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ABSTRACT Let f : IRN → IRP be a Lipschitz function, i.e. || f(x)-f(y) || ≤ C || x - y ||
for some positive constant C and all x, y ∈  IRN. In this paper, we use the probabilistic tools to approximate
f on any compact set by Bernstein polynomials. We prove that the rate of uniform convergence is at least

of order 
    

lnn
n

. Moreover, one can apply the same argument for Hölder functions.
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INTRODUCTION

Bernstein1 first used his eponymous polynomials
to prove the Weierstrass approximation theorem
which states that the set of real polynomials over
[0, 1] is dense in the space of all continuous real
functions on [0, 1] in 1912. It is a classic application
of probability theory to real analysis that finds its
way into many textbooks2, 3 and journals.4 It took
more than twenty years before results appeared
concerning the rate of convergence of the approxima-
tion by Popoviciu5 and by Kac6, 7 became available.
While Popoviciu established the speed of convergence
in terms of the modulus of continuity, Kac originally
proved the following theorem.

Theorem 1 If the function f : [0, 1] → IR is Hölder
with exponent α (0 < α ≤ 1) and constant L, i.e.
| f (x) - f (y)| ≤ L | x - y |

α
 for all x, y ∈  [0, 1], then

| f (x) - Bn(f , x) | ≤ L
  
(
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)
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n

1
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for all n ∈  IN, all x ∈  [0, 1] ,where Bn(f, x) is a
Bernstein polynomial

B (f, x) = (  n j
n x x f

j

nj

n
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More recently, Gzyl and Palacios8, refined the
original Bernstein argument to treat the specialization
to Lipschitz functions on [0, 1] by Bernstein
polynomials. The authors of [8] provided a rate of
uniform convergence of Bn(f, .) to f using large
deviation techniques. The theorem is the following.

Theorem 2 Let f : [0, 1] → IR be a Lipschitz function,
i.e. there exists a constant C such that | f (x) - f (y) |
≤ C | x - y | for all x, y ∈  [0, 1]. Then there exists a
constant K such that for every n ∈  IN

| f (x) - Bn(f, x) | ≤ K
    

lnn
n

.

In this paper we extend Theorem 2 to Lipschitz
functions on a compact set in IRN. The theorem is
the following.

Theorem 3 Let f : IRN → IRP be a Lipschitz function,
i.e. || f (x) - f (y) || ≤ C || x - y || for some positive
constant C and all x, y ∈  IRN. Then for every compact
set D in IRN and n ∈  IN there exists a polynomial
Pn : D → IRP and a constant K, depending on f, such
that

|| f (x) - Pn(x) || ≤ K
    

lnn
n

for all x ∈  D.

PROOF OF THEOREM

Before we prove Theorem 3, we note that the
important probabilistic tool in [2]-[4] is Chebyschev’s
inequality, and if the argument is applied to a
function satisfying a Lipschitz condition, the rate of
convergence of the Bernstein polynomials to the

function can be shown to be at least of order 
  

1
1 3n /

.
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If instead of Chebyschev’s inequality, we use another
probabilistic tools (Lemma 1), we can prove that the

rate of convergence is at least of order 
    

lnn
n

.

Lemma 1 ([8], p650) Let X be a binomial random
variable with parameters n and x. Then for a > 0, we
have

  P X nx a e
a
n( | | ) .− ≥ ≤

−
2

2 2

Proof of Theorem 3
In the (N+1)- faced die tossing experiment, in

which each face has probability ti  (0 ≤ ti ≤ 1, t1 + t2 +
... + tN+1 = 1), let Ji be the random variable whose
value is the number of the ith -faced when we toss
the die n times. Hence Ji is the binomial random
variable with parameters n and ti. So E(Ji) = nti, Var(Ji)
= nti(1 - ti) and

P(J1 = j1, J2 = j2, ..., JN+1 = jN+1) =

    
( )n t t tj j

N
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Step 1 We first consider the case where

D = 
  

0
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1

,
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
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=
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Since 
  

0 1
1
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 is compact and f satisfies the

Lipschitz condition, f is bounded and uniformly

continuous on 
  

0 1
1

,[ ]∏
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. So there is an M > 0 such

that || f(t) || < M on 
  

0 1
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For each n ∈  IN, let Pn : 
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polynomial function defined by Pn (t1,t2,...,tN) =
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where tN+1 = 1 - (t1 + t2 + ... + tN).
Since      1 = 1n

= [t1 + t2 + ... + tN+1]
n

=
    1 2 1 1 2 1

1
1

2
2

1
1

j j j j j j
N N

j j
N
j N

n
n t t t

+ + + + = +
+

+

K K
KΣ ( )

, , ,
,

we have f(t1, t2, ..., tN) =

    1 2 1

1 2

1 2 1

1
1

2
2

1
1

j j j j j j
N

N

N

j j
N
j N

n
f t t t n t t t

+ + + + = +
+

+

K K
K KΣ ( , , , )( )

, , ,
.

So, one obtains

|| f(t1, t2, ..., tN) - Pn(t1, t2,..., tN) ||

    
≤ −

+ + + + =
1 2 1

1 2
1 2

j j jN

N
N

n
f t t t f

j

n

j

n

j

nK

K KΣ || ( , , , ) ( , , ) ||

         
1 2 1

1
1

2
2

1
1

j j jN

j j
N
j N

n
n t t t

+
+

+

K
K( )

, , ,

    
= −

+ + + + =
1 2 1

1 2
1 2

j j jN

N
N

n
f t t t f

j

n

j

n

j

nK

K KΣ || ( , , , ) ( , , ) ||

          +1 2 1NP j j jK( , , , )

where P(j1, j2, ..., jN+1) = P(J1 = j1, J1 = j2, ...,  jN+1 = jN+1).

For a > 0, let

S1 = {(j1, j2,..., jN) : ji ∈  {0, 1, 2,..., n} and
         || (nt1, nt2,..., ntN) - (j1, j2,..., jN) || ≤ a}

and

S2 = {(j1, j2, ..., jN) : ji ∈  {0, 1, 2, ..., n} and
        || (nt1, nt2,..., ntN) - (j1, j2, ..., jN) || > a}.

Then || f(t1, t2,..., tN ) - Pn(t1, t2,..., tN) ||
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On S1, we know that
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So, one obtains
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We now let
A1 = {(j1, j2, ..., jN+1) ∈  S : (j1, j2, ..., jN) ∈  S2 and

   |j1 - nt1| ≥ 
  

a

N
},

A2 = {(j1, j2, ..., jN+1) ∈  S : (j1, j2, ..., jN) ∈  S2 and

   |j2 - nt2| ≥ 
  

a

N
},

  M
AN = {(j1, j2, ..., jN+1) ∈  S : (j1, j2, ..., jN) ∈  S2 and

   |jN - ntN| ≥ 
  

a

N
},

where S is the sample space of (N+1)-faced die tossed
n times, i.e.

S = {(j1, j2, ..., jN+1) : ji ∈  {0, 1, 2, ..., n}}.

By Lemma 1 we have

P(Ai) ≤ P(| Ji - nti | ≥ 
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From (1) - (4)

|| f(t1, t2, ..., tN) - Pn(t1, t2, ..., tN) || ≤ Ca
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If a = 
    

1
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Nn n( )ln , then

|| f(t1, t2,..., tN) - Pn(t1, t2, ..., tN) || ≤ K 
    

lnn
n

for some constant K.

In step 1 we proved Theorem 3 in case
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Step 2 We now consider the case where
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function defined by
H(x1, x2, ..., xN) = (H1(x1), H2(x2), ..., HN(xN))

where Hi:
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We now define a function F : 
  

0 1
1

,[ ]∏
=i

N

 → IRP by

F(x) = f ° H-1(x) .

Hence, for x = (x1, x2, ..., xN) and y = (y1, y2, ..., yN)
we have

|| F(x)-F(y) ||
= || f ° H-1(x1, x2, ..., xN) - f ° H-1(y1, y2, ..., yN) ||

= || f (x1N(b1 - a1) + a1, ..., xNN(bN - aN) + aN) -
      f (y1N(b1 - a1) + a1, ..., yN N(bN - aN) + aN) ||

≤ C || (x1 - y1)N(b1 - a1), (x2 - y2) N(b2 - a2), ...,
    (xN - yN)N(bN - aN) ||

  
≤ − −

≤ ≤
CN b a x y

i N
i imax ( ) || ||

1
.

Therefore, F is a Lipschitz function. Obviously, F is

continuous on 
  

0 1
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,[ ]∏
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N

 and f = F ° H. By step 1,

for n ∈  N there exists a polynomial function

Pn : 
  1
∏
=i

N

 [0, 
  

1
N

] → IRP and a constant K such that

|| F(y1, y2, ..., yN) - Pn(y1, y2, ..., yN) || ≤ K 
    

lnn
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for (y1, y2, ..., yN) ∈  
  1
∏
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1
N

].

We next define a polynomial function

  ̃Pn  : 
  1
∏
=i

N

[ai, bi] → IRP by

  ̃Pn  (x1, x2, ..., xN) =     P Hn o (x1, x2, ..., xN).

Since H(
  1
∏
=i

N

[ai, bi]) = 
  1
∏
=i

N

 [0, 
  

1
N

],   ̃Pn is well-defined

and

|| f(x1, x2, ..., xN) -   ̃Pn (x1, x2, ..., xN) ||

= ||     F Ho (x1, x2, ..., xN) -     P Hn o (x1, x2, ..., xN) ||
= || F(H(x1, x2, ..., xN)) - Pn (H(x1, x2, ..., xN)) ||

≤ K 
    

lnn
n

.

Step 3 Finally , we consider the case where D is a
compact set in IRN.

From the fact that every compact subset in

IRN is bounded, we can find a set 
  1
∏
=i

N

[ai, bi] such that

D ⊆  
  1
∏
=i

N

 [ai, bi]. So we can apply step 2 to a compact

set D.

CONCLUSION
In this paper, we have shown that a Lipschitz

funtion may be approximated by the Bernstein
polynomials and given the rate of uniform con-
vergence. We can use the same argument to prove
Theorem 3 in the case of f being a Hölder function.
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