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ABSTRACT Several well-known geometrical properties are investigated on the Nakano sequence spaces.
It is interesting to see how these properties can be described in terms of the given sequence {p,}. The
results also supply a good source of examples supplement to the Orlicz sequence spaces.
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INTRODUCTION

Let X be a Banach space, and let S (X) and B (X)
denote its unit sphere and unit ball, respectively. An
element e in B (X) is called an extreme point if
there are no distinct elements x,y in B (X) with 2e =
X + Y. We write Ext B (X) for the set of all extreme
points in B (X). If Ext B (X) =S (X), then X is called
arotund (R) space. For each x in B (X), write

A (x) =sup{Ae [0,1]: x= Ae+ (1- L)y for some
ee ExtB (X),ye B (X)}.

If A (x) >0 for all x € B (X), then X is said to
have the A - property. Moreover, if

AX) :=inf{A(x):xe SX)} >0,

then X is said to have the uniform A - property.

We shall study many more properties on con-
vexity of Banach spaces. For simplicity of the
presentation, we state each definition in each of its
corresponding section to follow. References for
various kinds of geometric properties can be found
in, for examples, Day’ and Chen.? Another reference
that contains a number of examples which separate
various convexity properties is M. A. Smith." At first,
we present their connections in Figure 1. The sign
~~~~~~ » " indicates that the implication always holds
in general, whereas “— " holds for Nakano
sequence spaces. Then we summarize the results in
Table 1.

For k=20, let u, and v, stand for the following
conditions.

w o ufn:p,=1}<k

v, : inf p, > 1 for some finite set F having at
ngF

most k elements.
Then, for Nakano spaces,
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uniform A-property < p, for some k.

The above geometric properties have been
thoroughly discussed in the literature, especially on
the Orlicz function spaces and Orlicz sequence
spaces endowed with both the Orlicz and the
Luxemburg norms. In this paper, we extend the study
on another sequence spaces which we describe now.

Let {p,} be a sequence of positive real numbers
larger than or equal to one. Denote £ := () for the
Banach space of all real sequences x = (x,) such that
p (Ax) < oo for some A > 0, where p (x) is the modular
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of x defined by
P = Six I,
with norm -
”x" = inf {?» >0: p(%) < 1}.

The space is called a Nakano sequence space.

For 0 < p, £ 1, the space ¢ has been studied by
various authors, eg.!® '8 The norm so defined,
which may be called the Luxemburg norm, differs
from the one introduced by Nakano. In fact, Nakano'*
defined the norm of x as

[ = mffrs0:z—12re<)

k=1 Pg

Note that, for eachx e ¢, i L I Ax, I’ < oo for some
k=1 Py

A > 0. Nakano sequence spaces are special cases
of Musielak-Orlicz sequence spaces. Results in the
paper may give some ideas of how ones should
formulate the corresponding results for the more
general cases. In Chen?, extreme points as well as
rotundity and uniform rotundity are studied for
Musielak-Orlicz function spaces.

From now on, we assume that the sequence {p,}
is bounded. The following observation will be
needed throughout the paper:

€)) 151311 p(dx) = p(x)
@ NxIP < p&x) < IxIdf x> 1,
IxI” < px) < [IxIP- if Ix[l< 1,

where p, =inf, p, andp’

3 lixll

and

= sup, p,.

=1 px) =1,

Ix, I -1 & pkx,) - L

We also apply, from time to time, the following

notations: For each n, e, is the standard vector in ¢
defined by e = (3,,)",_;

For a vector x = (x,) in ¢, we write for each n,

x(n) = zn: X,e,

x(n,) =

Zxkek-

k>n
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Results In what follows, X will stand for a Banach
space.

EXTREME POINTS AND ROTUNDITY

Lemma 1 x € Ext B ( ¢) if and only if
1 p® =1,and
(ipfk: x, #0and p, = 1} <1,
where L is the counting measure on Z*

Proof (=) It is clear that each e satisfies (i) and
(i1). Now let x be an extreme point with p{k: x, #
0} = 2. Suppose, without loss of generality, that p, =
p, =1, x,#20and x, #0. Thus [x], Ix,] € (0,1).
Choose € > 0 such that |x,|- € > 0 and |x,|-€ > 0. Let y
= (y) and z = (z,) where

(x, +esgnx ,x, —esgnx ), if k=1,
(Yk,Zk) = (xk—esgnxk,xk+ssgnxk), if k=2,
(x,,x,), otherwise.

Hence 2x =y + z, |lyll £ 1, llzll £ 1, a contradiction
and we have (ii). To prove (i) we suppose on the
contrary that

1%1 p(dx) = r<l.

Choose € > 0 so small that [x, + gP, < [x[P1 +

Lety,=x,+€,z,=x,-¢§,and y, =x, =z, forallk>2.
Then2x =y + z,

l1-r

P(Sy), p(8z) < p(dx) +

forall § < 1. By (1) we have |lyll < 1 and |lz]| £ 1, a
contradiction.

(&) Assume that x satisfies (i) and (ii). Suppose
that 2x =y + zforsomey,z€ B ( ¢). Thus x, #0 for
atleast 2 k,say x, #0,x, #0,and thenp, # 1 orp, #
1,say p, # 1. For some €, y,= x,+ €, z, = X,- €, and

say,
P ly, PP +]z, [
|X1| Y1 5 L
Write p > 0 for the difference of these two numbers.
Now
P P
= |8y, ™ +16z, [ < 1+1:1
k=1 2 2

g +p(dx) <

forall 0 < 8 < 1. This implies p(dx) <1 - % forall 0

< d < 1, and therefore,
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lim p(8x) <1

contradicting (i).

We now immediately have

Theorem 2 /is rotund if and only if p, = 1 for at

most one k.

We consider now a more general type of rotundity.
Fork>1, Xisak-rotund (kR) space if for vectors

Xy, o Xy IS (X) with [Ix, + ... + %,/ =k + 1, the

set {x,, ... ,X,,,} is linearly dependent.

Theorem 3 /¢is kR if and only if pu{k:p, =1} <k

Proof (=) Suppose p,= ... = p,, = 1. Consider the
independent set {e,, ... ,e,,,} of elementsin S ( £).
We see that |le; + ... + e, I =k + 1.

(&) Suppose [Ixll=...=llx Il =1,1x, +...+
x,ll=k+1land x,, ... ,x,,, arelinearly independent.
Writing x, = (X, X,,, -..), by independence of x, , there
are jj, ..., ji,, such that for each j,, x, # 0 for
some i. Otherwise,

a contradiction.
Suppose j,=mform=1, ... k+ 1. Note thatp,, #1
for some m, say, p, # 1. Put

Xo=X| + oo+ Xy,

Xy X5

Thenllx,|l=k+1, | =1, and 1. Now
0 k+1 p(k+1)
Pj Py | |Pj
X X X, .
B ) A S A
e Zfion] TR
P P
. Ix, I +1x,, [P +otlx [r by lej [T+ 4] Xy [
k+1 Pl k+1

P P
|x1j|1+..,+|x |

' _ p(x ) +...+p(x,,) _
k+1

k+1,j

- ]221 k+1
a contradiction.

Remark 4 R <1R.

Proof (=) If x|l = I,/ = 1 and [Ix, + x,||= 2, then
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x:= (x; + x,)/2 € S (£). Now 2x = x, + X, implies x,
=X, , and thus x, and x, are linearly dependent.

(=) Let Ixll=1,1IylI<1, llzIl€£1,and 2x =y +
z. From 2 = |ly + zl| < llyll +/lzl| £ 2, we have [lyl| =l|zl|
=1, and thusy = cz for some c. Now 1 =|lyll = [cll|zll=
lc|, we have ¢ = 1.
From Remark 4 we see that Theorem 2 becomes a
corollary of Theorem 3.

UNIFORM A-PROPERTY
Recall that
4)  A(L)=inf{ £(x): p(x) =1}

Theorem 5 ¢ has the uniform A-property if and only
if p{k :p, =1} <eo. In general, we have A (¢) = 1/
pik: pk=1}.

Proof Putw= p{k:p, =1}

(=) Suppose w =0, i.e. p, = 1 for infinitely many
k. For convenience assume p, = 1 forall k. LetO <
< 1and choose x = (x,) such that 0 < x, <1 forall k
andp (x) =1.If x=Aa + (1-A) y for some a = (a,) €
ExtB (¢),ye B(¥)andsomeAe (0,1], then, by

Lemma 1, a,_ =1 for some k; and a, = 0 otherwise.
0

We see that A # 1 since x is not an extreme point.
Now

1 l—xk
ly |=— > x, = L.
kz‘o Vi 1—7\.1(%0 k 1-A
. T P < .
Sincey € B (£), T +|yk0|_1.From this we

have A < xS Therefore A (x) <r, and then A (¥)

=0, a contradiction.

(&) In case w = 1 the assertion is clear since S

(0) = Ext B (£). Suppose p, = ... =p,, = L and p, > 1

1
(k > w > 1). To show first A (/) > —. Take any x
w

with p (x) = 1. Suppose, for convenience, that |x,| =

max [x,|. Puta=I[x,|+... + [x |. Ifa=0, then x € Ext
1<k<w

Ix, |

B(¢)and A (x) = 1. Otherwise, putA=—1—. If A
a

=1, again x € Ext B ( ¢) and we are done. Now put
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y=0,—%, ..., — X ,X__...)

1_7\’ w4l Tw+2?

and
c= (b,0,. X0

’ w+17 W+22°

[ x
where ¢, =0 for2<k <w, |bl=a,and —~ b =x, .
a

Thus
x= Ac+ (1-Ny,
pc) = Ibl+Y Ix, M =YIx, " =1 ce Ext B(),
k>w k>1
and
) - Ix, [+... P, S Ix,
= +
py 1—?\. k>w k>w
=a-+ }E |Xk|pk ::p(X)::l.
k>w
x |1 1
Thus?»(x)>7u——2—,andby(4) A= —.
a w w

To complete the proof, we now show that

1
A< —. Let
w

1
x—Z—e Ifx= Ac+ (1-A)yforsomeAde
k=1 W

[0,1),ce ExtB(¢)andye B (¥¢),thenc, #0,say,
and ¢, = 0 otherwise. Also for some a,,

1

—iae l>al —;_xa =..=a -
Y ST w T T T Y wa-ay’
Since |lyll <1,
1
(y) = *_7“ w-—1 Bl R
Py = e
Note that a, 2 0. Now
L
—w ol
l-a, w

1 1
Thus A (x) £ —, and we have A( £) < —.
w w

H-PROPERTY

X is said to have the property (H) if each point
of S (X) is an H-point of B (X), that is, every weak
convergence of points x, in B (X) to a point in S (X)
with [Ix || = 1 is a convergence in norm.
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Theorem 6 ¢ has property H.
Proof Let x, € S (¢), x, € B () be such that

x ——>x,. We observe that

(@  x, =Xy forallk,
and
b  x, =l =1.

To show x, — x,, we show that for each A € (0,1),
there exists N, such that

Pk
Xk ~ Xox

A

for all large n. Obviously, since x, — x, pointwise,
the convergence x, — x, follows from (c). To prove
(c) we suppose on the contrary that there exists
an increasing sequence of natural numbers N, N
—eo, and A, € (0,1) such that

(©) >

k>N,

Pk

for all n. Thus Zk>n|xN [Pk > XOP* for all n

- X
Wk Tok

=sup, p, . Putg, = A, 147y = (x,

xy)/2. Choose N so that

Pk
> Ix, I <e,.
k>Nj

where p*

Thus
leoklpk 2l-¢g,
kSNO
and thus for all n >N, we have
x
(d) leNklpk>z ot o - Ylx, P> 4e —e =3¢, -

k>n k>n zp k>n

Choose n,, by (a), so large that for each n 2 n,

(e) >ox > leok

k<N, k<N,
Take n' > N so that N, > n;, and (d) holds for n'.
Therefore

O P I=(T+T) |x,

—g,> 1—280.

Pk

k<N, k>N,
> (3+Y) | xu
k<N k>n'

> (1-2¢)+3¢, =1+¢,

a contradiction. Hence we have (c¢).

Remark 7 The proof of Theorem 6 yields more than
its statement. More precisely, it shows that if x_ (in
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the unit ball) converges pointwise to x (in the unit
sphere), then [|x, - x|l — 0. This fact will be needed
later, in the proof of Theorem 16 and 21.
UNIFORM CONVEXITY

Xis uniformly convex (UC) if for any € > 0, there
exists 8 > 0 such that for x, y € S (X), inequality

<+

Ix - yll = € implies T<1—5.

Theorem 8 ¢is UC if and only if ﬁrif p, >1 for
#Ko

some k.

1
Lemma9 LetK>1landf (p)=f(p)=(1+ E)p_,_

1
(I-E)P -2 (p=1). Then fis a strictly increasing

function on [1, ).

Proof Note thatf (1) =0,

f'(p) = (1+i)plog((l+i)+(l-i)log(l-i,
K K K K
'(p) = s Ly log? Qo)+ (12 log? L) »0.
K K K K

To show f'(1) > 0. For then f > 0 on (1, ) by
convexity. Putting y = xlog x, we see that

y'= 1+logx, y"=l>0.
X

The convexity implies (1 +x)log (1 +x)+ (1 - x)log
1-x)>2(1logl)=0 (0O<x<1).

Remark 10 From Lemma 9 we derive the following
estimations.

a
(a) ForOSE<sSa,andp2p*>1,
€ €
(a+e)P+(a-eP-2aP=af [(1+ —)P+(1-—)P-2]
a a
1 1
>a [(1+ —)P+(1-—)P-2]
K K
2 arf(p.) = erf(p).
(b) ForO0O<a<e<Ka,andp=p,>1,

Esa)l s (Ea)-2a02er [(14 o)a(l- o
a a

2] e f(p).
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(¢) For0 <Ka<eg,andp>1,

(e+a)P+ (£- )7 - 207 (4 )P + (£ - a)P - 2 (%)v

a a 2
e [(1+ =)+ (1-—=-)-—]
€ € KP

\YJ

2
eR-—).
KP

Proof of Theorem 8
(Casep, — 1) Putx, =e, .Y, =p, . Thusllx, -yl
— 2, but

Pn Py +1
X, +y, 1)™ 1)
———)=| - +| — —1.

(Case p, =p, =1) This is clear, since UC implies R.

(Case inf, p, = p. > 1) Let K> 1 be a fixed number
to be chosen appropriately later. Let f = f; be as
defined in Lemma 9. Suppose x,,y, € S(£),llx, -
y, Il = €, for some €, > 0 and
X, +
| =51 =l =

2 n
Write z, = (a,,), €, = X, -a,. Thusx,, =a, €&,
andx,  =a, ¢ ifandonlyify =a, F¢,. Given

—-1.

1
€> 0, choose K > 1 so that X <€.

2
Put y = min {f (p.), 2 - E}. Write, for each n,

D=2 (and Y )for the summations cor-
responding to k for which

la , |

la, |
< (respectively, €, 2 %).

nk

Note that
(D la,+e,IPx+la,-€,[Px-2la, [Px=(la,l+
ek +la, |-€,Pk-2]a,lP,

(e) forsomei,>0,p(x,-y,) = ;(2:—:“)')k > ), for

all n,
and

®

z(lank +Enk |pk + |ank _Enk |pk -2 | Ay |p1\): p(Xn)+p(Yn)_2p(Zn) -0.
k

By (d), (a), (b), (c),and (f) we have

e, ) = (343)(e, ) SKLP%(p(xn)+p(yn)—lp(2n))<£+£
k < 2 ‘
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for all large n, contradicting (e).
(Case p, =1, 1kr212f p,=P.>D Let x,,v,,z, 2.,

and € , be as above. By passing through subsequences
we may assume that x , > aandy,, — b forsome

(a+b)

a,b. Put ¢ = . Thus,

p(x, (1, ») - A:=1- lal,
p(y, (1, ) =>B:=1- [bl,
p(z, (1, ) ->C:=1- |cl.

Note that A + B = 2C. As before we have,

1 1

Y(e) S——+—
K™ v

k=2

p (z, (1,0)))

(p(x, (1,0)) +p (y, (1,00)) -2

which leads to

(g) Z(EHk)pk—> as n — oo,
k>2

Since 2C = A + B, we see that |a + b| = |a| + |bl,i.e. ab
>0. Suppose a=b >0.From (g)and (e) we obtain
la - bl > 0. Therefore a>b >0, andso A < C <B.

1.
Choose L>1sothat n:==(1+ I)P -1< , where

p* =sup, p,. By (g) we have

(h) Y (lag +e,Pe< 1+ Y(e ) -0

k>2, 2L k>2
as n —oo.
On the other hand we have

(i) > (lay + &, e < (1+m) Yla, *—

k>2, >L k>2
(1+m)C as n —oo,
But then (h) and (i) imply
limsup (Y.(la_ |+e )™)<A+m)C
n—oo k>2

which leads to a contradiction since

limsup (¥ (1, [+€,)"™) > limsup (Y (ly,, I* =B>(1+7n)C.

n—eo k>2 n—eo k>2
ProrperTY 3

X has the property f if for any € > 0, there exists
4 > 0 such that

o (D (x,B (X)\B (X)) <€
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whenever 1 <|[x| <1+ 8. Here o is the Kuratowski
measure of non-compactness on subsets of X, and

D (x,B (X)) = co ({x} U B (X)),

the drop determined by x.
We will make use of the following equivalent form
of property B.(See?)

X has property B if and only if for each € > 0,
there exists & > 0 such that for each x in B (X) and
each sequence {x, } in B (X) with sep (x,) = €, there

T <1-s,
2

exists k such that "

Here

sep (x,) := inf " X, —X, |
m#n

Theorem 11 ¢ has property B if and only if

liminfi.n > 1

Proof If p, — 1, then for each n,, choose k, such that

1, 1 1
(E) >5—— forall k >k, Letx =e (k>k,)

I

1
and let x=e,_ . We see that sep (x;) 2 3 But

o

_2z for all k > k,

" X+ Xy
n,

2
violating the property B.

HGAIORES

To prove the converse, suppose
p=..=Pmy=1and inf P _>1.
k#l,..., mg
Note that the space

f' — f(l,Pmo +1,Pmy+2,...)

is UC and hence has property B. Thus given € > 0,
we take a 8 > 0 such that for each sequence x, in

€
B(¢)andxe S (¢') with sep (x,) ZE,Wehave

|| X+Xk

2
with sep (x,) = €. Passing through a subsequence if
necessary, we assume x, — a, foreach i=1, ..., m,.
Again, passing through a tail of the sequence we

"SI—S for some k. Now let x, € B ( £)

€
! > [
assume thatsep (x') 2 5 where x', = Z{Xn(mo‘fk)ekﬂ'
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Letxye S(#)andputa=laf+..+ a_ |andb=
0

[xg, + ... + | x, |. Writing, for example, (b,x',) for
0

Om,

the vector be, + E{XO( Itis clear that (b, x'; )

m0+k)ek+1 °

€
€ B(¥¢)andsep ( (a, x')) ZE. To see that (a, x',)

€ B (¢) forall large n we let A > 1 and estimate

a,x
p (T“). Since x,; — a, (=1, ...,m), and writing

p(ax)=p (x)+¢, ,weseethate, — 0. Thus,
ince p(52) <1
since p (=) <1,

P

1
a,x'

A

p( )=p (};—“) +¢_ <lforalllargenas desired.

Now by the definition of 8 we have for infinitely
many k,

(b,x'))+(a,x', ) <18
2

1fA>1-3, then | % +p( X‘J;X'k

) <1, which
in turn implies
|a1 * X | Ay T Xom,

+...+
2 | 2

A

! '
X'y +Xy

2A

+p( )<1.

This means that for sufficiently large k,

|| XO +Xk

||s1—8.

UNiForMm KADEC-KLEE PROPERTY

X is said to have the uniform Kadec-Klee property
(UKK) if for any € > 0, there exists & > 0 such that
for any x, € B(X) with x, — x weakly and sep (x,)
>¢, we have [|x]| < 1- 3.

Theorem 12 ¢ has property UKK.

Proof The proof of this Theorem follows the same
lines as of the proof of [1, Theorem 3.17]. We repeat
here just to present some (minor) differences. Let
0 <e<1andput
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where p* = sup, p,. Choose 0< < 1so that (1-06)”
>1-B.Nowif x, € B(£)withsep (x,) 2€and x,

——x, we show that [[x|| < 1 - 8. Suppose not, we
choose K € Z*such that ||x (K)|| > 1 - 8. Recall that
x (K) denotes the truncation of x at K, that is, x (K)

K
= ZXkek , whereas its complement x (K, o) is the
k=1

vector Y x,e . Next we choose N such that
k>K

€
lIx, (Kl >1-dand Il (x,-x,) KI< 5 (m, n
>N, m#n). This can be done since x, — x pointwise.

The first inequality implies, by (3), that p (x, (K)) >
1 - B, while the second one implies p ( (x, - x,,) (K,

€
00)) > E From the last estimation we may assume

3
[Ix, (K, o)l 2 7 Again, by (3), we have

p(x, (K, =) 2 [Ix, (K, )|[P" > (2)13* - B.

Thus, p (x,) > 1, a contradiction.
NEARLY UNIFORM CONVEXITY

X is nearly uniformly convex (NUC) if for any
€ > 0, there exists § € (0,1) such that for every
sequence {x,} in B (X) with sep ({x,}) = €, we have

co ({x,) N (1 -8B (X) = 2.

Theorem 13 [3,Theorem] ¢ is NUC if and only if

liminf._.» >1-

Huff® proved that X is NUC if and only if X is
reflexive and X has the property UKK. Thus, by
Theorem 12 and 13, we have the following corollary.

Corollary 14 ¢ is reflexive if and only if

liminf._.» >1-
UNlFORM K = ROTUNDITY

X is a uniformly rotund (UR) space if for any
X, ¥, € B(X), Il x, +y, Il > 2 implies x, -y, = 0.
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Xis uniformly k-rotund (UkR) (k= 1) provided
that for each € > 0, there exists & > 0 such that any
Xy, Xy, - ,X € B (X), the inequality

%o+ %X, + .. +x, [2(k+1)-98

implies A ( x,, X, ... ,X,) < &, where

A (%, Xy, ., x)= sup A (X, %, ... x5 6, 6, £),
feB(X")

and

1 o1

() [() -
Ay % 3 b L £ = da| 0 B0 hO))

XisLukR (k 21) if forany x€ S(X) and € > 0,
there exists > 0 such that for x,, ... ,x, € B (X) with

Ix+x +..+x]=2Ck+1) -9,

we have A (x, x,, ... ,x,) <€

LOCAL UNIFORM ROTUNDITY

X is a locally uniform rotund (LUR) space if
every point of S (X) is a URP of B (X), that is, for
eachx e S(X),ifx, € B (X) and |Ix, + x| = 2, then
X, = X.

Replacing the convergence in norm by the weak
one for each x € S (X), we obtain a weakly locally
uniformly rotund (WLUR) space.

Clearly, UC and UR are same property. Also LUIR
< LUR.

o 1

Theorem 15 ¢ is UkR if and only if inf

inf P for some finite set F having at most k

ngF “n
elements.
Proof (Casep, =p,=...=p, =pp;=1) Let x,=¢,,
X, =6, ..., X, =¢,,. [tisseen that |l x,+x; + ... + x|
=k + 1. Write w, for the i projection on .
Therefore, A ( x,, Xy, ... ,X; Ty, Ty, ..., M) =1.

(Case p,, — 1 for some subsequence {p,}) Assume,
for convenience, that p, — 1. Consider the sequence
{e,}. Wehavelle ,+e ,+..+e,ll>k+lasn—
oo, whereas A (e €1 Tots Toszs s Tp) = L.

n’ en+1" 00 Yok fYnels fYne2s
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The above two examples show that ¢ is not UkR
in the first two cases.

(Case inf ~ , >1 for some k, < k) Let x"), x", ,
n#l,.

kP

.., X" € B(¥¢)and
[[x% +x" +...+x% || >k+1lasn— co.

To show A (x%;, X", , ...
that

, X") — 0, we shall prove

(@) g(xnij —x" )0 (=1, ..., K),

and i

() p(x-x") (ky, ) —>0@G=1,..,k).
Observe that, for f, ... ,f, € B (£%),

©

fl(X“n -Xu)
S h) Sl

[0 =) [ -x)

[‘(ank X )

A(x%,x" ., X 6L,

FM IR —x% YKy, ), Ky o)),

1
where M = k!2k
Taking (a) and (b) for granted we see that

A (X", X", ..., x") > 0asn —>oco.
Note from || x") + x + ... + X" || > k + 1, that
[l x"l— 1, I x" + X [| = 2 for all i, j.
Now (b) is easily obtained as in the proof of Theorem
8. Again, as in the proof of (h) and (i) in the proof of

Theorem 8, we obtain from (b) that

p (x" (ky, ) - p (x7 (ky, ) > 0 as n —> e
i=1,..,k).

Now (a) is immediate.
Theorem 16 ¢ isLUR ifand onlyifp, > 1 forallk

or inf ~ >l1some Kk,
k#kg

Lemma 17 If x, € S(¥¢),x, € B (¥) for all n, and
Il x, +x,Il = 2, then x,, — x,, for each k where p,
> 1.
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Proof Put y, = (x, + x,)/2. Suppose p, > 1. If, for
some g, > 0, |x,; - X, | = ¢, for infinitely many n,
then there exists A, > 0 such that

" +1x,, 1"

| x
nl 9% forall such n.

|y“1|p1 + }\‘0 <

Thus
p(y) + A S (px)+p (x)) /251,

which implies
Ily, Il -/— 1,

a contradiction.

Lemma 18 Forp, =1land inf_, >1,if the norms
of y, in the proof of Lemma 17 converge to 1, then
X, — Xor-

Proof The proof is the same as the proof of Theorem

8 (Casep, =1, inf __, >1). Observe thatllx,|l — 1.
Proof of Theorem 16

Suppose there are 2 p,, say p, and p, that are equal
to 1. Then £ is not R by Theorem 2.

Next suppose p, =1, say, and p, — 1, otherwise
pass to a subsequence. Let x, = e, x, = e,. Thus x,,
x, €S (¥),

Z XX 1

1 1 1
Y =—e, +—e ,p(Y)=—+(=)P. > 1.
2 1 2 n p( n) 2 (z)n

n ° 2

Therefore |Ix, + x,/| = 2lly Il = 2, but x, -/— x,.

Conversely, suppose p, > 1 for all k or infk L >1
#Xo

for some k,. Letx,€ S(¢),x,€ B(¢)andllx, +
xoll = 2. By Lemma 17 and 18 we have

X, = X, forallk,
and

Iy, Il = lIx,ll = 1.
We can prove that x, = x, by applying Remark 7.
Since ¢ has property H, we clearly have

Corollary 19 WLUR is equivalent to LUR on £.
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Theorem 20 ¢ is LUKR if and only if ¢ is UkR or
p,>1foralln.

Proof (Casep,=p,=...=p.=p., = 1) Employ the
same example as of the UkR case.

(Case Py, = 1 for some k,and p_ — 1) Suppose

pi=1.Letx,=e and x, = e, - Note that

1%y + X, + .. + X, 4l > k+1asn— oeo.
Hence, ¢ is not LUKR.

(Casep, >1foralln) Let x,€ S(¥¢)and x*, ...,
x"eB(0) Ullx,+x" +...+x" || > k+1, then
[ x,+ x" [| = 2 for all i. By locally uniform rotundity
of ¢ (Theorem 16), || x" - x, || = 0 for all i. Itis
clear now that A (x,, x", ... , x") = 0as n — oo.

MID-POINT LOCALLY UNIFORM ROTUNDITY AND
UNIFORM ROTUNDITY IN EVERY DIRECTION

Xis mid - point locally uniformly rotund (MLUR)
ifforanyxe S (X) and x,,y, € B (X) withx_ +y, —
2x imply x, -y, = 0.

X is uniformly rotund in every direction (URED)
if, forany x,ze Xwith [ x, Il > 1, lIx+z| —1
and || 2x_ + z || = 2 imply z = 0.

Theorem 21 ¢ is MLUR if and only if p, =1 for at
most one k.

Proof (=) This is clear, since MLUR implies R.

(&) Suppose p, =1,p, > 1forall k>2. Let
X, V. € B(£),x,€ S(£)andx, +y, > 2x, Note
thatllx, [l = 1, Ily, Il = 1, Il x, + x, [l > 2 and |ly, +
X/l = 2. Lemma 17 implies that x,,, — x,_and y,,
— X, for all k > 2. Now given any subsequence n'
of n we choose a subsequence n'' of n' so that x,
— Wy and y, = zg, for all k > 1, where w, = x;, =

> WOl + ZOl :
z, for k=2. Note that —5 =X Since p (x,)

<1 and p (y,) <1, we must have p (w,) <1 and
p (z,) £1. And from p (x,) = 1 we then have p (w,)
=p (zy) = 1. Sow,, =x,, =z, as well. By Remark 7,
X, -V, — 0 and therefore x_ -y, — 0 as desired.

Theorem 22 ¢ is URED if and only if p, = 1 for at
most one k.
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Proof (=) Follows from Theorem 2.
(&) Suppose I x, = 1, [1x, +zIl =1, x,

z
t3 I = 1, but z # 0. Thus z, # 0 for some k with

P > 1, say k = 1. There exists A, > 0 such that

Zy Py | Xy, Xy TZp Py
Xm+_ - T
2 2 2
X p X +Zl p
A

for all large n. For these n,

z 1 1
p(x, +E)S5p(xn)+5p(xn +z)—7\,0 31—7\.0.

z
Hence lim, p(x_+—=) # 1, a contradiction.
no2

Therefore z = 0.

FULL CONVEXITY AND WEAK UNIFORM ROTUNDITY

For k=2, Xis fully k - convex (kC) if for every
sequence {x_} in B (X) with || X+t X Il — k

asn,, ..., — oo, the sequence {x,} is convergent.

X is weakly uniform rotund (WUR) if for any
X, ¥, € BX), Il x, +y, Il > 2 implies x, -y, >0
weakly.

Theorem 23 ¢ is kC if and only if inf e >1 for
n: no

some n,.

Proof (=) If p, =p, =1, say, consider the sequence
€y, €5, €, €y, €, €, ... .

If p, = 1 for some subsequence {n'}, then
consider the sequence {e, }. Therefore, ¢ is not

kC for each of these two cases.

(&) Follows from the uniform rotundity of
¢ (Theorem 15.)

Theorem 24 ¢ is WUR if and only if ¢ is UR.

Proof Ifp,=p,=1,say,letx =e ,y,=¢, lfp, —
17 let Xn = en’ Yn = em—]‘
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DROP PROPERTY

X has the drop property (D) if for every closed
set C with C N B (X) = O, there exists element x €
C such that

D (x,B (X)) N C = {x}.

Theorem 25 ¢ has property D if and only if

liminfi.n>1
Proof Assume, instead of considering a subsequence,

1
p,— 1 Letx;=2,,x,=¢€ + 3 e,, and in general, let

e’

1 n—l

1
Xn = 2n—2 el + 2k n+l-k’

k=

Put C = {x, : n 2> 1}. Itis clear that C is a closed

1
set, CNB(¢)=(,and for eachn, since x,,, = 5 %

1
t3 e,.;, we see that x, € D (x,, B (£)) (k 2 n).

n+1>

Thus ¢ does not have property D in this case. For
the other case, ¢ is NUC by Theorem 13, and hence
has property D.

Remark 26 Observe that, for the set C in the proof
above, inf __ |l x|l =1. In fact, for any Banach space

X, any closed set C which does not overlap with B
(X), if for some x € C,

inf {llyll :ye D x,BX)nC}>1,
then we must have

A(y) =D (y,B (X)) n C={y}
for some y e C.

Proof Suppose there is no such pointy € C for some

pointx, € C. Put o, = inf

yeAGrg) [lyll>1. Takex, €

A (XO) so that ” X || < (xo + 17 and put (X‘l = 11’lfyeA(xl)

[l'yll. Clearly at, > o,. By induction, we can find a
sequence {x_} in C such that

X € A(x,) and || x | < o

n+l n+1



ScienceAsia 26 (2000)

where o, = inf |[lyll.
yeA(xn)

Writing x_,, =1, %, + (1 -1)t, asaconvex combination

n+1

of x,, and some point t, € B ( £), we see that

1
<o, <o, < |x IISrn((xn_l+F)+(l—rn).

n-1 = n+1

This implies

r,=1l-r, g%’

(o, —1)2""
and then
i I, Il +1
lIx,, —xnll< 1, (Ixn ]| +1) € ———r.
(o, —1)2

The sequence {x,} is then a Cauchy sequence,
and converges to some point c € C. We show that
A (¢) = {c} which is a contradiction. If x € A (¢),
then o, <[l x| <l cll forall n. Butthen |l x|l =
[l cll and x = ¢ since x € A (¢).

FINAL REMARK

X is said to have property G if every point of
S (X) is a denting point of B (X), that is,

x¢ co (B (XN (x +£B (X))
forallxe S(X) and all € > 0.

Xis said to have property K if the weak topology
and norm topology on S (X) are equivalent.

From the relation
G K+R,
and the property H of ¢, we see that property

G and property R are equivalent on the Nakano
sequence space £.
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We have seen that the boundedness of the
sequence {p,} is required for every geometric
property considered. It is interesting to see what
properties having the boundedness of {p,} as their
necessary condition.
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