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ABSTRACT Five transcendental elements in function fields of positive characteristic are constructed
embracing those previously derived by Wade during 1941-43. The construction results from a careful
analysis of the original works of Wade and indicates that this method and its associated technique is still

worthy of consideration.
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INTRODUCTION

The study of transcendence in fields of nonzero
characteristic is known to begin in 1941 through
the paper of Wade.? Since then, various approaches,
tools and results,see eg Amou,' Brownawell,?
Dammme and Hellegouarch,* Denis,” Geijsel,”®
Goss,'® Mathan,"' Wade,'?!% Yu,'”?> have been
investigated. Though the modern treatment of
the subject via the concept of Drinfeld modules
(Drinfeld®) is dominating the present day research,
the old and classical ideas and approach of Wade in
1941 still prove to be a direct and a very powerful
technique of establishing certain specific transecn-
dence results as evidenced in some recent works of
Damamme and Hellegouarch.* A close analysis of
the works of Wade'*'® reveals that the ideas consist
of first assuming algebraicity, second finding multi-
pliers, third separating appropriate expressions into
the so-called integral and remainder parts, fourth
estimating upper and lower bounds for the integral
and remainder parts and fifth and finally, deriving
a contradiction from the upper and lower bounds
or the like. The main objective of this work is to
substantiate this belief by proving five theorems
generalizing corresponding earlier results of
Wade'*'® basing on a careful analysis of the original
method of Wade mentioned above.

The following terminology and notation, see
also,’ are standard throughout the entire paper.

F [x] the ring of polynomials over the Galois
(finite) field F, of characteristic p with p
being prime, q being a power of p.

Fq(x) the quotient field of Fq[x].

degor|.|(or]|.|oo) the nonarchimedean valuation
(at o) normalized so that | x | = q®8* = q.
the completion of Fq(x) (at o) with respect
to | . | ,which is isomorphic to Fq((l/x)),

Fq(X)oo

the field of formal Laurent series in 1/x.
Fq(x)mdoS the algebraic closure of Fq(x)m.
Q the completion of Fq(x)wd”".

Forme N, let [m] =x* - x, [0] =0 ,L =1,
L, = [m][m-1]...[1],

F,=1, F, = [m][m-1]e.[1]7".

It is known (Carlitz?) that L is the least common
multiple of all polynomials of degree m in F [x] and
F, is the product of all monic polynomials of degree
min F,[x]. The notions of integrality and divisibility
refer to those in the integral domain F [x].

We record here auxiliary lemmas which will be
used in the proofs of our main theorems. The proofs
of these lemmas can be found in Wade.!*"?

Lemma 1. Every polynomial in F [x] divides a

linear polynomial EAjtqj A€ FIx],A,#0,A,#0.

B+Ek ] [B+E I

B+017 . B+e]
where k, > ... >k >0, ¢, 2..2/(20;j>0 are
integers independent of B, can be written as a sum
of terms that are integral or are of the form

Lemma 2. The expression

Pm+hwmm+hw

B+ 0,10 [B+4,1
1,v<s,b </, +j,and Pisa polynomial independent

of B. Further, if q"|a,(,>0,i=1, 2, ..., v), then b, >

,whereb, > ...>b ,0<f<g-

_Erllin (,+], k;+ ¢, and the residue mod [B] of the

integral terms is of smaller degree than the degree
of the residue mod [B] of the numerator in the
original expression.
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THE FIRST MAIN THEOREM

P
Theorem 1. Let e be a positive integer and let (5)

be a sequence of elements in Fq(x). Assume that

(1) eachP,and Q,(#0) e Fq[x],

(i) P, # 0 for infinitely many i,

(iii) deg P, < (q—- 1A -1) g - b, q wheniis
sufficiently large and b, — oo (i — o),

(iv) there are only finitly many distinct
irreducible factors contained in all Q,,

(v) thereisanon-decreasing sequence of positive
integers (d,) such that d, > qd, , when i is sufficiently
large and deg Q, < d, = O(q) asi — oo.

oo

Then the series o, := ), —*— whenever convergent,
k=1 kEz

is transcendental over F Cl(x).

Proof. Suppose on the contrary that o, is algebraic
over F (x). Then it is a root of an algebraic equation
with coefficients from Fq(x). By Lemma 1, we can
put this algebraic equation in the form

0=]§ At where A € F(x), A, 20, A, #0.

Direct substitution yields

" wpq] o qj
o-$ 4358 &-25 (2

(where we define A; = 0if j >m

orj</)

q}
= = A [P_.
=y ’[ﬂ] (where we define the terms

with negative lower indices to be 0)

o kA
)

A Fe @
y S b
i+j=h Fieqj 9

From (iv), let M be the product of all distinct
irreducible factors appeared in all the Q,and let  be
a sufficiently large positive integer to be suitably
chosen later. From (1), we get

0=I+R )

m B D
. dgq e
where 1:=M™ Fg )

k=0 b,

J
AE(r) _&D
2— Y - =X
0 Bowme \Q r=0 E,

(1)

where D, :=

Do Riam®'ps 3 D
k2B+1 Fk
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We now subdivide the proof into steps.
Step 1. We claim that I is integral.
Each term of I has the form

e ¢ dﬁq"‘
dgq" eD _ FB J| b M -
M™ K (—] zkAjPi = (k=0,1,...8).

TEOR)E T E)| o

Since Fy is divisible by F, , M is divisible by Q" ,
and F, is divisible by F? | then I is integral.

Step 2. We claim that deg R — — oo (§ — o).

w(E Y
Each term of R has the form N := M (FBJ D,
k

when k > B+1. Using the definition of D,, we get deg
D, < max {deg A +¢(degP,—deg Q) + e(deg F,

i+j=k
j=l,..m

—q'deg F)}.

Let a := max (deg A)). Since deg F, = iq;, using (iii)

for sufficiently large B, and so also k, we see that deg

D, <a+max { g'deg P, + e( kqk - qj(k-j)q“'j) }
<a+max { g(q-1(k-j-Dq"7" = b, ,q"7 + ejq* }
<a+max { (1- I/q)k - ¢,;b} + cz}q ,

whereb] = |pin (bkj) — oo (f— ), c,and ¢, are
J=00+1 . m

positive constants independent of k, B. Thus deg N
= dgq™ deg M + deg D, + e(deg Fj; - deg F)
<dgqmm, +a+{(1- l/q)k— clbk' +¢,)q° + e(BgP

- kq), where m, = deg M
<dgqmm,+a+qPH{(1 - 1/g—e)(P+ 1) — by,

+¢,} + e BgP, for sufficiently large k > B + 1

dym
B+
=a+(q 1(qﬁﬂ

where c;,c, are constants independent of k, 3
— 00 (B — o), by (iii) and (v).

+BA-1/9)Q—e)— cbﬁﬂ+c4)

Consequently, deg R — -oo (} — o0). From (2) and
steps 1 and 2, we get

I = R = 0 when B is sufficiently large.
Step 3. We claim that 0 = 1=M " Dj (mod {i] )
when B is sufficiently large. -

From the definition of I, we have

dﬁqm
1=M*%" (D, + D, (

(B, DO(E) 13
FB—I Fo



ScienceAsia 26 (2000)

From the proof in step 1, we have M D, e F [x]
(k =0,1,..., B), Fy is divisible by F,, and Fy/F, FyF,,
..., Fy/Fy , are divisible by Fy/Fy . Therefore, (3) gives
5

0=1I=M dga™ Dy (mod[ J ) when Bis sufficiently

B,
large.

Step 4. We claim that D, = 0 when k is sufficiently
large.
When f is sufficiently large, we have

B-1
>e{Bq’ - B-Dg*} —csqPm—a- P {(1- VqB-c, by +¢,},
where ¢ is a positive constant from (v) and step 2
>-a+qP {Ble-1)(1-1/q) —ce+c)by }, where ¢ isa
positive constant
— o0 as f — oo,
Thus from step 3, since M # 0, we get Dy=0 when 3
is sufficiently large, and so there is an index s > a :=
max (deg A)) such that D, =0 forall k2s + ¢.

F ) n
deg [F—BJ ~degM """ Dy=e{ef’- (B-f}-dy"m, —deg Dy

Step 5. We claim that

Fe‘l{ e o A" ,
0= =MD, =AP — (mod|[s] ).

, we have

s+/

From step 4 and the definition of D

‘ q

E* o m P 1

0= S_Mdswq Ds+é — Fseq[MdsM‘l 2 Al = .
e J Qi Fieqj

S+l i+j=s+/

By hypothesis (v), M is divisible by qu ¢

s-1 0 I stl-m 0
4
F q
and note that —,...,—— are all congruent to 0
q q
s—1 Fs+ﬂ—m

(mod [s] ¢ ). The claim thus follows.

Step 6. We claim that for k > s, and [k,s]:= [k] k-1]¢

k—s
... [s]" , we have

’
q

k—s+l_1 q

A (iJ M4 =0 (mod [ks] )
Q

Proceed by induction on k. The case k = s is step 5.

Assume the claim holds for k = s, s+1,..., B-1 (B > s).

Now by step 4

e

d m
B+r¢d
D, M -

Y
qqP-1) E4

0=A, a1

B+¢
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4@ -1
A, a1

qj
¢ m P 1
Fﬂeq Md;3+pq Z A(_IJ

i+ j=B+0 ! Qi Fieqj
G=2¢,..m)
¢

q[jf.s+1_1 P q
=A, T [Q—B) MB Tgy+Tpy+.t T, S2Y.
p

¢
q

E :
Observe that —2— =0 (mod[B]* ) and from (v),
R,
we get qdg ,, < ds,, when B is sufficiently large.

! P q !
Therefore, Ty, := A, A, | 2B M led”
‘ Qs
Vs (4
m Fq
(dg+¢—qdp-140)q B
M q£‘+1
L

= O (mOd [B—I,S] equ [B] eq/)
=0 (mod [B,s])eqﬁ because [B] [B-1,s]¢ = [B,s].

2
/ 4

qﬁfsfl_l P q
. = - dg2id™
Similarly, , Ty,:=A,,,| A, B2 et
19/
¢ €

A0 e F

l q/+2

E

=0 (mod ([B'2’ S] eq€+2 [B _1] eqfﬂ [B ] cq/))
=0 (mod [B, s] "’q{)

/ 4

B+l—m—s+1
q -1 q
—FFFF [ P L
. -1 B+0-m dg_m+20eq
TB+/,—m'= Am A( ! -~ M
QB-Mfm

q(qué—l_l)

q-1
A l

q/
5

1:B+£’—m

M (g r—q" " dpmr2 00" %

=0 (mod [B+£-m,s] " [B+l-m+1] 4" .
B-1D)" 81 (by ()
=0 (mod [B,s] eq”)
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Step 7. Finally, we now derive a desired con-
tradiction. From (ii) and step 6, we see that for
infinitely many and sufficiently large k,

k—s+1
q' deg P, > eq’ deg [k,s]- qq—degA +qdeg
Q- dy, q™ deg M
>e (k-s+ 1)q* — g~a-c, g
positive constant independent of k.
Thus when k is sufficiently large,
degP, 2 e (k-s+ 1)g*— cg g~
positive constant independent of k
> (q-D (k-1 g*' — b, g~
This contradicts (iii) unless P, = 0 for all sufficiently
large k, yet this only other possibility in turn con-
tradicts (ii). Hence, 0, is not algebraic over Fq(x).

-, where ¢, is a

, where ¢, is a

THE SECOND MAIN THEOREM
Theorem 2. Let e be a nonnegative integer and

P
1et( ) be a sequence of elements in F (X) Assume

that
(i) eachP and Q (#0) € F [xI,
(i) P, #0 (mod [i]) for infinitely many i,

(i) deg P, ={ o) ar2;
o(q"") if q=2
(iv) there are only finitly many distinct irreducible
factors contained in all Q;,
(v) there is a nondecreasing sequence of non-
negative integers (d,) such that

deg Q <4, ={ og) if q#2

P (i = o0).
olq"") if q=2

Then the series o,:= Y, L — whenever convergent,
=1 Q, [kI;

is transcendental over Fq(x).

Proof. Assume to the contrary that o, is algebraic
over F (x). Then by Lemma 1, 0, is a root of an

algebraic equation of the shape 0 = ZAjtqj , where

j=t
Aj € Fq [x],A,#0,A,_ #0. Direct substitution yields

qJ
1
0=> A, —
E ;(Qk) [k

Multiplying this equation by M

q
drgim q" LZB
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by (iv), M is the product of all distinct irreducible
factors appeared in all the Q, , and B is an integer to
be chosen sufficiently large, and separating terms,
we get an equation of the shape

0=T,+T,+T, (1)
where

1
(k]

j+e

J
d m m 2B g
T =M 2B+m 4 2 z[ J
1 LB =i\

m+e i qf
T = Mdz[5+m4m quﬁ iA mX_‘J P213+s 1
2= j jte 7
Ly = 75 Qpes [2B +s]"

m+e J
Ly o = (R) 1
i ZA] 2 [iJ qj+e :

T, =M @’
Ly Gt “k=2prm-jn Qe [k]

q

mn

i=0

We split T, by noting that | —2 - =[B+ O Lqm
[2B+5]
m-s-j-1 il k q" s—ite qm—s—h—Hc _q]ﬂ? m+e
+ 2 (-1) l}[s +i] [2B+s] P
lm s—j P s—i+te _ m+e
( 1) o H [S + l quﬁfererjfl

+ jte
2B +s]

Now putl=T, +T,, ,whereT,=T, +T

21 » 22

m+e

¢
. S e quﬁ—l dypsmq™ P2B+s
Tym S, T S g | B

j=t s=1 B 2P+s
m—j m—s—j-1

+ iA} 2 zj (- l)k“(H[s+1]"m Hﬂ)

5= k=0

m+e q}
. q m
[ZB 4 S]qusfk71+?7q]+e LZB—k—Z M“’z[}w‘t P2B+5
LB QZ[}Jrs

m—s—j

m m-j LgMms—ite
T22:=2Aj Z (‘l)msjl( l_g [s +il* )
j=t s=1 =

Qe q’
Lzﬁ—m+s+j—1 P2B+s
L[} Qz B+s

Step 1. We claim that I is integral when B is
sufficiently large.

Md2[3+m q"

2B+ s]qm

mte J
I 1 ’ m
For k=1,...,2f,since i and [i) MEbm

Ly [ Q

are integral, then T, is 1ntegral.
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Since Ly| Ly, and Q ‘gfm |M®»"" then the first sum

in T, is integral, while the second sum is also integral

because, for sufficiently large B, Ly| Ly, ,- Thus I =

T, + T,, is integral when B is sufficiently large.
Next, consider Q := T,, + T,.

Step 2. We claim that deg Q——c0 (f—e0) .

Lqmﬂ ) 2B-mts+j-1 _
Since deg ZB_’"+5+J_;+2 =[q q qm+e _
Ly[2B+s] q-1

B+1
q _q _ (2B+s+jre
— -q

q-1
< -c,q*® , where ¢, is a positive constant indepen-

dent of B, and

o’
P. m
deg [—ZB”J ML < g deg Py, + dypq™ deg

2B+s

M < o(g*®) , by (iii) and (v),
then deg T,,—>—c0 (B—>c0) . On the other hand, when
k> 2P +1 and P sufficiently large, we similarly have

m+e

Pk q.; . qm quﬁ
degi| 2| M= 1<o0(q¥),deg gl = -o,q~,
Q L[k’

where ¢, is a positive constant independent of B3, so
deg T, ——oo (B—e0). Thus deg Q——oo (B—>0).

From (1), we get 1+ Q =0, and by steps 1 and 2,
we deduce that 1=0, Q = 0.

Step 3. We now show that I # 0; this gives a desired
contradiction.
Write1=T, +T,, =T, + E, + E;, where T,, = E, + E; ,

M=

mte q}
sregive L n [P
_ —q/t g1 dpima 2B+s
= AJZ[ZB+5 ——M —] ,

j=t LB QZ B+s

Iy
~

m m—j m—s—j-1 m-s—ite

k
1 i]?
A 21’ z (_1)k+ (H[S‘i‘l]

J=€

m+e qJ

m-s—k—l+e __j+e Lq g d m P s
[2fes] ¢ L g | T2 |
L[} Q2B+S

We know from step 1 that E, is integral and

21 = 0 (mod [2B-m]
p

E,. Now from step 1, T, is integral and the terms in

T, contain the factors

L
since ),sois E,. Similarly, for

43

(mod[2B-m]) ifk#2B-m

0 (mod[2B-m]) ifk=2B-m,j<m
1

Ly 2p-mr

jte

I | e
AU T

(mod[2B-m]) ifk=2B-m,j=m

mn

Lqm+e P q .
Thus I=—22 A, — B v (mod [2 B-m] )
Ly [2B-m] Qpon

m m +e

q f L
_A 2[3 m M 2B+mq Zﬁ—m -1 Lq
Qz[}—m LB

# 0 (mod [2 B—m]), by (i) and for B sufficiently
large.
This shows that I # 0, and the proof is complete.

"(mod[2 B -m])

THE THIRD MAIN THEOREM

Theorem 3. Let e be a positive integer and let
P .

(—1) be a sequence of elements in Fq(x). Assume

that

(1) eachP,and Q, (#0) e Fq[x],

(ii) P, # 0 for infinitely many i,

(iii) deg P, = o(q") (i—>e0)

(iv) there are only finitly many distinct irreducible
factors contained in all Q,,

(v) there is a non-decreasing sequence of non-
negative integers (d,) such that deg Q<d, = o(q)
(i— e0)

(v) deg ( ) ]> deg( J for sufficiently large i.
i i+l

Then the series o, := Y,

B
= QL

gent, is transcendental over Fq(x).

, whenever conver-

Proof. Asuume on the contrary that o, is algebraic
over Fq(x). Then by Lemma 1, o, is a root of an
algebraic equation of the shape

Z j
0=2Ajtq ,where A, € F [x], A #0 (D

=0
Without loss of generality, take m > e +3. Let

r im

J[s,r 3=H H

i=1 k=(i-1)m+1

[B+k] " (1<r<m), Ky= L§ Jg,.,

where f3 is a positive integer to be suitably chosen,
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and let, by (iv), M be the product of all distinct
irreducible factors appeared in all the Q,. Substituting

d g
for o, into (1) and multiplying by M K, we get

d qu m
. B+m
0=1+Q, +R,, where I, ;=M KB%AJ.
j=
B+(m—j)m Ph ¢ 1
k=0 Q Liqj ’
J
Q . MdB-anqm K iA i P[H—k ' L
' BJ:O Jk:mk,n o Lﬁ‘: '
2 @
A oq" om m [ B 1
Rl =M B+m? KB ZAJ 2 ﬂ 5 ;note
70 k=m—pm+1 \ Qps Ly,

that in R,, the sum over j starts from j = 1.

Step 1. We claim that [, is integral.

d m .
Since QZJ |M pem? 1 ,and Le,?J |Kﬁ(k =0,..., B+(m-j)
m;j=0,..,m), then I, is integral.

Step 2. We now analyze R,.
Consider each term in the sum of R, .The term with
j=mis

4 q" wim (P ) 1
T,=M KA,y | 2L
=l \ L L.,

k, I T+
B _ il k=(i-Dm+l (t=1,...

Ly, B+ LB

m?-m) . Then each term of T_ can be written as

Let H(m,t)

m

d " ’
M A [ B ) Hmy (=1, m2m). )
QBH

24"

a
The term with j = m-1is T, := M ™™ KA

m—1
2 q
m inH( PB‘*'h J 1
m-1 "
k=m+1 Q[3+k L?’i_k

m_ m-1_M im m—i
TR [
Since —b—= =2 k=ilm+] (t=1,...,

e Bam+ L Bma

B+m+t
m?-2m+1), then each term of T, is of the form
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d. o, q" (i n_ me
M ot Am(Paw Hm-1,0 L5 (3)
Qﬁ+m+l

m im g
IT TIB+E
i=2 k=(i-Dm+1

where H(m-1,t):=

B+m+1"" [B+m+d

(t=1,....m>2m+1).
The terms with 1<jSm-2 are of the form T,

m

. dﬁ+m2 q" eq™ mz*j P[i+k ' 1
=M L' A Y |2 =

- eq"
k=m—pm+1 \ DLpse L,
h Jona 11 TIB+RIT
: m_ i=m—j+lk=(i-1)m+1
Since " = . : o R
Lﬁ+(mﬁ)m+! { [B +(m- ])m +tl.. [B +(m— ])m +1]} Llﬂ(M*J*l)m

t=1,...,mjj, then each term of T, , is of the form

m=1

q o
I B+(m—j)m+t Lﬁ

J
Q[}+()n—))n1+t L?ﬂm—)—l)m

m
M dﬁ+m2 q AJ

HG,O Jpmpns (4

i

i=m—j+l k=(i-1)m+1

{[B+(m=m+1...[B+(m— Hm+1])*"

whereH(j,t):=

(m—j+1m m?

{ T1 B+R Y TIB+E)

k=(m—j)m+1 k=(m—1)m+1

{IB+(m—m+tl...[B+m— jym+1]}

(t=1,...,mj-j). From Lemma 2, we see that each of
H(m,t), H(m-1,t) and H(j,t) can be written as sum
of integral terms and of non-integral terms with the
properties given in the lemma. Thus each term of
T,,of T, andof T, ., , can be expressed as sum of
integral terms and of non-integral terms with the
properties mentioned in Lemma 2. Let

I:=1, + sum of integral terms from R, ,Q := Q,+
sum of non-integral terms from R,.
Thus1+Q =0.

Step 3. We cliam that deg Q——co( f— 0 ).
Since Q := Q, + sum of non-integral terms from R, ,
let N, be a term in Q,. Then fork >2m? —j + 1,

¢ ¢
N, =M e KgA, B | Lg% [ B
! Bk Lg’ik D

o
AJpm =

J
LquJrk
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deg N, < deg Lf{‘m +degJp,, + deg A —deg Lg‘fh +d,,
q"deg M + ¢ deg Py,

B+l _
< eqmq q + € (qﬁ+m(mfl)+m+1 + qﬁ+(m—1)2+m+1)
-1 q-1

J
+a- qe_zl (gP*1-q)+d g 4" G ¢ deg Py, ,where
a:= gnaxdeg A, m, :=degM
<j<m
Btk+j+1 czo(qﬁﬂ"l ) 1
qB+k+1

< mszfjfl

{—1 +6q B+k+j+1

q-1
o(gPM)} +a,

where ¢, and ¢, are positive constants independent
of B,

——oo(B—e0)

SinceR, =T, + T, ,+ T, , consider an arbitrary
term in the sum of non-integral terms in R by
Lemma 2, H(j,t), j = 0,...,m, can be written as a sum
of integral terms and non-integral terms of the form

NHGD = PB+mln-j)+g+j-II"..[B+mln-j+ I

Bmm )+ [B+mln— )+ g+1% B+mon— )+ g
where 1<t<m?-j,1<g<t,1<8<e,0</, <g-1 (i=1,2,...,9),
and P is independent of B.

Letb:= max deg P; this value is independent of 3.

Note that deg NIH(,t) is maximal when each 7, = g-1,
g=100=1,and so deg NIH(j,0)< b+(qg-1)(qPmm+t-
1 +“.+q[3+m(m-j)+j)_q B+m(m-j)+t+ =b_q [5+m(m-j)+j.

Therefore, by (2), (3) and (4)

deg ( non-integral term in T, ) < dB+m2 +qom, +a+
q" (deg Py, — deg Qg,) + deg NIH(m,1)
= dﬁm2 qum, +a+q®o(g?) +b - gfm

210

d
—a+b - C{B+m |:1_BB
q

t B+t
+4 oq(f )] ——oo(B—e0)

(t=1.2,...,m*-m)
deg (non-integral term in T, )< dBer2 q"m, + a +

deg NIH(m-1,0) + (eq™ - eq™")deg Lg+ q™"' deg P

B+ma+t
B+l _
=d , qm mo +a+ b _ qB+2m—1 + eqm—l(q_l) q q +
Bem q-1
qul O(q[hmﬂ)
—a+b-ghmt|_ dpm™ _e@’ =D _ q'oq"™)

B+m—1

q q

B+m—1 B+m+t

q
——oo(f—>e0)
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deg (non-integral termin T, ,)
< dB+mz q"m, +a + deg NIH(j,0) + eq™ deg L g+ deg
-]B,m—j—l - eqj deg Lﬁ+m(m—j—1) + qJ deg PB+m(m—j)+t

B+l

N = (4
<d ., q°my+a+b-qPmmidg eqn 4 -4, °
B+m qg-1 q-1
B+(m+-1)(m-1)+m+1 | ~B+(m-j-2)(m-1)+m+1
(q +q )
q[3+(m—j—1)m+1 _
_eqj q - 1 + qJ O(q [3+(m-j)m+t)
<a+ b _ qB+(m—j)m+j
dﬂmlmo ¢ ¢ ¢ ¢ qlo(qﬁ+(n1—J)n1+t )
qﬁ+(m—j)m+j—m q(m—j)m+j—m—l qm—Z _qu—3 q_m_ B(m-)m+t
——oo(B—e0 )

Thus, deg (each term in the sum of non-integral
terms in R,)——eo ,and so deg Q——oco(f—0 )
From I + Q =0 ,steps 1 and 3, we conclude that I =

Q=0.

Step 4. We derive a desired contradiction by showing
that T# 0.
Since I = I, + sum of integral terms from R,, then
consider

d " m BHm—jm <

. B+m eq P ]_
I[:=M LB JvazAj 2 k =
=0 k=0 Qk ]_‘;j

1y, |0 modB) forj=0,..m-Lk=0,.. 4= ad for j=mk=0...§-1

Ly ) Jy mod[B) for j=mh=p

Observe that

Then using [P + k] = [k] (mod [B]), we get

m a" ‘
I, = Md‘“"'zq A (i} ﬁ 1111[[),6164'"7l (mod [B]).

Q) il k=G-Dmn
Now consider integral terms from R, =T+ T, +
T

1<j<m-2*
The integral terms from T  are of the form
o
d q" P
M P A Hm)| 24| (1=12,...,m*>m)
B+t
The integral terms from T, , are of the form

m—-1

q
d " m_ m1 | P
M Pt A H(m-1,0Lg ™ (M) =0

B+m-+t

(mod [BD). (t=12,..,m>m+1).
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The integral terms from T, , are of the form

q.)
d q m m—j— m
M P A LY %J‘mo Brimpmtt | =0
L?—F(m—j—l)m QB+(m7j)m+t

(mod [BD). (t=1,2,.... mj-j.

Thus integral terms from R, = integral terms of the

m

q
d Hq" P.
form M fpon2 1 A, H(m,t) (ﬂj (mod [B]).
B+t

By (ii) and (iii), we have PB and Pﬁﬂ are both # 0

(mod [B]) for B sufficiently large. This together with

(iv) and (v) imply that the residue mod [[B] of
d q" P. u doq" 1

M0 A LB in 1 and of M P A B | are

%

both # 0 (mod [B]) for B sufficiently large. Thus

deg (residue mod [B] of integral terms from R,)

= deg (residue mod [B] of the integral terms of the

m

q
d m P
form M pem? ¢ A H(m,t) {ﬂ] )
B+t

o, 2q" F B+t
<degM P A ) +qdeg +deg (numerator
B+t

of H(m,t) mod [B]) (by Lemma 2)

= deg (Md”*"‘ Am)+q‘“deg[Q ]+deg ( H H[B+k]€q
B+t

i=1 k=(i-1)m+1

mod [B])

im

= deg (Md“”” A+ q‘“deg(Q ]+deg( I Ik
it

i=] k=(i-1)m+1
mod [B])

+deg ( ﬁ H k]zq

i=1 k=(i-1)m+1

<deg(M L Am)+qmdeg( By ]
b

mod [B]) (by (vi))

= deg (residue mod [PB] of I,)

Hence, for sufficiently large, I # 0 (mod [[3]), which

yields I # 0.

THE FOURTH MAIN THEOREM

Theorem 4. Let G € Fq[x], degG>0,ye N,y>1,7
not a power of p. Suppose that (—l

i

) is a sequence
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of elements in F (x) with the following properties
(1) eachP, ,Q (z0)e Fq[x]

(i) P,# 0 for infinitely many i

(iii) degP, =o(y) (i—ee)

(iv) there are only finitely many distinct irreducible
factors contained in all Q,

(v) there is a nondecreasing sequence of non-
negative integers (d,) such that deg Q, < d, = o(y)
(i — o).

1
Then oy :_2__; whenever is convergent,
i= OQ (}y

represents an element transcendental over F Cl(X).

Proof. Let,by (iv), M be the product of all distinct
irreducible factors of all Q; , B be a positive integer
to be suitably chosen later, and let (k,, k, , ... , k)
be a decreasing sequence of integers defined by
p™/y< ij <p™,ie (mj)log,p-1<k<@m-j)
log.p.
Note that when j = m, we have 1/y <y <1 and so
k, =0.When 0 <j<m, we have ¥# p™ because
v is not a power of prime p which yields p™/ vy
<Y <p™ . Assume on the contrary that o, when its
represented series is convergent, is algebraic over
Fq(x). Since Fq(x) is an algebraic extension of Fp(x),
then o, is algebraic over Fp(x),and so is a root of a

. : NP
linear equation of the form ZZ‘)A it
=

=0,A,#0,A€

F [x], Substituting for t by o, and multiplying by

B dgurop"
GYP MPRP e get

. mom B+k v’
0=1+Q,wherel := G'?" M YA, J[P“) L
o=\ G

j
Bom dgp p" pY 1
Q.=G“/P M B+ko P ZA 2 k.
: J

k. j*
0 e\ Q) GYP

Step 1. We claim that I is integral.
This is trivial because of (iv), (v) and the definition
of (k.).

Let U= r?irrln_ (YPp™ - P Hpl Ppm - PpT ) =

O(®) by the definition of (k). Therefore,

B+k
1=G7P" M Y A

1 v
mml B p 1
jZ(—’J w
o k() GYr

p
m —1 m
M P A ﬁszﬁpm_ykpm M P Am( B J

k=0
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pY
=M “Prio? A (Q—BJ # 0 (mod G"), for B sufficiently
B
large, by (iii) and (iv).

Step 2. We claim that deg Q——c0 (f— o0 ).
Let N be an arbitrary term of Q.

(j=0

Then N := G ?" M #%" A (i]y
Q%) ¢

k 2B+k+1).
deg N = (yp™ - ¥ p')deg G + deg A, + p™dy,, degM
+pi(deg P, - deg Q)

< PP (™ ¥P g +a+ pmo(P)m, + pl o)
where g =deg G, a—degA m, = degM

oy") gr* o(yk)]
0

< " gt
a+ Pp [ " Py

——c0 (B0 ), because k- 2 k; + 1, k—oo faster
than B.
Thus, deg Q —>—co (B— ). Since 0 =1 + Q, then
Claims 1 and 2 together imply that I = Q = 0 which
contradicts the fact that I # 0 (mod G *) for
sufficiently large B. The contradiction proves the
theorem.

THE FIFTH MAIN THEOREM
Theorem 5. Let Ge Fq[x], deg G>0,7ye N,y> 1.

Suppose that[ i ) is a sequence of elements in F (x)

with the following properties

() eachP ,Q (#0)e F [x]

(ii) P,# O for infinitely many i which are not
congruent to 0 (mod p)

(iii) degP, = o(i"") (i—> o0).

(iv) there are only finitely many distinct irreducible
factors contained in all Q,

(v) there is a nondecreasing sequence of non-
negative integers (d,) such that deg Q, < d, = o(i"")
(i— 0).

P 1
Z—— whenever convergent,

i=0 Q GIV
represents an element transcendental over F(x).

Then o

Proof. Let, by (iv), M be the product of all distinct
irreducible factors of all Q, , B be a positive integer
not divisible by p which is to be suitably chosen later.
Assume on the contrary that o, when its repre-
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sented series is convergent, is algebraic over Fq(x).
Since Fq(x) is an algebraic extension of Fp(x), then
0. is algebraic over Fp(x), and so is a root of a linear

equation of the form ZAjtpw =0,A,#0,A,#0,A

j=t

€ F,[x]. Substituting for t by o,;and multiplying by

GF P v e ,weget0=1+Q, where
¥
1:=GPP M ZAZ 1
= P Qk Gh“pr/' )

Y4

T
A, —
)2/‘/ k>§‘+1 [Qk ) kal’”

and k; := [%] is a non-increasing function of j.
o

Q=GP MW"

Step 1. We claim that I is integral.

Since the power of G appearing in Tis > B'p" - k! p”>

Bip" - p’

POt £,...,m), and

pyjzo(j=

deg Q! < dy, p’<d, p™=d;p™, thenTlis integral.

Step 2. We claim that I # 0 when J is sufficiently
large and not divisible by p.

Let W= I[l’llln (BYp“/f: _ k;(p“/)' , B“/pY/, _ (B_l)Y pY/. ) )
Jj=t+1,...m
Now k; := —B[ B_ , where
p) pJ—l

lsq;< p-1 (j=¢+1,...,m). Consider each term in
the definition of u. We see that

BY Ve ky i BY Ve (B_nj)“/pwz BYpW_ (B -l)ypw.
Thus w = Bp"- B - D" =0 (B — o (B—)
because y>1. From the definition of I, we get

d B "y w(p Y 1
1=M%"G A, — A S
% Q ka"w " ’E" o) G

Observe that after distributing the multiplier
inside ,the lowest power of G in each sum within
the bracket is minimal when k = k,,..., k_ ,
respectively. If k = k,, the lowest power of G is

Bp"-k!p"=0in the first sum. Ifk = k

.1 » the lowest

power of Gis B'p"-k 7}, p’'“ "> u (by the definition
of ) in the second sum.
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RN

If k =k, , the lowest power of G is B'p"- k! p

> W in the last sum. Note also that in the first sum
the power of G next to the lowest power is B'p" — (k,- 1)
p"=Bp"—=(B-1"p"” =u. Therefore,

\a

£ 0 (mod G") , by (i), (iii), (iv)

14
YL AN i
Q

and (v), for infinitely many 3 not divisible by p.
This yields I # 0 when B is sufficiently larger and
not divisible by p.

Step 3. We claim that deg Q——oco (— o0).

ym
Let N be an arbitrary term of Q.Then N = M’

¥/

v
G P A Rl 1L
] Qk G;ﬂp“ﬂ

and so _
deg N<m,d;p™ +gB'p"+a+p” (deg P, —deg Q)
-g kY p“lJ ,
where g := deg G, a := maxdeg A, m; := deg M
J

(G = Z,...,m;kaj+ 1)

<a+ g B“/p“// + O(Bv»l) + p“/f O(k“/»l) -g kv pvjs O(BH)

, ok"™)
ng/(ijrl)v 1-—L—
k]'

+gB'p" -

o™ <
Y

O(BY»]) +g vaw‘ _ gpw(B _ nj + pj-/z)v 1— B

(B“/»l) +g B“/pvlf - g pY/(B + 1)“/ 1

o

(B
B'Y

(B

BY

IN

O(BY—]) _ g pWBY-l { (,Y

)+ lower terms }

——o0 (B—> o).

From 0 =1+ Q, steps 1 and 3, we conclude that I =
Q = 0, which contradicts step 2. Hence o5 is
transcendental over F (x) as to be proved.

ScienceAsia 26 (2000)
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