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ABsTRACT The modified Newton method for solving systems of nonlinear equations is one of the
Newton-like methods. In this paper, results that will ensure the existence and uniqueness solutions to
a system of nonlinear equations will be given. A second order convergence result is established.
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INTRODUCTION AND DEFINITIONS

The Newton method for solving a system of
nonlinear equations

L)  f(x)=0

is the iteration equation

2) XK= xR (F (X)) H(xK), k=0,1,...
where x is in R, f is a function from a subset of R"
to asubset of R"and f'(x) is the Jacobian matrix of

f(x).

The Newton-like method for solving (1) is the
iteration equation

) Xkt = xk - (AX))H(xY), k=01,..,
where A(X) is an invertible operator.
Podisuk® introduced an iterative method which

is one of Newton-like methods for solving (1) which
has the form

4) Xkt = k- (H(xK)*f(x<), k=0,1...

B, 0o .. .0 O
J = 3 o

where H=p 0 fjj:a—x‘_, i=12,...n.
0 N J

B .. .0 fu

Throughout this paper,

X =R", n-dimensional real vector space
D 0 X, the domain of f(x)

D, =closed convex subset of D

Nt = {y:yox, |x-yll<t}

L(X,Y) = areal Banach space

f O Lip(D) if |If(X)-f(y)|| £ K x-y|| for some
constant K

{x,} =sequence of vectors in R"

B(x) = f' (X)-A(X) and M(x) = ' (x)-H(x).

Definition 1
Let t, and t be non-negative real numbers, g be a
continuously differentiable real function on [t,, t,+t1],

and G a continuously differentiable operator on N
(Xp, t) O X into X. Then the equation t = g(t) will be
said to majorize the equation x = G(x), or g majorizes
G, on N(x,, t) if

(5) ||G(Xo) - Xo” < g(to) - to and
(6) [IG' ()| <g'(t) where ||x-X]|st-t,<t.
Definition 2

Let t, and t' be non-negative real numbers, gbe a
real function on [t,,t,+ t'], and G an operator sending
N(X,, t') into X. Then the equation t = g(t) will be
said to weakly majorize the equation x = G(x), ¢
weakly majorizes G, if (5) holds and in addition

(M 1I6(G()) - Gl = g(g(®)) - 9(V),
when |X-x || <t-t, <t
and [IG(X) - X|| < g(t) - t.

LEMMAS AND THEOREMS.

We remark that Lemma 1 and Lemma 2 are
known results in mathematical analysis and Lemma
3 is given by Ortega.*

Lemma 1. (The Banach Lemma)

Let JOL(X,X) and ||l -J]| <8< 1, then J!existsin
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L(X,X) and
04 < (1-9)*.

Lemma 2.

Let 'O Lip(D,) and let x, y 0 D,, then

[IfG) - f(y) - FOx -l < % KlIx -yl

Lemma 3.

Let {x.} be a sequence in X and {t,} a sequence
of non-negative real numbers such that

||Xk+1'Xk” Sty - Lo k=01, ..
and t, — t* <[ Under these conditions, there exists
apoint s 0 X such that x, - sand

l|s-xJl<t*-t, k=0,...

The following theorem is known as The
Kantorovich Theorem. It is one of the fundamental
theorems in numerical mathematics. The idea behind

the proof of this theorem may be found in
Kantorovich.®

Theorem 1. (The Kantorovich Theorem)

Let x, be in D, and let 'O O [f'(x,)]* exist with
of 0 Lip(Dy).

[IFf(x)ll€nand h=Kn<

N |-

Define r,(h) = %(1—\51—2h)n

() = =@+ 1-2mn.

Then if N(x,,r,(h)) 0 D,, the sequence of iterates
defined by Newton Method exists, remains in
N(Xyro(h)) and converges to s in N(x,,r,(h)) such
that f(s) = 0. Ifh < 1/2, sis the only root in N(x,,r,(h))
n Dy, and if h = 1/2, s is unique in N(X,,r,(h)) n D,.
Furthermore, the sequence of the iterates satisfies
the error bounds

lls-x, || < %(1/2m)(1—J1—2h)2m .

The following theorem is given by Kantorovich
and Akilov.® This theorem together with Lemma 3
and Definition 1 give the convergence of the
sequence {x, } in X when the sequence of {t,} converges.
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Theorem 2.
If g majorizes G on N(x,, t') and g has a fixed
point in [t,, t,+ t7], then G has a fixed point s in

N (X,, t"). Furthermore, x,,, = G(x,) and t,,, = 9(t,),
k=0, 1, ..., converges to s and t* respectively with
the real sequence majorizing the vector sequence.

Next lemma uses the weakly majorizing property
and it is given by Dennis.!

Lemma 4.
Ifg(t) O (t t,+t) whentO (t,, t,+t"), and g weakly
majorizes G on N(X,, t), then there are elements t*

0 [ty t,+ t], s 0 N(X,, t) such that

Xk+1 = G(Xk)
and t..=0(), k=0,1, ..

converge to s and t* respectively with the t
sequence majorizing the x sequence.

Theorems 3-5 in this section are given by Dennis.!

These theorems give the convergence of the Newton-
like method.

Theorem 3.

Let A be a function on N(x,,r) such that A(x) O
L(X,Y) for each x and A(X) is invertible for each x in
N(X,, r) and that there is a real, nonvanishing,
nonincreasing function a(t) on [0,r) such that

IACANl < adllx - %ol D™

If f 0 (Lip,(N(%,r)) thenifc>1and 5> 0 are
real numbers such that

(8) a(t) + oKt

is isotonic on (0,r), and

9 1BEIl = adllx - X,|l) +oK][x - Xl - ,
for every x 0 N(X,,I))

then g(t) = t + (a(t))™ (0.5 oK 2 - &t + a(0)]|
(A -FGO)II

weakly majorizes G(x) =x - (A(x))*f(x) on N(X,,I).

Theorem 4.

Let £ 0 LipK (N (X,,r)) and (A(x,))* exist and be
bounded in the norm by (a(0))*.
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If |IB(xy)|l < a(0) and

(10)  h=KII(AC)) *f(xo)l[a(0)/((0) -[IB(xo)II)* <

N |-

and

1) = %(1 —1-2h" ) (@) —||B(xo) [|) <r

Then if f has a unique zero s O N(xo,r;)), and

Xm+ =Xm —(AX0))f(Xm), m=0,1,..

converges to s from any Xo ON (Xo, r) such that
%0 =0 [l <5 =@ =1 ~2n)(a(0) {1 B(x0) -

If, in addition, o, 6 and a satisfy the conditions of
Theorem 3 and

12) h= éoK 11(AG,) ™ f(x,) | a(0) < % and

(13) rozi(l—\/l—Zh)éq then

(14) Xy =Xy - (AG))M(x,), M=0,1, ...

converges to s.

In the following theorem, we impose one more
condition on A(x) and one condition on B(x) instead
of B(X,).

Theorem 5.

Let f 0 Lip, (D) where x, 0 D and D is an open
convex subset of X. Assume that

(15)  IAGN ) < a
(16)  NIAGNMI=B
A7) {I(AG)-AX)I < NgtN4lIX - X,||, Dx O D
(18)  [I(B(X) < 8,+5,Ix - x,Jl, X 0 D
Then RS, <1, IOEL%L?SGOY s% and NQx, )

0 D where
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i

2h
=g @ B%)
imply that f hasa root r 0 N (X, I'p) Which is unique
in D n N(x,, ;) where

i :L‘Zh'(l_gao)_

BK
Furthermore X, = X, - (A(X))) (X ,,)

converges to s from any X, O Dn N(Xq, I'))-

If, in addition, (5, + ny) <1,
_ oBKa
~ (1-Bn, ~BS,
O

1
<=
2

where ¢ = max (1, ;nl), and N(x,, r,) O D,
1-+v1-2h
ry ==—————1-Pno —Bd
0 oK (L-PBno —Bo)
then X,.., = X, - (A(X,,,))*f(x,,) converges to s.

MaAIN REsuLTs

The following theorem of this section will ensure
the convergence of the modified Newton method for
solving a system of nonlinear equations which is a
special kind of the Newton-like method.

Theorem 6.
Let D be an open convex subset of the space X

and f O LipK ([_)). Assuming that f(x) and H(x)
satisfy all the conditions of the previous theorems,
then there exists a unique zero s in D so that for any
point X, in D the sequence {x_} where

Xmer = Xy - (H(Xm))-l f(xm)
converges to s.
Proof
By the results of the previous theorems, the

existence and uniqueness of s in D is ensured and
the sequence {x.,} of points in D, where

X1 = Xy - (H(Xm))-l f(Xm)
for x, in D, converges to this unique points.

Theorem 7 is the last theorem of this section that
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shows that the order of the convergence of the
modified Newton method for solving a system of
nonlinear equations which is of second order.
Theorem 7.

Let the conditions of Theorem 5 be satisfied and
9, =0, that is
(19)  [IM(X)I| < &y[x-X,|l, O x 0 D.

Then the order of the convergence of the method is
equal to 2.

Proof.
Let Q=sup (a(llx-%IN)* x 0 N(Xy.ro)

P:Q(%K-I-Bl)

h

and e =|ls-xJ| then

ektl = [Is - Xl
= fIs - %, + (H) O
= IHO)H(S) + (HO) 06+ s - X,

= IHG4))H(s) + (Hx ) f(x )+
(H(X))*H(X)(s - Xl

< ICHG4)HITFCS) - F(x) + HXJ (s - x|

= IHX)HITHCS) - F6) + FI(s - %) -
F(x(s - % + Hx (s - Xl

= I(HX)ITHCS) - f(4) + F(I(s - %) -
(F(xd - H4I (s - Xl

< (allb D) (GKEE +11f (0 =Hxe) flex)
= (@(lIxg-%, D)™ (%Kei +[|M(x«) [l ex)

< (allix, ) (5 Kek +8e)

< QEK+3)e,’

< Pe2.

ExampLE

We will use the above method to solve the
following problem
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iv? +2u +v -20
Aiv+u+v+l

which satisfies all the required conditions above.

f(u,v) =

Note that u =1 and v =-1a is solution to this problem.
The iterative formulas are

= (2-v,)/(V3#2)

m+1
Vi, = (_um_l)/(urzr1+1)'

The iteration will be stopped when ||f(u,,,,,, V.. DIl
< 0.0000001. In this example we have

x=R?, D = (0,2)x(-2,0), D, = [0, 2]x[-2, O], r, =

0.5,8,=0,8,=1, %, = (U, Vo)
_ 2+2  2uv+10
fu, v) = Puv+l uw+1 @
, a_ 1 Ou?+l  -2uv-10
f(u. ) WV =322 —duv +1F2W -1 V42
01 o U
2 ~ 0
A(u,v):% 2+1@(A(u V)= D2+2 1 O
0
H u2+1H
U
andB(u,v) = 50 2VE

Table 1. The following table 1 gives the results with
different initial points.

U, Vo I U, Vi number of
iterations(m)

075 -0.75 05 1 -1 19

125 -075 05 1 =il 18

075 -125 05 1 =il 18

125 -125 05 1 =il 19

100 -0.75 05 1 =il 18

100 -125 05 1 -1 18

075 -1.00 05 1 -1 18

125 -100 05 1 -1 18

The solution by the above method always
converges to the point (1, -1) for all the initial points
in the domain D.
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CONCLUSION

The order of convergence of Newton method is
equal to 2. for the modified Newton method which
is a Newton-like method together with the condition
(19), the order of convergence is also 2. Without
the condition (19) the order of convergence of the
modified Newton method is linear.

REFERENCES

1. Dennis JE, Jr (1970) ‘On the Convergence of Newton-like
Methods’, appeared in Numerical Methods for Nonlinear
Algebraic Equations, Edited by Philip Rabinowitz, Gordon and
Breach Science Publishers, London, 163-81.

2. JankowskaJ (1975) Multivariate Secant Method, Ph.D. Thesis,
University of Warsaw, Poland.

3. Kantorovich LV and Akilov GP (1964) Functional Analysis in
Normed Spaces, MacMillan, New York, N.Y.

4. Ortega JM (1968) The Newton-Kantorowich Theorem, Amer
Math Monthly 75, 658-60.

5. Ostrowski AM (1966) Solution of Equations and Systems of
Equations, second edition, Academic Press.

6. Podisuk M (1991) Modified Newton Method for Solving
Systems of Nonlinear Equations, Southeast Asia Bulletin of
Mathematics 15(2), 123-130.

7. Traub JF (1964) lterative Methods for the Solution of
Equations, Prentice-Hall, Inc.



