where ty,; =1-(t; + t, + ... + t).
Since 1= 1"
n
= [t +t+ ...+ ty,]

j1¢i2 JN +1
PISLR SIS S A

= 2 ( n
j1+J2+_._+jN+l=n Jrly-INel
we have f(t,, t,, ..., ty) =

j1¢i2 JN +1
ISR S LIS SO AL

s f(t,t5,...,tx)( n

IR N O Jrdyeine

So, one obtains
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” f(tp tp LEEE) tN) - Pn(tp t27~~-7 tN) ”
.1 .2 .N
=S N {C TS ST o { AR LB
jl+j2+_._+jNH:n n n n
C nooghed ol
B IR
.1 .2 .N
= sttt =T 32 Iy,
jl+j2+_._+jNH:n n n n

P(jl,jz,---,jN+1)
where P(j17j27 "'7jN+1) = qu =j17J1 =j27 R jN+1 =jN+1)'
Fora >0, let

S =1{G1sJpoeee jp) 13;0 {0, 1, 2,..., n} and
I (nt}, nty,..., nty) - Gp Joseo ju) 1S a)

and

S, = {Gy» jareer Jn) 1 §; 0 {0, 1,2, ..., n} and
Il (nty, 0ty 0t = Gy s o o) 11> ).

Then [ {(t,, t,,..., ty ) - P (1}, ty,.e0, t) |

< b2 IIf(t],tz,...,tN)—f(J—l,J—z,...Jl)||
iyt tine T n n n
Ciplgremin)0S1

P(jl,jz,...,jNﬂ)
oy et )
iyt T n n n
Cipiaremin 052

PGiyjoseesjnn). @D)

On S,, we know that

(.t —FAES 2 Y
n n n
SCIE(t, )-8 22 2y
n n n

=C e, nty, o0t - G s oo i)
n

So, one obtains
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b3 [FZCTI T T B { G LN
Ity tign T n n n
Gipigrmjn)0SL
P(jl,jz,-~-,jrx‘+1)
C A .
Si . Z P(Jl,]z,---,]Nﬂ)
n J1+J2+M+JN+l:n
59 ----- (2)
n

Since Il £ (1) I <M on [] [0,1], we have

S L UCTI SO 200 T L R LA
Itit e n n n
Gipjgsnin 082

P(jl,j2,~~-,jN+l)

S 2M 3 P(ujoseenjne)e e 3)

ST N O]
(pjgr-min)os2

We now let
Al = {(jla Jos e jN+1) osS: (jla Jos e .]N) o Sz and
lj, - nel > ),
AN

A, ={Gp o o Jne) 0S 2 Gy Jar -0 J8) 0S, and

. a
|J2 - ntz' 2 T }7
AN

Ay ={Gp o o Jna) 0S 2 Gy Jar 0 J) 0S, and

lix - ntgl = —2 1,
N

where S is the sample space of (N+1)-faced die tossed
n times, i.e.

S = {(jpjza ---7jN+1) :ji O {O’ 17 2, eeey H}}

By Lemma 1 we have

222
P(A) <P(J,-nt|= —2) <2e ™
AN

forio{0,1,2,.. N}L

Since for each (j,, j,, ..., ji) O°S, there is j, such that
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. a
ljo-nty 12 ——,
VN

L;JlAl = {(]‘17]‘2’ ""jN+1) : (j17j27 ""jN) 0 Sz}~

Hence >
it
Gpige-min)oS2

P(iyjoseerjnn)

:P@Ai)

S%P(Ai)

a2

<2Ne »~ . 4)

From (1) - (4)

Ca 242

(L, 6, ooy t) - P(t, G, oy ) €55+ 4MNe o

n

Ifa= %\/Nn (Inn), then
Inn

|| f(tp tzr--’ tN) - Pn(tla tp seey tN) || S K !
\'n

for some constant K.
In step 1 we proved Theorem 3 in case

N

D= E) ;E In the following step, we extend
i=1

N
our result to the case where D =] [ai , b,] .
i=1

Step 2 We now consider the case where
D= ., bil.
!:![a b ]

If we let H: ] [a, N(b-a) + al - ] [O, 1] be a

function defined by
H(x,, X, ..., X3) = (H,(x)), Hy(x,), ..., Hy(x))

where H;: [7[a;, N(b;-a) +a] - [0, 1] is defined by
Xi —a

N(b; —a;) '
then H is a bijective continuous function and

H (%), X5, ...y Xy)

N

" 1
H(i[![ai,bi])— nlo, E]'

i=1
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We now define a function F : [ [O, 1] - IR® by

i=1

F(x)=foH'(x) .

Hence, for x = (x, X5, ..., X) and y = (y;, V35 o> V)
we have

Il FG)-Fy) |l

=1 foH(x), x5, oy %) - o H (y vy, v I

= | f (x,N(b, - a,) +ay, ..., xyN(by - ay) +ay) -
f (y\N(b, -a)) +a,, ..., yy N(by - ay) +ay) Il

< Cll (x,- yON(, -a), (x, - y,) N(b, - a,), ...,
(XN - YN)N(bN - aN) ”

<CNmax (b, —a)llx-yll.

Therefore, F is a Lipschitz function. Obviously, F is

N
continuous on [] [0,1] and f = F o H. By step 1,
i=1

for n 0o N there exists a polynomial function

N
P.: [0, %] - IR" and a constant K such that

i=1

'In
TECyL, Yo oo Vo) = Pulyys ¥ o0 YO 1S K \sfn
¢ n

for (y,, v -oos Yo U |j [0, %].

We next define a polynomial function
P, : Mla, b;] — IR by

P, (X, X, ..., X) = P o H(X,, X, .., X0).
Since H([][a, b]) = [] 0, %], P, is well-defined
i=1 i=1
and
” f(X17 sz sty XN) - f)n (Xp X27 ias) XN) ”

= || FOH(Xl, X5y eeey XN) - P, OH(XI, X5y eeey XN) ”
= || F(H(X]v X5y eey XN)) - Pn (H(X]1 X5y eeey XN)) ||

SK\/Inn.
n

Step 3 Finally, we consider the case where D is a
compact set in IRN,
From the fact that every compact subset in

N
IRYis bounded, we can find a set [ [a;, b,] such that
i=1
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D U [ [a, b]. So we can apply step 2 to a compact

set D.

CoNcLusionN

In this paper, we have shown that a Lipschitz
funtion may be approximated by the Bernstein
polynomials and given the rate of uniform con-
vergence. We can use the same argument to prove
Theorem 3 in the case of f being a Holder function.
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